On the Conditioned Exit Measures of

Super Brownian Motion By Thomas S. Salisbury and John Verzani York University and the Fields Institute CUNY – College of Staten Island

Summary:

In this paper we present a martingale related to the exit measures of super Brownian motion. By changing measure with this martingale in the canonical way we have a new process associated with the conditioned exit measure. This measure is shown to be identical to a measure generated by a non-homogeneous branching particle system with immigration of mass. An application is given to the problem of conditioning the exit measure to hit a number of specified points on the boundary of a domain. The results are similar in flavor to the “immortal particle” picture of conditioned super Brownian motion but more general, as the change of measure is given by a martingale which need not arise from a single harmonic function.

running head: Exit measures Keywords and Phrases: exit measure, super Brownian motion, martingale change of measure, immortal particle description, conditioned limit theorems AMS 1991 subject classifications: Primary: 60G57, 60G42; Secondary: 60F99

1. Introduction

One may think about super Brownian motion heuristically as a measure-valued process induced by a branching particle system in which each particle diffuses as a Brownian motion and critical branching is performed. With this image in mind, Dynkin’s exit measure for super Brownian motion from a domain D is a measure on the boundary of D, supported on the set of points where the particles first exit the domain. Le Gall proved in [19] that the exit measure will “hit” a fixed point on the boundary of D, with positive probability, only in dimensions 1 and 2. In higher dimensions, a fixed point on the boundary will be hit by an exiting particle with probability 0. One may ask, if we condition the process to hit that point, what do the paths of the particles that hit the point look like? A naive guess is to say they are Brownian particles which are conditioned to hit the point, and so should look like h-transforms of Brownian motion. In dimension 2, where no conditioning is necessary, this is essentially correct. Although the first hit, as chronicled by the Brownian snake, is not an h-process, the typical path is. This has been exploited by Abraham [1]. - page 1 - preprint: August 25, 1998

A rough heuristic shows that one’s intuition should be true in dimension d ≥ 3. Let z be a fixed point on ∂D, and for each ϵ > 0 define Δ_ϵ = Δ_ϵ(z) = ∂D ∩ B(z, ϵ) to be a ball on the boundary of D centered at z with radius ϵ. Consider the “probability” u_ϵ(x) that the exit measure will charge the ball Δ_ϵ, under the excursion measure for the Brownian snake started from x. It is known (cf. Abraham and LeGall [2]) that if D is regular enough, then u_ϵ will solve the equation Δu = 4u^2, with boundary condition that is infinite on Δ_ϵ and 0 on its complement. Fix some point x_0 ∈ D. Then the ratio of functions v_ϵ(x) = u_ϵ(x)/u_ϵ(x_0) will solve the equation Δv_ϵ = 4v^2_ϵ u_ϵ(x_0). As ϵ → 0, we will have that u_ϵ → 0, and thus v_ϵ should converge to a harmonic function. The boundary conditions suggest that the limit function is the harmonic function associated with Brownian motion conditioned to exit D at z – that is the Martin kernel K_{x0} (·, z).

When this heuristic is formally inserted into the known formula for the Laplace transform, one finds that the exit measure conditioned to hit the point z will look like an h-path transform of the exit measure. Let D be a bounded domain in ⋛^d, and let D_k ⊆ D be an increasing sequence of smooth subdomains with D = ∪_kD_k. Let X^{Dk} denote the exit measure from D_k under an excursion measure ▲_x, let ⟨·, ·⟩ denote integration and let ϕ be a test function defined on ∂D_k. Then formally,

lim_{ϵ→0} ▲_{x0} (exp(−⟨X^{Dk} , ϕ⟩) | X^D(Δ_ϵ) > 0) = ▲_{x0} ((exp(−⟨X^{Dk} , ϕ⟩)⟨X^{Dk} , K_{x0} (·, z)⟩).

In this case the “harmonic” function is now H(μ) = ⟨μ, K_{x0} (·, z)⟩. As is usual with h-path transforms, the change of measure is non-singular only for events prior to the exit time. Hence the appearance of X^{Dk} in the statement.

In addition, there is a concrete representation of this h-transformed process. It is given in terms of an “immortal particle”, or “backbone”, consisting of a Brownian particle conditioned to exit D at z. The conditioned super Brownian motion is obtained by allowing this particle to throw off mass in a uniform Poisson manner. This mass then evolves as with an (unconditioned) super Brownian motion.

Such h-transforms have been studied by Roelly-Coppoletta and Roualt [24], Evans and Perkins [16], and Overbeck [22], while the immortal particle representation originates with Evans [14]. For example, in [16] and in [24], super Brownian motion conditioned on nonextinction is shown to be described in terms of an h-path transform, where the harmonic function is now H(μ) = ⟨μ, 1⟩. That is, if X_t denotes the super Brownian motion in ⋛^d at time t, then conditioning on non-extinction produces a Laplace functional of the form ¯▲_x(exp(−⟨X_t, ϕ⟩) = ▲_x((exp(−⟨X_t, ϕ⟩)⟨X_t, 1⟩). The immortal particle representation in this case was obtained in [14]. For h a harmonic function, [22] defines the transform by H(μ) = ⟨μ, h⟩. The immortal particle representation in that case was obtained in Overbeck [23].

Our interest is in more general conditionings, in which one conditions, not just upon one, but upon several specified boundary points being hit. In particular, we will show that if one fixes n distinct points on the boundary of a bounded smooth domain D, and one conditions the exit measure to hit all of them, then the conditioned exit measure can be described in terms of an explicit martingale change of measure, or h-transform, the transforms of the preceding paragraph being a special case. We will then give a backbone representation of this h-transform, where now the backbone is a tree with n leaves, each terminating at one of the n boundary points. Our main purpose is to explicitly describe the evolution of this tree. - page 2 - preprint: August 25, 1998

We note that in Etheridge [13], a different conditioning gives rise to a particle representation, where the backbone is also a tree. In Evans and O’Connell [15], a supercritical superprocess is given a particle representation in terms of a tree backbone throwing off subcritically evolving mass. In Dembo and Zeitouni [9], a large deviation result with some similarities to our problem gives rise to yet another tree structure.

We also note that steps have been taken towards a version of the Martin boundary, in the context of conditionings involving a single target (see Dynkin and Kuznetsov [12]). We conjecture that a more general Martin boundary theory would incorporate a modification of our basic conditionings, given in Section 6.

To give a more precise formulation of the results, we first describe a general class of h-transforms, which will include the ones we require as a particular case. Section 3 of the paper gives an analysis of this general class of transforms. To describe this class, we introduce some more notation. Let g ≥ 0 be a solution to the non-linear equation^1_2 Δu = 2u^2 in D. Let L_{4g} be the generator of Brownian motion killed at rate 4g, and denote the law of the corresponding process by E^{4g}. Suppose we have n positive solutions in D to the linear equation L_{4g}v = 0, labeled v^1, . . . , v^n. Let U^{4g} be the potential operator for the generator L_{4g} in D and recursively define a family of functions v^A indexed by nonempty subsets A of N = {1, . . . n}, as follows

v^A = { v^i A = {i}, 2 ∑_{B⊆A} ∅,A≠B U^{4g}(v^Bv^{A\B}) |A| ≥ 2. For ∅ ≠ A ⊆ N define

M^A_k = ∑ σ∈P(A) exp −⟨X^k, g⟩ ∏ C∈σ ⟨X^k, v^C⟩, where P(A) is the set of partitions of A.

It turns out that {M^A_k }_k forms a family of martingales for the exit measure with σ-fields F_k generated by the superprocess paths before they exit D_k.

Theorem (Theorem 3.1). For each nonempty subset of A ⊂ N, M^A_k is an F_k-martingale under ▲_x with ▲_x(M^A_k ) = v^A(x).

Changing measure by M^A_k thus consistently defines the h-transform

△_x (exp −⟨X^k, ϕ⟩) = 1 v^N (x) ▲_x(exp(−⟨X^k, ϕ⟩)M^A_k ). Such a transform appears when one conditions the exit measure to hit n distinct points on the boundary of the domain, as in the following result.

Theorem (Theorem 5.6). Let D be a bounded Lipschitz domain in ⋛^d, d ≥ 4, and let {z_i}^n_{i=1} be n distinct points on the boundary of D. Set g = 0 and let v^i = K_x(·, z_i) be the Martin kernel with base point, x and pole at z_i. Then

lim_{ϵ→0} ▲_x ( exp(−⟨X^k, ϕ⟩) | n∏ i=1 X^D(Δ_ϵ(z_i)) > 0 ) = 1 v^N (x) ▲_x(exp(−⟨X^k, ϕ⟩)M^N_k ). Section 5 is largely devoted to proving this theorem. The arguments are based on an analysis of the asymptotics of small solutions to certain non-linear PDEs. Many of the basic estimates draw on the work of Abraham and LeGall [2]. In Section 6, we give a related - page 3 - preprint: August 25, 1998 conjecture concerning conditioning super Brownian motion to hit the boundary in precisely n points.

Having given an analytic formula for the conditioned exit measures, in terms of the martingale change of measure by M^N_k , we turn in Section 4 to generalizing the immortal particle picture and representing △_x dynamically in terms of a backbone shedding mass. This representation works for the general class of processes described above, with the effect of g being to prune off mass that would otherwise reach ∂D. To summarize, in Theorem 4.2 we construct a backbone, which consists of a branching process that eventually branches into n particles. In the example above these individual particles move as suitable transforms of Brownian motion. The particles in some sense keep track of a number of different exit points. Eventually there are n particles, each of which moves as a Brownian motion conditioned to exit D at a certain point. On top of this backbone, mass is immigrated in a Poisson manner and evolves as an unconditioned (but possibly pruned) super Brownian motion, to give us exit measures on {∂D_k}. In the case there is just one particle to hit, then the backbone is simply an h-transform of Brownian motion. The arguments are based on an extended Palm formula for super Brownian motion.

Conditioning the exit measure to hit a point z only produces a transform of the above type in dimensions high enough that the probability of such an event is actually zero. In dimension 2, any boundary point is hit with positive probability, and one must seek for other types of backbone representations for the conditioned exit measures. We give such a representation (among others) in an accompanying paper, [26].

For clarity, we will carry out the proof of the backbone representation in a simplified setting, avoiding the use of historical superprocesses. In fact, the arguments given would yield the stronger version of the representation, at the cost of a more baroque notation. In section 7 we will sketch the modifications needed to derive the strengthened results.

Section 2 gathers together some basic facts which are used in the rest of the paper.

2. Preliminaries

2.1. Notation. For a set A, let |A| denote its cardinality, and let P(A) denote the collection of partitions of A. Choose some arbitrary linear order ≺ on the set of finite subsets of the integers. For A such a finite subset, and σ ∈ P(A), let σ(j) be the jth element of σ in this order. Thus for example, ∏ C∈σ ⟨X^k, v^C⟩ = |σ|∏ j=1 ⟨X^k, v^{σ(j)}⟩. We will switch between these notations according to which seems clearer.

2.2. Set facts. We begin with some lemmas about sets. We will use the convention that a sum over an empty set is 0.

Lemma 2.1. Let A ⊆ B ⊆ C be subsets of {1, 2, . . . n}. Then ∑ A⊆B⊆C (−1)^{|B|} = (−1)^{|C|}1_{A=C} .

Proof. ∑ A⊆B⊆C (−1)^{|B|} = (−1)^{|A|} ∑ B⊆C\A (−1)^{|B|} - page 4 - preprint: August 25, 1998

= (−1)^{|A|} |C\A|∑

i=0 ( |C \ A| i ) (−1)^i

= { (−1)^{|C|} C = A (−1)^{|A|}(1 − 1)^{|C\A|} C \ A ≠ ∅.

The following is immediate.

Lemma 2.2. Let A be finite, and let w_i ∈ ⋛ for i ∈ A. Then ∏ i∈A (1 − w_i) = 1 + ∑ C⊆A ∅≠C (−1)^{|C|} ( ∏ i∈C w_i ) .

In this paper we use the letter K to denote a generic non-trivial constant whose particular value may vary from line to line. If it is important, explicit dependencies on other values will be specified.

2.3. Facts about conditioned diffusions. First we recall some formulae for conditioned Brownian motion.

Let B be d-dimensional Brownian motion started from x, under a probability measure P_x. Write τ_D for the first exit time of B from D.

Let g : D → [0, ∞) be bounded on compact subsets of D, and set

L_g = 1 2 Δ − g. Let ξ_t be a process which, under a probability law P^g_x , has the law of a diffusion with generator L_g started at x and killed upon leaving D. In other words, ξ is a Brownian motion on D, killed at rate g. Write ζ for the lifetime of ξ. Then

E^g_x(ξ_t ∈ A, ζ > t) = E_x(exp − ∫_t 0 ds g(B_s), B_t ∈ A, τ_D > t). (2.1) Let U^gf(x) = ∫_∞ 0 P^g_x (f(ξ_t)1_{{ζ>t}})dt be the potential operator for L_g. If g = 0 we write U for U^g. If 0 ≤ u is L_g-superharmonic, then the law of the u-transform of ξ is determined by the formula P^{g,u}_x (Φ(ξ)1_{{ζ>t}}) = 1 u(x) P^g_x (Φ(ξ)u(ξ_t)1_{{ζ>t}}) for Φ(ξ) ∈ σ{ξ_s; s ≤ t}. Assuming that 0 < u < ∞ on D, this defines a diffusion on D. If u is L_g-harmonic, then it dies only upon reaching ∂D. If for f ≥ 0, u = U^gf (that is, u is a potential) then it dies in the interior of D, and in fact P^{g,u}_x satisfies

P^{g,u}_x (Φ(ξ)) = 1 u(x) ∫_∞ 0 P^g_x (Φ(ξ_{≤t})f(ξ_t)1_{{ζ>t}})dt, (2.2) where ξ_{≤t} is the process ξ killed at time t. - page 5 - preprint: August 25, 1998

2.4. Facts about the Brownian snake. Next we recall some useful facts about the Brownian snake. Refer to [7] or [10] for a general introduction to superprocesses.

The Brownian snake is a path-valued process, devised by Le Gall as a means to construct super Brownian motion without limiting procedures. Refer to [18] or [20] for the construction.

We use the standard notation (W_s, ζ_s) for the Brownian snake, and ▲_x for the excursion measure of the Brownian snake starting from the trivial path (w, ζ), ζ = 0, w(0) = x. Note that W_s(·) is constant on [ζ_s, ∞), and ζ_· has the distribution of a Brownian excursion under ▲_x.

Super Brownian motion X_t is defined as ⟨X_t, ϕ⟩ = ∫ ϕ(W_s(t)) dL_t(s), where L_t is the local time of ζ_· at level t. Dynkin [11] introduced the exit measure X^D associated with X_t. We follow Le Gall’s snake-based definition of X^D (see [20]) as ⟨X^D, ϕ⟩ = ∫ ϕ(W_s(ζ_s)) dL^D(s), where L^D(·) is an appropriate local time for W_s(ζ_s) on ∂D. (In section 7 we define these in a historical sense.)

We denote the range of the Brownian snake by R(W ) = {W_s(t) : 0 ≤ s ≤ σ, 0 ≤ t ≤ ζ_s} and the range inside D by R^D(W ) = {W_s(t) : 0 ≤ s ≤ σ, 0 ≤ t ≤ τ_D(W_s) ∧ ζ_s}. There is an obvious inclusion between the range inside D and the exit measures, given by {⟨X^D, 1_A⟩ > 0} ⊆ {R^D(W ) ∩ A ≠ ∅}. We make use of the following facts about the Brownian snake, which are contained in Le Gall [20].

A useful first-moment calculation is: (cf. [20] Proposition 3.3) ▲_x(⟨X^D, ϕ⟩) = E_x(ϕ(B_{τD} )). The following is an immediate consequence of Theorem 4.2 and its corollary in [20].

Lemma 2.3. Let g be a solution to Δg = 4g^2 in D, and let {D_k} be an increasing sequence of smooth subdomains of D. Then for each k, ▲_x(1 − exp −⟨X^{Dk} , g⟩) = g(x). Remark 2.4. We make use of a generalization of this, replacing Brownian motion by Brownian motion killed at a certain rate.

Let F_k = F_{Dk} be the σ-field of events determined by the superprocess killed upon exiting D_k. See [11] for a formal definition, or refer to section 7, where we give a definition in terms of the historical superprocess.

Dynkin introduced a Markov property for the exit measures in [11]. In our context, the Markov property is established in [21]. The next result gives it in the form we will use it:

Lemma 2.5. ▲_x(exp −⟨X^D, ϕ⟩ | F_k) = exp −⟨X^{Dk} , ▲_·(1 − exp −⟨X^D, ϕ⟩)⟩. - page 6 - preprint: August 25, 1998

We use the following notation, where B_s denotes a path in D whose definition will be clear from the context: e^D_ϕ = e^D(ϕ) = exp −⟨X^D, ϕ⟩, N_t(e^D_ϕ ) = N_t(e^D_ϕ , B) = exp − ∫_t 0 ds 4▲_{Bs} (1 − e^D_ϕ ). The Palm formula for the Brownian snake takes the form: (cf. [20], Proposition 4.1)

▲_x(⟨X^D, ϕ⟩e^D_ψ ) = E_x(ϕ(B_{τD} )N_{τD} (e^D_ψ )). (2.3)

We will make use of the following extension to the basic Palm formula. See [8] for a general discussion of this type of Palm formula.

Lemma 2.6. Let N = {1, 2, . . . n}, n ≥ 2. Let D be a domain, and let B be a Brownian motion in D with exit time τ . Let {ψ_i} be a family of measurable functions. Then ▲_x(e_ϕ ∏ i∈N ⟨X^D, ψ_i⟩) = 1 2 ∑ M ⊆N ∅,N ≠M E_x ( 4 ∫_τ 0 dt N_t(e_ϕ)▲_{Bt} (e_ϕ ∏ i∈M ⟨X^D, ψ_i⟩)▲_{Bt} (e_ϕ ∏ i∈N \M ⟨X^D, ψ_i⟩) ) .

Proof. Observe first that, by monotone convergence, it suffices to prove the result in the case that D and the ψ_i are bounded, and ϕ is bounded away from 0. So assume this.

Let N^∗ = {2, 3 . . . , n}. Let D_λ denote the derivative in λ. Then ▲_x(e_ϕ ∏ i∈N ⟨X^D, ψ_i⟩) = ▲_x(⟨X^D, ψ_1⟩e_ϕ ∏ i∈N ∗ ⟨X^D, ψ_i⟩) (2.4)

= (−1)^{n−1}D_{λ2} · · · D_{λn} ▲_x ( ⟨X^D, ψ_1⟩e(ϕ + n∑ i=2 λ_iψ_i) ) |_{λ2=···=λn=0}

= (−1)^{n−1}D_{λ2} · · · D_{λn} E_x ( ψ_1(B_τ )N_τ ( e(ϕ + n∑ i=2 λ_iψ_i) ) ) |_{λ2=···=λn=0} (2.5)

= ∑ σ∈P(N ∗) E_x ψ_1(B_τ )N_τ (e_ϕ) |σ|∏ j=1 4 ∫_τ 0 dt ▲_{Bt} (e_ϕ ∏ i∈σ(j) ⟨X^D, ψ_i⟩) . Line (2.5) follows from the basic Palm formula. This last line uses the notation P(A) for all the partitions of a set A, and follows from a simple induction argument for the derivatives. Because D is bounded, differentiation under the integral sign is easy to justify using dominated convergence, once we establish that ▲_x(e_ϕ ∏ N ⟨X^D, ψ_i⟩) is bounded. But since the ψ_i are bounded, and ϕ is bounded from 0, in fact e_ϕ ∏ N ∗⟨X^D, ψ_i⟩ is itself bounded, so that this follows from (2.3) and the boundedness of ψ_1.

We use the notations ab̂c . . . to denote all the elements abc . . . but the bth one. Let G_t be the filtration of B_t. Then by the Markov property for Brownian motion, one has that ▲_x(e_ϕ ∏ i∈N ⟨X^D, ψ_i⟩) - page 7 - preprint: August 25, 1998

= ∑ σ∈P(N ∗) E_x ( ψ_1(B_τ )N_τ (e_ϕ) ∫_τ 0 · · · ∫_τ 0 dt_1 · · · dt_{|σ|} |σ|∏ j=1 4▲_{B(tj)}(e_ϕ ∏ i∈σ(j) ⟨X^D, ψ_i⟩) )

= ∑ σ∈P(N ∗) E_x ( ψ_1(B_τ )N_τ (e_ϕ) |σ|∑ k=1 ∫_τ 0 dt_k 4▲_{B(tk)}(e_ϕ ∏ i∈σ(k) ⟨X^D, ψ_i⟩)

× ∫_τ t_k · · · ∫_τ t_k dt_1 · · · d̂t_k · · · dt_{|σ|} ∏ j≠k 4▲_{B(tj)}(e_ϕ ∏ i∈σ(j) ⟨X^D, ψ_i⟩) )

= ∑ σ∈P(N ∗) |σ|∑ k=1 E_x 4 ∫_τ 0 dt_k ▲_{B(tk)}(e_ϕ ∏ i∈σ(k) ⟨X^D, ψ_i⟩)E_x ( ψ_1(B_τ )N_τ (e_ϕ)

× ∫_τ t_k · · · ∫_τ t_k dt_1 · · · d̂t_k · · · dt_{|σ|} ∏ j≠k 4▲_{B(tj)}(e_ϕ ∏ i∈σ(j) ⟨X^D, ψ_i⟩) | G_{tk} )

= ∑ ∅≠M ⊆N ∗ E_x 4 ∫_τ 0 dt ▲_{Bt} (e_ϕ ∏ i∈M ⟨X^D, ψ_i⟩)N_t(e_ϕ)

× ∑ γ∈P(N ∗\M ) E_{Bt} ( ψ_1(B_τ )N_τ (e_ϕ) |γ|∏ j=1 (4 ∫_τ 0 dt ▲_{Bt} (e_ϕ ∏ i∈γ(j) ⟨X^D, ψ_i⟩)) )

= ∑ ∅≠M ⊆N ∗ E_x ( 4 ∫_τ 0 dt N_t(e_ϕ)▲_{Bt} (e_ϕ ∏ i∈M ⟨X^D, ψ_i⟩)▲_{Bt} (e_ϕ ∏ i∈N \M ⟨X^D, ψ_i⟩) )

= 1 2 ∑ M ⊆N ∅,N ≠M E_x ( 4 ∫_τ 0 dt N_t(e_ϕ)▲_{Bt} (e_ϕ ∏ i∈M ⟨X^D, ψ_i⟩)▲_{Bt} (e_ϕ ∏ i∈N \M ⟨X^D, ψ_i⟩) ) .

Note that in order to rewrite the set of partitions of N^∗, we designate one of the elements of a given partition as M, so that the rest forms a partition of N \ M. This isn’t one-to-one, which is taken into account in the counting. The last factor of 1/2 occurs because the summation in the last line counts everything twice.

We use the extended Palm formula to show an exponential bound on the moments of the exit measure.

Lemma 2.7. Let D be a domain in ⋛^d satisfying sup_{x∈D} E_x(τ_D) < ∞, where τ_D is the exit time from D for Brownian motion. Then there exists λ > 0 such that sup_{x∈D} ▲_x(exp λ⟨X^D, 1⟩ − 1) < ∞. Remark 2.8. A bounded domain D in ⋛^d will satisfy sup_D E_x(τ_D) < ∞. Proof. It is enough to show that ▲_x(⟨X^D, 1⟩^n) ≤ n!M^n for some M < ∞. Our proof follows part of the proof of Lemma 3.1 in Serlet [27]. Set c_n = sup_D ▲_x(⟨X^D, 1⟩^n). Then c_1 = sup_D E_x(τ_D) < ∞ by assumption. By Lemma 2.6, with ϕ = 0 we have the immediate recursion relation c_1 = c_1

- page 8 - preprint: August 25, 1998 c_n ≤ 2c_1 n−1∑ j=1 ( n j ) c_{n−j} c_j, n ≥ 2. Let a_{n+1} = c_1(2c^2_1)^n(2n)!/n!, a_1 = c_1. Then one can easily verify, by induction, that the sequence a_n satisfies the combinatorial identity

a_n = 2c_1 n−1∑ j=1 ( n j ) a_{n−j} a_j. Since c_1 = a_1 < ∞, we get by induction that c_n ≤ a_n. Stirling’s formula applied to a_n shows that some M < ∞ exists.

3. A general class of martingales

We now present a general class of martingales related to the exit measure. Let D be a domain in ⋛^d, d ≥ 1 and let g ≥ 0 be a solution in D to the non-linear equation 1 2 Δu = 2u^2. (3.1)

In particular, g satisfies the conclusion of Lemma 2.3. Readers may feel free to take g = 0. In fact, the only application given in this paper requiring a non-zero g is that of Section 6. Another reason we opt to work with a general g is for consistency with [26], in which such g’s play an essential role.

Recall that E^{4g} denotes the law of Brownian motion killed at rate 4g, and that L_{4g} is the generator of this process. That is

L_{4g}w = 1 2 Δw − 4gw. Suppose we have n positive solutions in D to the linear equation L_{4g}v = 0, labeled v^1, . . . , v^n. Recall that U^{4g} is the potential operator for the generator L_{4g} in D, and recursively define a family of functions v^A, for ∅ ≠ A ⊆ N = {1, . . . n}, as follows:

v^A = { v^i A = {i}, 2 ∑_{B⊆A} ∅,A≠B U^{4g}(v^Bv^{A\B}) |A| ≥ 2. (3.2) Note that v^A is either finite everywhere on D, or v^A ≡ ∞.

Let D_k ⇑ D be an increasing sequence of bounded, smooth subdomains and for each k let X^k be the exit measure from D_k, and e^k_ϕ = exp −⟨X^k, ϕ⟩. Let τ_k denote the exit time of a path from D_k. For ∅ ≠ A ⊆ N define

M^A_k = ∑ σ∈P(A) exp(−⟨X^k, g⟩) ∏ C∈σ ⟨X^k, v^C⟩. (3.3) It turns out that {M^A_k }_k forms a family of martingales for the exit measure.

Theorem 3.1. For each nonempty subset of A ⊂ N, M^A_k is an F_k-martingale under ▲_x, provided v^A < ∞. - page 9 - preprint: August 25, 1998

Remark 3.2. Because M^A_k is a martingale we can define a martingale change of measure in a canonical way as follows. For Φ_k a F_k-measurable function, we set

△_x (Φ_k) = 1 v^A(x) ▲_x(Φ_kM^A_k ). (3.4)

Remark 3.3. Letting g = 0 be the trivial solution to (3.1) and v = 1 (or v = h with h harmonic) we recover the well-known fact that ⟨X^k, 1⟩, (or ⟨X^k, h⟩) is a martingale. Proof. We first establish the following lemma Lemma 3.4. If v^A < ∞, then ▲_x(M^A_k ) = v^A(x).

Proof. The proof relies on the extended Palm formula. We induct on the size of A. First consider the case |A| = 1. ▲_x(M^A_k ) = ▲_x(exp(−⟨X^k, g⟩)⟨X^k, v^A⟩) = E_x(v^A(ξ_{τk} ) exp − ∫_{τk} 0 ds 4▲_{ξs} (1 − exp −⟨X^k, g⟩)) (Palm formula)

= E_x(v^A(ξ_{τk} ) exp − ∫_{τk} 0 ds 4g(ξ_s)) (Lemma (2.3))

= E^{4g}_x (v^A(ξ_{τk} ), ζ > τ_k) = v^A(x).

Next, suppose |A| = n and that the lemma holds for all smaller sets. Then v^A(x) = 2 ∑ B⊆A 0<|B|<|A| U^{4g}(v^Bv^{A\B})(x)

= E^{4g}_x ( v^A(ξ_{τk} ), ζ < τ_k ) + 2 ∑ B⊆A 0<|B|<|A| E_x ( ∫ τ_k 0 dt exp(− ∫_t 0 ds 4g(ξ_s))v^B(ξ_t)v^{A\B}(ξ_t) ) .

Denote the first of the above terms by I, and the remainder by II. As in the case |A| = 1, I = ▲_x(e^k_g⟨X^k, v^A⟩). Further

II = 2 ∑ B⊆A 0<|B|<|A| E_x( ∫_{τk} 0 dt N_t(e^k_g)▲_{ξt} (M^B_k )▲_{ξt} (M^{A\B}_k )) (induction)

= 2 ∑ B⊆A 0<|B|<|A| E_x ( ∫ τ_k 0 dt N_t(e^k_g) ∑ σ∈P(B) ▲_{ξt} (e^k_g |σ|∏ i=1 ⟨X^k, v^{σ(i)}⟩)

× ∑ γ∈P(A\B) ▲_{ξt} (e^k_g |γ|∏ j=1 ⟨X^k, v^{γ(j)}⟩) ) (Definition of M^A_k )

= ∑ B⊆A 0<|B|<|A| ∑ σ∈P(B) ∑ γ∈P(A\B) 2E_x ( ∫ τ_k 0 dt N_t(e^k_g)

× ▲_{ξt} (e^k_g |σ|∏ i=1 ⟨X^k, v^{σ(i)}⟩)▲_{ξt} (e^k_g |γ|∏ j=1 ⟨X^k, v^{γ(j)}⟩) ) - page 10 - preprint: August 25, 1998

= ∑ σ∈P(A) ∑ C⊆{1,...|σ|} 0<|C|<|σ| 2E_x ( ∫ τ_k 0 dt N_t(e^k_g)

× ▲_{ξt} (e^k_g ∏ i∈C ⟨X^k, v^{σ(i)}⟩)▲_{ξt} (e^k_g ∏ j∈C^c ⟨X^k , v^{σ(j)}⟩) )

= ∑ σ∈P(A) |σ|>1 ▲_x(e^k_g |σ|∏ i=1 ⟨X^k, v^{σ(i)}⟩). (Palm formula)

Thus

v^A(x) = I + II = ∑ σ∈P(A) ▲_x(e^k_g |σ|∏ i=1 ⟨X^k, v^{σ(i)}⟩) = ▲_x(M^A_k ).

Next we establish another lemma which helps us identify ▲_x(M^A_{k+1} | F_k).

Lemma 3.5.

▲_x(M^A_{k+1} | F_k) = e^k_g ∑ σ∈P(A) ∑ γ∈P({1,...,|σ|}) |γ|∏ i=1 ⟨X^k, ▲_·(e^{k+1}_g ∏ j∈γ(i) ⟨X^{k+1}, v^{σ(j)}⟩)⟩ Proof. This lemma follows from the strong Markov property satisfied by the exit measures (Lemma 2.5) and differentiation. Differentiation under the integral sign can be justified as before.

▲_x(M^A_{k+1} | F_k) = ∑ σ∈P(A) (−1)^{|σ|}D_{λ1} · · · D_{λ|σ|} ▲_x ( exp −⟨X^{k+1}, g + |σ|∑ i=1 λ_iv^{σ(i)}⟩ | F_k ) |_{λ1=···=λ|σ|=0} = ∑ σ∈P(A) (−1)^{|σ|}D_{λ1} · · · D_{λ|σ|} exp −⟨X^k,

▲_· ( 1 − exp −⟨X^{k+1}, g + |σ|∑ i=1 λ_iv^{σ(i)}⟩ ) ⟩ |_{λ1=···=λ|σ|=0} (3.5)

= ∑ σ∈P(A) exp −⟨X^k, ▲_·(1 − exp −⟨X^{k+1}, g⟩)⟩

× ∑ γ∈P({1,...,|σ|}) |γ|∏ i=1 ⟨X^k, ▲_·(exp(−⟨X^{k+1}, g⟩) ∏ j∈γ(i) ⟨X^{k+1}, v^{σ(j)}⟩)⟩. (3.6)

= e^k_g ∑ σ∈P(A) ∑ γ∈P({1,...,|σ|}) |γ|∏ i=1 ⟨X^k, ▲_·(e^{k+1}_g ∏ j∈γ(i) ⟨X^{k+1}, v^{σ(j)}⟩). Line (3.5) follows from the Markov property of the exit measures, and (3.6) is from the chain rule of calculus. - page 11 - preprint: August 25, 1998

Finally, we prove the theorem. We have, by rearranging the following sum, that

M^A_k = e^k_g ∑ σ∈P(A) |σ|∏ i=1 ⟨X^k, v^{σ(i)}⟩

= e^k_g ∑ σ∈P(A) |σ|∏ i=1 ⟨X^k, ▲_·(M^{σ(i)}_{k+1} )⟩ (3.7)

= e^k_g ∑ σ∈P(A) |σ|∏ i=1 ∑ γ∈P(σ(i)) ⟨X^k, ▲_·(e^{k+1}_g |γ|∏ j=1 ⟨X^{k+1} , v^{γ(j)}⟩)⟩

= e^k_g ∑ γ∈P(A) ∑ σ∈P({1,··· ,|γ|}) |σ|∏ i=1 ⟨X^k, ▲_·(e^{k+1}_g ∏ j∈σ(i) ⟨X^{k+1}, v^{γ(j)}⟩)⟩ (3.8)

= ▲(M^A_{k+1} | F_k). (3.9)

Line (3.7) follows from Lemma 3.4, whereas line (3.8) follows from rearranging the terms in the sums. Line (3.9) is from Lemma 3.5.

4. A branching particle description

We now show that changing measure via M^N_k is equivalent to taking a branching particle backbone process with immigration of mass along the paths of the particles. To formulate this, we define two measures, △_x and ¯▲_x. Recall that the former is defined by d△_x d▲_x |_{Fk} = 1 v^N (x) M^N_k , so that

△_x (exp −⟨X^k, ϕ⟩) = 1 v^N (x) ▲_x(exp(−⟨X^k, ϕ⟩)M^N_k ). To define ¯▲_x, we first construct the branching process which will form the backbone of our new exit measures. Let D, D_k, N, g and {v^A} be as before. By (3.2) and the linearity of U^{4g}, we have that v^A is an L_{4g}-potential for |A| ≥ 2 (provided it is finite). For |A| = 1 it is L_{4g}-harmonic. The branching-particle process we desire will start with a single v^N -particle, that is, a particle moving as a v^N -transform of the process with generator L_{4g}. If |N| = 1, then because v^N is L_{4g}-harmonic, the particle dies on the boundary of D. If |N| ≥ 2 then v^N is an L_{4g}-potential and the particle dies in the interior of D. At its death, it splits into two independent particles, a v^A-particle and a v^{N \A} particle, with position-dependent probability given by p(A, N)(y) = (v^Av^{N \A})(y) ∑ ∅≠B≠N (v Bv^{N \B})(y) . (4.1)

The v^A particle tracks the functions {v^i}_{i∈A} while the v^{N \A} particle tracks the remaining functions. This pattern then repeats for each new particle. For example, the v^A particle dies on the boundary of D if A is a singleton, and otherwise it dies in the interior of D, giving birth to two new, independent particles as before. Since the lifetime of each particle is finite almost surely, eventually all of the particles will have died out. In total there will be 2n − 1 - page 12 - preprint: August 25, 1998 particles of which n die on the boundary of D. The remaining n − 1 will die in the interior of D.

Let n_t denote the number of particles alive at time t. Label them with 1 ≤ i ≤ n_t, and for each one set x^i(s), 0 ≤ s ≤ t to be the history (including the ancestors’ history) of the individual particle up until time t. Define measure-valued branching processes as follows

Υ_t(dx) = nt∑ i=1 δ_xi_{(t)}(dx), Υ^k_t (dx) = nt∑ i=1 1_{τk(x}i_{)>t}δ_xi_{(t)}(dx). (4.2)

The process Υ^k_t puts a mass at each particle alive at time t which hasn’t already exited D_k. Without comment, these processes will be referred to in terms of the underlying particles although strictly speaking they are measures. Let Q_x denote the law of Υ_t.

We now specify how the mass Υ throws off evolves. The following calculation shows that exp −⟨X^k, g⟩ is an F_k-martingale (although it has an infinite moment under ▲_x), and follows by the Markov property and Lemma 2.3. ▲_x(exp −⟨X^k, g⟩ | F_{k−1}) = exp −⟨X^{k−1}, ▲_·(1 − exp −⟨X^k, g⟩) = exp −⟨X^{k−1}, g⟩. Thus we can define a consistent measure ~▲_x on the F_k measurable sets by ~▲_x(Φ_k) = ▲_x(Φ_k exp −⟨X^k, g⟩). (4.3)

The extra factor prunes off mass that would otherwise get to ∂D_k. Though we will not need it in the rest of the argument, the following is a justification for this interpretation of ~▲_x. It is essentially a special case of Dawson’s Girsanov formula (see section 10.1.2 of [7]).

Lemma 4.1. Let ~▲_x be the excursion law for the superprocess in D based on the generator L_{4g}. Then ~▲_x(1 − exp −⟨X^k, ϕ⟩) = ~▲_x(1 − exp −⟨X^k, ϕ⟩) for every ϕ ≥ 0. Proof. Let ψ be the solution to L_{4g}u = 2u^2 in D_k u = ϕ on ∂D_k. It is then easily checked that u = ψ + g is the solution to 1 2 Δu = 2u^2 in D_k u = ϕ + g on ∂D_k, Thus by Lemma 2.3, ~▲_x(1 − exp −⟨X^k, ϕ⟩) = ▲_x ( (1 − exp −⟨X^k, ϕ⟩) exp −⟨X^k, g⟩ ) = ▲_x(1 − exp −⟨X^k, ϕ + g⟩) − ▲_x(1 − exp −⟨X^k, g⟩) = ( ψ(x) + g(x) ) − g(x) = ψ(x) = ~▲_x(1 − exp −⟨X^k, ϕ⟩). This suffices. - page 13 - preprint: August 25, 1998

One thinks of mass being created continuously along the backbone, but only at countably many times will it actually survive, even instantaneously. At each such time, the mass created evolves like a superprocess with “law” some ~▲_y , and, if it survives long enough, produces a contribution to the exit measure. More properly, given the backbone Υ^k, we form a Poisson random measure N^k(dμ) with intensity ∫_∞ 0 dt ∫ 4Υ^k_t (dy) ~▲_y(X^k ∈ dμ). We then realize the exit measure under ¯▲_x as Y^k = ∫ μN^k(dμ). A standard calculation shows that

¯▲_x(exp −⟨Y^k, ϕ⟩) = Q_x(exp − ∫_∞ 0 dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩). (4.4) Theorem 4.2. If v^N < ∞, then △_x (exp −⟨X^k, ϕ⟩) = ¯▲_x(exp −⟨Y^k, ϕ⟩) for each ϕ ≥ 0.

Remark 4.3. In section 7 we will sketch a proof that in fact, △_x = ¯▲_x on F_k.

Proof. Recall that

△_x (exp −⟨X^k, ϕ⟩) = 1 v^N (x)

▲_x(e^k_ϕM^N_k ).

For A ⊆ N, σ ∈ P(A) define m^σ_k = e^k_g ∏ B∈σ⟨X^k, v^B⟩, so that M^A_k = ∑ σ∈P(A) m σ k . For B ⊆ A define σ|_B = { {B_1, . . . , B_m} B = ∪^m_{j=1}B_j , each B_j ∈ σ ∅ if no such decomposition exists.

That is, if σ can be restricted to be a partition of B, then define it as such, otherwise set σ|_B to be the empty set.

We use ξ for the canonical process with lifetime ζ.

We first mention a consequence of the Palm formula. Let σ ∈ P(N). Then

▲_x(e^k_ϕm^σ_k ) = 1 2 ∑ C⊂{1,...,|σ|} 1<|C|<|σ| E_x ( 4 ∫_{τk} 0 dt N_t(e^k_{ϕ+g})▲_{ξt} (e^k_{ϕ+g} ∏ i∈C ⟨X^k, v^{σ(i)}⟩)

× ▲_{ξt} (e^k_{ϕ+g} ∏ i∈{1,...,|σ|}\C ⟨X^k, v^{σ(i)}⟩) )

= 1 2 ∑ A⊂N ∅,N ≠A σ|_A≠∅ E_x(4 ∫_{τk} 0 dt N_t(e^k_{ϕ+g})▲_{ξt} (e^k_ϕm^{σ|A}_k )▲_{ξt} (e^k_ϕm^{σ|N\A}_k )). (4.5)

The branching processes Υ naturally partitions the |N| points in the following manner. We eventually have n particles that exit the domain D. Group together those that have a common ancestor that exits D_k. We will write Υ^k ∼ σ for the relationship that the resulting partition is σ.

Lemma 4.4. On the event {Υ^k ∼ σ} one has

Q_x(exp − ∫_∞ 0 dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩; Υ^k ∼ σ) = 1 v^N (x)

▲_x(e^k_ϕm^σ_k ). (4.6)

- page 14 - preprint: August 25, 1998

Proof. This will be established by induction on the size of |σ|. First we look at the case |σ| = 1, in other words, where there is no branching and σ = {N}. Since Υ^k_t is formed by a v^N -particle which exits D_k before dying we have

Q_x(exp − ∫_∞ 0 dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩, Υ^k ∼ σ) = E^{4g,vN}_x (exp − ∫_{τk} 0 dt 4 ~▲_{ξt} (1 − exp −⟨X^k, ϕ⟩), ζ > τ_k) = 1 v^N (x)

E^{4g}_x (v^N (ξ_{τk} ) exp ( − ∫_{τk} 0 dt 4▲_{ξt} ( exp −⟨X^k, g⟩(1 − exp −⟨X^k, ϕ⟩) )) , ζ > τ_k) = 1 v^N (x) E_x ( v^N (ξ_{τk} ) exp(− ∫_{τk} 0 dt 4g(ξ_t)) exp( ∫_{τk} 0 dt 4▲_{ξt} (1 − exp −⟨X^k, g⟩)) × exp(− ∫_{τk} 0 dt 4▲_{ξt} (1 − exp −⟨X^k, ϕ + g⟩)) )

= 1 v^N (x) E_x ( v^N (ξ_{τk} ) exp(− ∫_{τk} 0 dt 4g(ξ_t)) exp( ∫_{τk} 0 dt 4g(ξ_t)) × exp(− ∫_{τk} 0 dt 4▲_{ξt} (1 − exp −⟨X^k, ϕ + g⟩)) )

= 1 v^N (x)

E_x(v^N (ξ_{τk} )N_{τk} (e^k_{ϕ+g})) = 1 v^N (x)

▲_x(e^k_ϕe^k_g⟨X^k, v^N ⟩) (4.7) = 1 v^N (x)

▲_x(e^k_ϕm^σ_k ).

Line (4.7) follows from the Palm formula with σ = {N}.

To establish (4.6) for all σ ∈ P(N), we assume the induction hypothesis is true for all A ⊆ N and all partitions of A of size j or smaller, j ≥ 1. Now consider σ ∈ P(N) of size j + 1.

Since |σ| ≥ 2, we must have that Υ branches before it exits D_k. The first branch time of Υ is the lifetime ζ of the v^N -particle.

Q_x(exp ( − ∫_∞ 0 dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩ ) ; Υ^k ∼ σ)

= Q_x(exp ( − (∫_ζ 0 + ∫_∞ ζ ) dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩ ) ; Υ^k ∼ σ) = E^{4g,vN}_x (1_{ζ<τk} exp ( − ∫_ζ 0 dt 4 ~▲_{ξt} (1 − exp −⟨X^k, ϕ⟩) ) ∑ A⊂N ∅,A≠N σ|_A≠∅ p(A, N)(ξ_ζ)

× Q_{ξζ} (exp ( − ∫_∞ 0 dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩ ) ; Υ^k ∼ σ|_A)

× Q_{ξζ} (exp ( − ∫_∞ 0 dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩ ) ; Υ^k ∼ σ|_{N \A}))

(4.8)

- page 15 - preprint: August 25, 1998

= E^{4g,vN}_x (1_{ζ<τk} exp ( − ∫_ζ 0 dt 4 ~▲_{ξt} (1 − exp −⟨X^k, ϕ⟩) ) ∑ A⊂N ∅,A≠N σ|_A≠∅ p(A, N)(ξ_ζ)

× 1 v^A(ξ_ζ) ▲_{ξζ} (e^k_ϕm^{σ|A}_k ) 1 v^{N \A}(ξ_ζ) ▲_{ξζ} (e^k_ϕm^{σ|N\A}_k )) (4.9)

= ∑ A⊂N ∅,A≠N σ|_A≠∅ E^{4g,vN}_x (1_{ζ<τk} exp ( − ∫_ζ 0 dt 4 ~▲_{ξt} (1 − exp −⟨X^k, ϕ⟩) )

× 1 ∑_{B⊂N} ∅,N ≠B (v^Bv^{N \B})(ξ_ζ) ▲_{ξζ} (e^k_ϕm^{σ|A}_k )▲_{ξζ} (e^k_ϕm^{σ|N\A}_k ))

= ∑ A⊂N ∅,A≠N σ|_A≠∅

1 v^N (x)

E^{4g}_x ( ∫_{τk} 0 ds 1_{ζ>s} exp ( − ∫_s 0 dt 4 ~▲_{ξt} (1 − exp −⟨X^k, ϕ⟩) )

× 1 ∑_{B⊂N} ∅,N ≠B (v^Bv^{N \B})(ξ_s) ▲_{ξs} (e^k_ϕm^{σ|A}_k )▲_{ξs} (e^k_ϕm^{σ|N\A}_k )(2 ∑ B⊂N ∅,N ≠B (v^Bv^{N \B})(ξ_s)))

(4.10) = 2 ∑ A⊂N ∅,A≠N σ|_A≠∅

1 v^N (x)

E_x( ∫_{τk} 0 ds exp ( − ∫_s 0 dt 4g(ξ_t) ) exp ( ∫ s 0 dt 4▲_{ξt} (1 − exp −⟨X^k, g⟩) )

× exp ( − ∫_s 0 dt 4▲_{ξt} (1 − exp −⟨X^k, ϕ + g⟩) ) ▲_{ξs} (e^k_ϕm^{σ|A}_k )▲_{ξs} (e^k_ϕm^{σ|N\A}_k )) (4.11) = 2 ∑ A⊂N ∅,A≠N σ|_A≠∅

1 v^N (x)

E_x( ∫_{τk} 0 ds N_s(e^k_{ϕ+g})▲_{ξs} (e^k_ϕm^{σ|A}_k )▲_{ξs} (e^k_ϕm^{σ|N\A}_k ))

= ▲_x(e^k_ϕm^σ_k ). (4.12)

Line (4.8) follows from the strong Markov property for the branching process Υ applied at the first branch time, and the description of the branching process having independent offspring. The next line, (4.9) then follows from the induction hypothesis. The formula (2.2) for a conditioned u-processes gives line (4.10) and (4.11) follows since under E^{4g} the process is Brownian motion killed at rate 4g. Finally, (4.12) comes from (4.5).

By summing (4.6) over σ ∈ P(N) we get

Q_x(exp − ∫_∞ 0 dt 4⟨Υ^k_t , ~▲_·(1 − exp −⟨X^k, ϕ⟩)⟩) = 1 v^N (x) ▲_x(e^k_ϕ ∑ σ∈P(N ) m^σ_k ) = ▲_x(e^k_ϕM^N_k ) = △_x (e^k_ϕ).

- page 16 - preprint: August 25, 1998

Using the definition of ¯▲ from (4.4) we get that ¯▲_x(exp −⟨Y^k, ϕ⟩) = △_x (exp −⟨X^k, ϕ⟩).

5. Conditioning the support of the exit measure to hit n points on ∂D In this section we investigate the exit measure when it is conditioned to charge n small balls on the boundary of D. In the limit as the radius of the balls tends to 0, the conditioned process converges to one given by a martingale change of measure as in section 3.

Let N = {1, 2, . . . , n} and let {z_i}_{i∈N} be a finite set of distinct points on the boundary of a bounded, Lipschitz domain D. Using the notation B(x, ϵ) for a ball centered at x with radius ϵ, define the sets B^i_ϵ = B(z_i, ϵ), Δ^i_ϵ = B^i_ϵ ∩ ∂D. For a set A ⊆ N set B^A_ϵ = ∪_AB^i_ϵ and Δ^A_ϵ = ∪_AΔ^i_ϵ. Furthermore, for x ∈ D define the functions

u^A_ϵ (x) = ▲_x( ∑ i∈A ⟨X^D, 1_{Δ(zi,ϵ)}⟩ > 0) = ▲_x(Hit at least one of Δ(z_i, ϵ) while exiting),

v^A_ϵ (x) = ▲_x( ∏ i∈A ⟨X^D, 1_{Δ(zi,ϵ)}⟩ > 0) = ▲_x(Hit all the Δ(z_i, ϵ) while exiting).

It follows from Theorem 7.1 of [2] that 1 2 Δu^A_ϵ = 2(u^A_ϵ )^2 lim y→z∈∂D u^A_ϵ (y) = { 0 z ∈ ∂D \ B^A_ϵ ∞ z ∈ B^A_ϵ A simple relationship between the two functions is summarized in this lemma which is proved by an inclusion exclusion argument. Lemma 5.1. We have the following relationships: v^A_ϵ = − ∑ ∅≠B⊆A (−1)^{|B|}u^B_ϵ u^A_ϵ = − ∑ ∅≠B⊆A (−1)^{|B|}v^B_ϵ . We now show that the family of functions v^A_ϵ satisfies the following recursive relations.

Theorem 5.2. For D a bounded Lipschitz domain, and A and v^A_ϵ as above, the functions v^A_ϵ satisfy (a) v^A_ϵ ∈ C^2(D). (b) 1 2 Δv^A_ϵ = −2 ∑ ∅≠B,C⊆A B∪C=A (−1)^{|B∩C|}v^B_ϵ v^C_ϵ . - page 17 - preprint: August 25, 1998

= 2 (( 2u^A_ϵ + (−1)^{|A|}v^A_ϵ ) v^A_ϵ − ∑ B∪C=A ∅,A≠B,C (−1)^{|B∩C|}v^B_ϵ v^C_ϵ ) .

(c) lim_{y→z∈∂D} v^A_ϵ (y) = 0 |A| ≥ 2 { 0 z ∈ ∂D \ Δ^A_ϵ ∞ z ∈ Δ^A_ϵ |A| = 1. Proof. For convenience, drop the ϵ subscript. When |A| = 1 this is Theorem 7.1 of [2]. Let Θ denote surface measure on ∂D, which exists by the Lipschitz condition. The condition on D in [2] is that it satisfy

lim inf r→0 Θ(Δ^a_r ∪ Δ^A_ϵ )

Θ(Δ^a_r )

> 0, for all a ∈ Δ^A_ϵ .

For this problem, this is trivially true as the limit is 1.

For |A| ≥ 2, we have by Lemma 5.1 and the relation (1/2)Δu^A = 2(u^A)^2, that 1 2 Δv^A = −2 ∑ ∅≠B⊆A (−1)^{|B|}(u^B)^2

= −2 ∑ ∅≠B⊆A (−1)^{|B|} ( ∑ ∅≠C⊆B (−1)^{|C|}v^C )_2 (5.1)

= −2 ∑ ∅≠B⊆A (−1)^{|B|} ∑ ∅≠C,D⊆B (−1)^{|C|+|D|}v^Cv^D = −2 ∑ ∅≠C,D⊆A (−1)^{|C|+|D|}v^Cv^D ∑ C∪D⊆B⊆A (−1)^{|B|} = −2 ∑ ∅≠C,D⊆A (−1)^{|A|+|C∩D|}v^Cv^D(−1)^{|A|}1_{C∪D=A} (5.2) = −2 ( 2 ∑ ∅≠C⊆A (−1)^{|C|}v^Cv^A − (−1)^{|A|}(v^A)^2 ) − 2 ∑ C∪D=A ∅,A≠C,D (−1)^{|C∩D|}v^Cv^D

= −2 ( 2(−u^A)v^A − (−1)^{|A|}(v^A)^2 ) − 2 ∑ C∪D=A ∅,A≠C,D (−1)^{|C∩D|}v^Cv^D.

Here line (5.1) follows by Lemma 5.1, and line (5.2) by Lemma 2.1.

Finally, we remark that v^A(y) ≤ v^i(y) for i ∈ A. Fix z ∈ ∂D. For ϵ sufficiently small, because of the Lipschitz assumption on D, z is not contained in B^i_ϵ for some i ∈ A. Thus as y → z we, have 0 ≤ v^A_ϵ (y) ≤ v^i_ϵ(y) → 0 by the |A| = 1 case.

Theorem 5.3. Let D be a bounded Lipschitz domain in ⋛^d for d ≥ 4. Let {z_1, . . . z_n} be distinct points on the boundary of D, A ⊆ N = {1, 2, . . . n}, and x, y ∈ D. Let U be the potential operator for Brownian motion killed upon hitting the boundary of D, K^D_x the Martin kernel for D. Then, the following limit exists

lim_{ϵ→0} v^A_ϵ (y) ∏ A v^i_ϵ(x) = Ψ^A_x (y).

- page 18 - preprint: August 25, 1998

Furthermore, the limit satisfies

Ψ^A_x (y) = { K^D_x (y, z_i) A = {i}, 2 ∑_{B⊆A} A,∅≠B U(Ψ^B_x Ψ^{A\B}_x )(y) |A| ≥ 2. Proof. Fix δ > 0 such that B(z_i, δ) ∩ B(z_j, δ) = ∅ if i ≠ j ∈ A. Set D^A_ϵ = D \ ∪_AB(z_i, ϵ), and τ_ϵ = τ^A_ϵ = τ_DA_ϵ .

The proof of this theorem relies on the following lemma.

Lemma 5.4. Assume the conditions of Theorem 5.3, and fix an x ∈ D. There exist constants K < ∞ and ϵ_0 > 0 such that for all ϵ < ϵ_0, A ⊆ N and y ∈ D^A_{4|A|ϵ}

v^A_ϵ (y) ∏ A v^i_ϵ(x) ≤ K ∑ A K^D_x (y, z_i). In particular, the expression on the left is bounded in y on any compact subset of D, uniformly in ϵ.

Proof (of lemma). We prove the lemma by induction on the size of A. First the case A = {i}. Set z = z_i, and v = v^i. This part simply extends the argument of the proof of Theorem 3.1 of [2] to the Lipschitz case.

Since Δv_ϵ = 4(v_ϵ)^2 in D and v_ϵ vanishes on ∂D \ Δ(z, ϵ) the Feynman-Kac formula gives

v_ϵ(y) = P_y ( v_ϵ(B(τ_{2ϵ})) exp(− ∫_{τ2ϵ} 0 2v_ϵ(B_s)ds) )

≤ P_y ( v_ϵ(B(τ_{2ϵ})), B(τ_{2ϵ}) ∈ ∂B(z, 2ϵ) ) . (5.3)

But, from the definition of v_ϵ one has the bound

v_ϵ(w) = ▲_w(X^D(B(z, ϵ)) > 0) ≤ ▲_w(R^D(W ) ∩ ∂D ≠ ∅) ≤ cd(w, ∂D)^{−2}. (5.4) Line (5.4) follows from comparing the hitting probability with the exit probability from a ball (see Proposition 2.3 of [20]).

Combining this with (5.3) and the definition of D^A_{2ϵ} yields v_ϵ(y) ≤ Kϵ^{−2}P_y ( B(τ_{2ϵ}) ∈ ∂B(z, 2ϵ) ) . We now show that for y ∈ D^A_{4ϵ}, P_y(B_{τ2ϵ} ∈ ∂B(z, 2ϵ)) ≤ KP_y(B_{τD} ∈ Δ(z, ϵ)). (5.5) This leaves us with the bound (for d ≥ 3)

v_ϵ(y) ≤ Kϵ^{−2}m^D_y (Δ(z, ϵ)). (5.6)

Let Γ_α(n̂, z) be the cone with opening 2α, vertex at z and axis of symmetry in the n̂ direction opening in the n̂ direction. Since D is Lipschitz we can find an α and a unit vector n̂ such that Γ_α(n̂, z) is an exterior cone to D. Let γ = 1/ sin α, and set a_ϵ = z + ϵγn̂. Then for ϵ sufficiently small, one has B(a_ϵ, ϵ) ⊆ Γ_α(n̂, z) ∩ D^c - page 19 - preprint: August 25, 1998

B(z, 2ϵ) ⊆ B(a_ϵ, (γ + 2)ϵ) B(a_ϵ, (γ + 3)ϵ) ∩ ∂D ⊂ Δ(z, (2γ + 3)ϵ). As in the proof of Theorem 3.1 of [2], it follows then that P_y(B_{τ2ϵ} ∈ ∂B(z, 2ϵ)) ≤ KP_y(B_{τD} ∈ Δ(z, 5ϵ)). Finally (5.5) follows by the doubling lemma on harmonic measure (lemma 5.9 of [17], which requires d ≥ 3).

Next we show a similar estimate holds for a lower bound, again using the same proof as in [2]. By the Cauchy-Schwarz lemma we have v_ϵ(x) = ▲_x(X^D(Δ(z, ϵ)) > 0) ≥ ▲_x(X^D(Δ(z, ϵ)))^2 ▲_x(X^D(Δ(z, ϵ))^2) = m^D_x (Δ(z, ϵ))^2 ∫ G_d(x, y)m^D_y (Δ(z, ϵ))^2dy . The last line following from the Palm formula, Lemma 2.6.

The lower estimate v_ϵ(x) ≥ Kϵ^{−2}m^D_x (Δ(z, ϵ)) (5.7) will follow if we show that ∫ G_D(x, y)m^D_y (Δ(z, ϵ))^2dy ≤ Kϵ^2m^D_x (Δ(z, ϵ)). (5.8)

To do this in the d ≥ 5 case we use two results for Lipschitz domains. First, the “3-g” theorem of Cranston, Fabes and Zhao (cf. [5]) shows that there exists a constant c, depending on the domain D, for which for all x, y, z ∈ D the following bound holds G_D(x, y)G_D(y, z) G_D(x, z) ≤ c ( |x − y|^{2−d} + |y − z|^{2−d} ) . Second, we use the following comparison between the harmonic measure and the Green function (cf. [17], Lemma 5.8)

M^{−1} ≤ m^D_y (Δ(z, ϵ)) ϵ^{d−2}G(y, A_ϵ) ≤ M, (5.9)

where M ≥ 1 is a constant depending on D, y ∈ D^A_{2ϵ} and A_ϵ is a point satisfying ϵM^{−1} ≤ |A_ϵ − z| ≤ ϵM and ϵM^{−1} ≤ d(A_ϵ, ∂D) (A_ϵ may be taken to be z + ϵn̂ where Γ_α(n̂, z) is an interior cone at z).

First, set B = B(z, 2Mϵ). Then on B ∩ D one has for ϵ sufficiently small that G(x, y)/G(x, A_ϵ) < K. Since m^D_x (Δ(z, ϵ)) must be ≤ 1, it follows that ∫ B∩D G_D(x, y)m^D_y (Δ(z, ϵ))^2dy ≤ KG(x, A_ϵ) ∫ B dy ≤ KG(x, A_ϵ)ϵ^d ≤ Kϵ^2m^D_x (Δ(z, ϵ)).

The last inequality is a consequence of (5.9). - page 20 - preprint: August 25, 1998

Next, ∫ B^c∩D G_D(x, y)m^D_y (Δ(z, ϵ))^2dy ≤ K ∫ B^c∩D ϵ^{d−2}m^D_x (Δ(z, ϵ)) G_D(x, y)G_D(y, A_ϵ) G_D(x, A_ϵ) G_D(y, A_ϵ)dy (5.10) ≤ Kϵ^{d−2}m^D_x (Δ(z, ϵ)) ∫ B^c∩D ( |x − y|^{2−d} + |y − A_ϵ|^{2−d} ) G_D(y, A_ϵ)dy (5.11) ≤ Kϵ^{d−2}m^D_x (Δ(z, ϵ)) ( K + ∫ B(Aϵ,Mϵ)^c |y − A_ϵ|^{2(2−d)}dy )

≤ Kϵ^{d−2}m^D_x (Δ(z, ϵ)) ( K + ∫_∞ Mϵ dr r^{3−d} )

≤ Kϵ^2m^D_x (Δ(z, ϵ)). (5.12)

Here, (5.10) holds by (5.9), and (5.11) by the “3-g” theorem. Note that (5.12) requires that d ≥ 5. Therefore in that case we have by (5.7), (5.6) and the boundary Harnack principle, that v_ϵ(y) v_ϵ(x) ≤ K ϵ^2m^D_y (Δ(z, ϵ)) ϵ^2m^D_x (Δ(z, ϵ)) ≤ KK_x(y, z). In the case d = 4, the argument proceeds to (5.10) just as before. Choose η > 0 and a closed circular cone C with vertex z, such that C ∩ B(z, η) ⊂ D^c. Set D_0 = ⋛^4 \ C. Then ∫ B^c∩D G_D(x, y)m^D_y (Δ(z, ϵ))^2 dy ≤ Kϵ^2m^D_x (Δ(z, ϵ)) ( K + ∫ B^c∩D_0 |y − A_ϵ|^{−2}G_{D0} (y, A_ϵ) dy ) .

Thus, to show (5.8) in the case d = 4, it will suffice to show that ∫ B^c∩D_0 |y − A_ϵ|^{−2}G_{D0} (y, A_ϵ) dy ≤ K. (5.13) We may assume that z = 0. If y, y^′ ∈ D_0 and |y^′| ≤ 1, |y| ≥ M, then G_{D0} (y, y^′) is dominated by a harmonic function of the form |y|^{−α}Θ(|y|^{−1}y). Separating variables in Laplace’s equation gives that α = 1 + √ 1 + β, for some β > 0 depending on the opening angle of C. Thus α > 2, and so by the Brownian scaling and a change of variable, ∫ B^c∩D_0 |y − A_ϵ|^{−2}G_{D0} (y, A_ϵ) dy = (ϵ^{−2})^2 ∫ B(0,M )^c∩D_0 |y − ϵ^{−1}A_ϵ|^{−2}G_{D0} (y, ϵ^{−1}A_ϵ)ϵ^4 dy ≤ K ∫ B(0,M )^c∩D_0 |y|^{−2}G_{D0} (y, ϵ^{−1}A_ϵ) dy ≤ K ∫_∞ M r^{−2−α}r^3 dr < ∞. This shows (5.13). - page 21 - preprint: August 25, 1998

Suppose now the lemma holds for all proper subsets of A. Set α = 4|A|ϵ. From Theorem 5.2 we have 1 2 Δv^A_ϵ = k^A_ϵ v^A_ϵ − 2 ∑ B,C⊆A ∅,A≠B,C B∪C=A (−1)^{|B∩C|}v^B_ϵ v^C_ϵ ,

with k^A_ϵ = 2(2u^A_ϵ + (−1)^{|A|}v^A_ϵ ) > 0. Set E = {(B, C) : ∅, A ≠ B, C; B ∪ C = A; |B ∩ C| is even}, O = {(B, C) : ∅, A ≠ B, C; B ∪ C = A; |B ∩ C| is odd}. By the Feynman-Kac formula we have

v^A_ϵ (y) = E_y ( v^A_ϵ (B_{τα} ) exp − ∫_{τα} 0 k^A_ϵ (B_r)dr) )

+ 2 ∑ E E_y (∫_{τα} 0 (v^B_ϵ v^C_ϵ )(B_t) exp(− ∫_t 0 k^A_ϵ (B_r)dr)dt )

− 2 ∑ O E_y (∫_{τα} 0 (v^B_ϵ v^C_ϵ )(B_t) exp(− ∫_t 0 k^A_ϵ (B_r)dr)dt )

≤ E_y ( v^A_ϵ (B_{τα} ) exp(− ∫_{τα} 0 k^A_ϵ (B_r)dr) )

+ 2 ∑ E E_y (∫_{τα} 0 (v^B_ϵ v^C_ϵ )(B_t) exp(− ∫_t 0 k^A_ϵ (B_r)dr)dt )

= I + II.

First we analyze the harmonic term I. Since k^A_ϵ ≥ 0 we have by (5.6) that I ≤ ∑ i∈A E_y(v^A_ϵ (B_{τα} )1(B_{τα} ∈ ∂B(z_i, α))) ≤ K ∑ i∈A sup ∂B(z_i,α) v^{A\{i}}_ϵ (·)m^D_y (Δ(z_i, α)). In particular we have I ∏ j∈A v^jϵ (x) ≤ K ∑ i∈A ( sup_{∂B(zi,α)} v^{A\{i}}ϵ (·) ∏ j∈A\{i} v j ϵ (x) ) m^D_y (Δ(z_i, α)) ϵ^{−2}m^D_x (Δ(z_i, α)) ≤ K ∑ i∈A ϵ^2K_x(y, z_i), (5.14)

since the first factors are bounded by induction. We see that the contribution from the harmonic term vanishes in the limit as ϵ → 0 when |A| ≥ 2.

To bound II we first remark that v^B_ϵ v^C_ϵ ≤ v^{B\C}_ϵ v^C_ϵ (or v^B_ϵ v^{C\B}_ϵ if B \ C is empty), and so it suffices to assume that we can bound the terms of II when B ∩ C = ∅. The induction hypothesis applies to proper subsets of B ⊂ A as α > 4|A|ϵ ≥ 4|B|ϵ. For B ∩ C = ∅, B ∪ C = A, B ≠ ∅, C ≠ ∅, we have that - page 22 - preprint: August 25, 1998

E_y (∫_{τα} 0 (v^B_ϵ v^C_ϵ )(B_t) exp(− ∫_t 0 k^A_ϵ (B_r)dr)dt )

≤ K( ∏ i∈A v^i_ϵ(x))E_y (∫_{τD} 0 dt ( ∑ B K^D_x (B_t, z_i))( ∑ C K^D_x (B_t, z_j)) ) . As II is bounded by a finite constant times terms as above, it suffices to consider terms of the following type with i ≠ j E_y (∫_{τD} 0 dt K^D_x (B_t, z_i)K^D_x (B_t, z_j) ) = G_D ( K^D_x (·, z_i)K^D_x (·, z_j) ) (y). (5.15)

Since z_i and z_j are separated by at least δ we have that there exists a constant K depending only on δ and D such that G_D ( K^D_x (·, z_i)K^D_x (·, z_j) ) (y) ≤ K ( G_D ( K^D_x (·, z_i) ) (y) + G_D ( K^D_x (·, z_j) ) (y) ) . The “3-g” theorem gives

G_D(K^D_x (·, z_i))(y) = ∫ D lim_{z→zi} G_D(y, w)G_D(w, z) G_D(x, z) dw ≤ K ∫ D lim_{z→zi} G_D(y, z) G_D(x, z) ( |y − w|^{2−d} + |w − z|^{2−d} ) dw ≤ KK^D_x (y, z_i). (5.16) Putting together lines (5.16), (5.15), and (5.14) we get the necessary bounds for the proof of the lemma.

Next, to finish the proof of Theorem 5.3, we again use induction on the size of A. First consider the case where we hit a single point. Let A = {i}. Let δ > 0, and recall that τ_δ = τ^A_δ = τ_DA_δ . Where convenient, we will also write D_δ for D^A_δ . Let P_{yz} be the law of Brownian motion conditioned to leave a domain at z starting from y.

We start with the following lemma Lemma 5.5. Let y ∈ D^A_δ . Then uniformly in z ∈ ∂D

lim_{ϵ→0} P_{yz} (exp(− ∫_{τδ} 0 k^A_ϵ (B_t)dt)) = 1.

Proof. We have v^i_ϵ(x) → 0, so by Lemma 5.4 it suffices to prove that lim_{λ→0} P_{yz} (exp(−λτ_δ)) = 1, (5.17)

uniformly in z. But sup y∈D_δ,z∈∂D P_{yz} (τ_δ) < ∞ since D is Lipschitz [5]. Line (5.17) then follows immediately by a well-known argument of Khasminsky. See Lemma 3.7 of [4].

Let x, y ∈ D_{δ0} , by the Feynman-Kac formula, for each fixed δ < δ_0 we have v^i_ϵ(y) v^i_ϵ(x) = E_y(v^i_ϵ(B_{τδ} ) exp − ∫_{τδ} 0 2k^A_ϵ (B_r)dr) E_x(v^i_ϵ(B_{τδ} ) exp − ∫_{τδ} 0 2k^A_ϵ (B_r)dr) - page 23 - preprint: August 25, 1998

= ( ∫ ∂D_δ Pyz (exp − ∫_{τδ} 0 k^A_ϵ (B_r)dr)K^{Dδ}_x (y, z)v^i_ϵ(z)m^{Dδ}_x (dz) ∫ ∂D_δ v i ϵ(z)m^{Dδ}_x (dz) )

× ( ∫ ∂D_δ v i ϵ(z)m^{Dδ}_x (dz) ∫ ∂D_δ Pxz(exp − ∫_{τδ} 0 k^A_ϵ (B_r)dr)v^i_ϵ(z)m^{Dδ}x (dz) ) . The measure λ_{ϵ,δ}(x, dz) = v^i_ϵ(z)m^{Dδ}_x (dz) ∫ ∂D_δ v i ϵ(z)m^{Dδ}x (dz) ∈ M_1(∂D^A_δ ).

Since the boundary of D^A_δ is compact, by Prohorov’s theorem any sequence ϵ_j has a subsequence, again written ϵ_j, for which λ_{ϵj ,δ} ⇒ λ_δ ∈ M_1(∂D^A_δ ). Also, K^{Dδ}_x (y, z) is continuous and bounded in z, for z ∈ D ∩ ∂D^A_δ , when x, y ∈ D^A_{δ0} . Since P_{yz} (exp − ∫_{τδ} 0 k^A_ϵ (B_r)dr) → 1 uniformly as ϵ → 0 by Lemma 5.5, we have that for x, y ∈ D^A_{δ0} and for all δ < δ_0 lim_{j→∞} v^i_ϵ(y) v^i_ϵ(x) = Ψ^{(ϵj)}_x (y) = ∫ ∂D_δ K^{Dδ}_x (y, z)λ_δ(x, dz). This limit is then harmonic in y for y ∈ D_{k0} . By a diagonalization argument, we can assume there exists a convergent subsequence of our sequence such that the convergence holds simultaneously for a sequence of δ_j’s which converge to 0. By Lemma 5.4 we see then that the limit is harmonic in y with boundary value 0 on ∂D ∩ ∂D^A_δ for all δ > 0, and is 1 at y = x. In other words, lim_j Ψ^{(ϵj)}x (y) is the Martin kernel for Brownian motion in D. Thus all subsequences have a subsequence which converges to the Martin kernel, and so the limit itself exists.

To prove the induction step, fix A and assume the result is true for all proper subsets of A. Therefore, if B, C ⊆ A and B, C ≠ A we have

lim_{ϵ→0} v^B_ϵ (y)v^C_ϵ (y) ∏ A v^i_ϵ(x) = (Ψ^B_x Ψ^C_x )(y)1_{B∩C=∅}.

Again by the Feynman-Kac formula and Theorem 5.2, we have a δ_0 such that if δ < δ_0 and x, y ∈ D_{δ0} then

v^A_ϵ (y) ∏ A v^i_ϵ(x) ≥ 2 ∑ (B,C)∈E − ∑ (B,C)∈O E_y (∫_{τδ} 0 v^B_ϵ (B_t)v^C_ϵ (B_t) ∏ A v^i_ϵ(x) exp(− ∫_t 0 k^A_ϵ (B_r)dr)dt ) . Consider the right-hand side as ϵ → 0. By Lemmas 5.4 and 5.5, the dominated convergence theorem applies, and thus by the induction hypothesis,

lim inf ϵ→0 v^A_ϵ (y) ∏ A v^i_ϵ(x) ≥ 2 ∑ B∩C=∅ B∪C=A B,C≠∅ E_y( ∫_{τD} 0 (Ψ^B_x Ψ^C_x )(B_t)dt).

For the upper bound, set α = 12|A|ϵ. Then as in the proof of Lemma 5.4, for y ∈ D^A_α the differential equation for v^A_ϵ again yields the bound

v^A_ϵ (y) ∏ i∈A v^i_ϵ(x) ≤ E_y(v^A_ϵ (B_{τα})) ∏ i∈A v^i_ϵ(x) + 2 ∑ (B,C)∈E E_y( ∫_{τα} 0 (v^B_x v^C_x )(B_t)dt) ∏ A v^i_ϵ(x) . - page 24 - preprint: August 25, 1998

As in (5.14), the first term goes to 0. Therefore we can apply the dominated convergence theorem to the second term as before, and get by induction that

lim sup ϵ→0 v^A_ϵ (y) ∏ A v^i_ϵ(x) ≤ 2 ∑ B∩C=∅ B∪C=A B,C≠∅ E_y( ∫_{τD} 0 (Ψ^B_x Ψ^C_x )(B_t)dt).

Theorem 5.6. Let D satisfy the conditions of Theorem 5.3, Φ_k ∈ F_k and fix x ∈ D. Then for y ∈ D lim_{ϵ→0} ▲_y (Φ_k | n∏ i=1 ⟨X^D, 1_Δi_ϵ ⟩ > 0) = 1 Ψ^N_x (y)

▲_y(Φ_kM^N_k ),

where M^N_k = ∑ σ∈P(N ) ∏ C∈σ ⟨X^k, Ψ^C_x ⟩. Remark 5.7. By Theorem 5.3, the probabilistic representation of section 4 applies to the limiting measures

△_y (Φ_k) = 1 Ψ^N_x (y)

▲_y (Φ_kM^N_k ).

We take g = 0. The backbone is a tree connecting y to the n points {z_1, . . . z_n}, which throws off mass that evolves as an unconditioned superprocess.

Proof. The idea is to use the special Markov property of the Exit measure to get a formal expression for the limit and then show that the convergence indeed holds. Set W^C_ϵ = exp ( (−1)^{|C|}⟨X^k, v^C_ϵ ⟩ ) − 1, so that W^C_ϵ = (−1)^{|C|}|W^C_ϵ |. First we consider ▲_y (_n ∏ i=1 ⟨X^D, 1_Δi_ϵ ⟩ > 0 | F_k )

= lim_{λ→∞} ▲_y (_n ∏ i=1 (1 − exp(−λ⟨X^D, 1_Δi_ϵ ⟩)) | F_k )

= lim_{λ→∞} ▲_y ( 1 + ∑ ∅≠B⊆N (−1)^{|B|} exp −λ⟨X^D, ∑ i∈B 1_Δi_ϵ ⟩ | F_k ) (5.18)

= lim_{λ→∞} 1 + ∑ ∅≠B⊆N (−1)^{|B|} exp −⟨X^k, ▲_·(1 − exp −λ⟨X^D, ∑ i∈B 1_Δi_ϵ ⟩)⟩ (5.19)

= 1 + ∑ ∅≠B⊆N (−1)^{|B|} exp −⟨X^k, u^B_ϵ ⟩ (5.20)

= 1 + ∑ ∅≠B⊆N (−1)^{|B|} exp − ∑ ∅≠C⊆B (−1)^{|C|+1}⟨X^k, v^C_ϵ ⟩ (5.21)

= 1 + ∑ ∅≠B⊆N (−1)^{|B|} ( 1 + 2|B|−1∑

j=1 ∑ C_1≺C_2≺···≺C_j ∅≠Ci⊆B ∀i j∏ i=1 W^{Ci}_ϵ ) (5.22)

- page 25 - preprint: August 25, 1998

= 1 + ∑ ∅≠B⊆N (−1)^{|B|} + 2|N|−1∑

j=1 ∑ C_1≺C_2≺···≺C_j ∅≠Ci⊆N ∀i j∏ i=1 W^{Ci}_ϵ ( ∑ C_1∪···∪C_j⊆B⊆N (−1)^{|B|} )

= 2|N|−1∑

j=1 ∑ C_1≺C_2≺···≺C_j C_1∪···∪C_j=N ∅≠Ci ∀i (−1)^n j∏ i=1 W^{Ci}_ϵ (5.23)

= 2|N|−1∑

j=1 ∑ C_1≺C_2≺···≺C_j C_1∪···∪C_j=N ∅≠Ci ∀i (−1)^n (_j ∏ i=1 (−1)^{|Ci|} )_j ∏ i=1 |W^{Ci}_ϵ |

= 2|N|−1∑

j=1 ∑ C_1≺C_2≺···≺C_j C_1∪···∪C_j=N ∅≠Ci ∀i

(_j ∏ i=1 |W^{Ci}_ϵ | ) (−1)^{n+} Pj_{i=1 |Ci|.}

In the above, (5.18) and (5.22) follow from Lemma 2.2, (5.19) from Lemma 2.5, (5.20) from Lemma 2.3, (5.21) from Lemma 5.1, and (5.23) from Lemma 2.1.

Thus, we need to show that the following sorts of limits exist.

lim_ϵ

▲_y(Φ_k ∏_j i=1 |W^{Ci}_ϵ |) ∏_n i=1 v^i_ϵ(x)

. (5.24)

To that end, for fixed k we note that for C ≠ N there exists a constant K < ∞ for which v^C_ϵ (·)/ ∏ i∈C v^i_ϵ(x) < K in D_k. Since 1 − e^{−x} ≤ e^x − 1 ≤ xe^x for x > 0 we have |W^C_ϵ | ∏ i∈C v^i_ϵ(x) ≤ exp⟨X^k, v^C_ϵ ⟩ − 1 ∏ i∈C v^i_ϵ(x) ≤ K⟨X^k, 1⟩ exp ( ⟨X^k , 1⟩K ∏ i∈C v^i_ϵ(x) ) . Moreover, by Theorem 5.3 (with dominated convergence verified by Lemma 5.4)

lim_{ϵ→0} ⟨X^k, v^C_ϵ ⟩ ∏ i∈C v^i_ϵ(x) = ⟨X^k, Ψ^C_x ⟩, so also

lim_{ϵ→0} |W^C_ϵ | ∏ i∈C v^i_ϵ(x) = ⟨X^k, Ψ^C_x ⟩. Set m^n_ϵ = sup_{C⊆N} ∏ i∈C v^i_ϵ(x), so m^n_ϵ → 0, as ϵ → 0. This gives that for bounded Φ_k ∈ F_k, | | | | | Φ_k ∏_j i=1 |W^{Ci}_ϵ | ∏_n i=1 v^i_ϵ(x) | | | | | ≤ cK^n⟨X^k, 1⟩^n exp(⟨X^k, 1⟩Knm^n_ϵ ) n∏ i=1 (v^i_ϵ(x))^{αi−1}, where α_i is the number of times i appears in the {C_k}. By Lemma 2.7, and the fact that x^ne^x ≤ K(e^{2x} − 1) for x ≥ 0, this bound is in L^1(▲_x) and it decreases as ϵ → 0. Thus we may apply the dominated convergence theorem to calculate limits like (5.24). The limit is 0 - page 26 - preprint: August 25, 1998 unless all the α_i = 1, so if {C_i}^j_{i=1} are distinct, nonempty and ∪^j_{i=1}C_i = N, then

lim_ϵ

▲_y(Φ_k ∏_j i=1 |W^{Ci}_ϵ |) ∏_n i=1 v^i_ϵ(x)

= ▲_y (Φ_k j∏ i=1 ⟨X^k, Ψ^{Ci}_x ⟩)1_{{Ci disjoint}}.

The formula for M^N_k follows immediately, using Lemma 3.4.

Remark 5.8. Recall that Theorem 3.1 includes the hypothesis that v^N < ∞. With z_1, . . . , z_n distinct and D Lipschitz, this condition follows from Lemma 5.4. It is worth observing that it may fail if the z_i are not distinct. For example, if D = B(0, 1) and z ∈ ∂D, we take n = 2, z_1 = z_2 = z, and v^1 = v^2 = K_0(·, z). Then for C a suitable cone, with vertex at z,

v^N (x) = 2 ∫ D G_D(x, y)K^D_0 (y, z)^2 dy ≥ K ∫ C∩B(z,1/2) d(y, ∂D)[d(y, ∂D)^{−(d−1)}]^2 dy ≥ K ∫_{1/2} 0 r^{1−2(d−1)}r^{d−1} dr = K ∫_{1/2} 0 r^{2−d} dr = ∞, for d ≥ 3.

Remark 5.9. What if, instead of using the excursion measure ▲_y, we use the probability measure ≖_μ, under which the superprocess X_t has X_0 = μ? In this case, one expects the form of the answer to change, as it is no longer necessary that the backbone originate with a single path. In genealogical terms, there may be more than one ancestor for the particles reaching the set {z_1, . . . , z_n}.

In fact, the argument of Theorem 5.6 still applies (assuming for simplicity that μ has compact support in D), so that for Φ_k ∈ F_k,

lim_{ϵ→0} ≖_μ(Φ_k | n∏ i=1 ⟨X^D, 1_Δi_ϵ ⟩ > 0) = 1 ≖_μ(M^N_k )

≖_μ(Φ_kM^N_k ), (5.25)

where M^N_k = ∑ σ∈P(N ) ∏ C∈σ⟨X^k, Ψ^C_x ⟩ as before. For simplicity, drop the subscript x. It remains to evaluate the expressions in (5.25).

Recall that ≖_μ(exp −⟨X^k, ϕ⟩) = exp −⟨μ, ▲_·(1 − e^k_ϕ)⟩. Let σ ∈ P(N), and take s = |σ|. As in Lemma 2.6, ≖_μ(e^k_ϕ s∏ i=1 ⟨X^k, Ψ^{σ(i)}⟩) = (−1)^s d^s dλ_1 . . . dλ_s ≖_μ(e^k(ϕ + s∑ i=1 λ_iΨ^{σ(i)}))

= (−1)^s d^s dλ_1 . . . dλ_s exp −⟨μ, ▲_·(1 − e^k(ϕ + s∑ i=1 λ_iΨ^{σ(i)}))⟩

= ≖_μ(e^k_ϕ) ∑ γ∈P({1,...,s}) |γ|∏ i=1 ⟨μ, ▲_· (e^k_ϕ ∏ j∈γ(i) ⟨X^k, Ψ^{σ(j)}⟩)⟩. - page 27 - preprint: August 25, 1998

Thus

≖_μ(e^k_ϕM^N_k ) = ≖_μ(e^k_ϕ) ∑ γ∈P(N ) ∑ σ_i∈P(γ(i)) i=1,...,|γ| |γ|∏ i=1 ⟨μ, ▲_· (e^k_ϕ ∏ A∈σ_i ⟨X^k, Ψ^A⟩)⟩

= ≖_μ(e^k_ϕ) ∑ γ∈P(N ) |γ|∏ i=1 ⟨μ, ▲_·(e^k_ϕ ∑ σ∈P(γ(i)) ∏ A∈σ ⟨X^k, Ψ^A⟩)⟩

= ≖_μ(e^k_ϕ) ∑ γ∈P(N ) |γ|∏ i=1 ⟨μ, ▲_·(e^k_ϕM^{γ(i)}_k )⟩ = ≖_μ(e^k_ϕ) ∑ γ∈P(N ) ∏ B∈γ ⟨Ψ^Bμ, △^B_· (e^k_ϕ)⟩, where △^B_y (e^k_ϕ) =^1_{ΨB (y)} ▲_y (e^k_ϕM^B_k ). In particular,

≖_μ(M^N_k ) = ∑ γ∈P(N ) ∏ B∈γ ⟨μ, Ψ^B⟩. Thus, the conditioned exit measure X^k, with Laplace functional ϕ → ^≖_μ(e^k_ϕ) = 1 ≖_μ(M^N_k )

≖_μ(e^k_ϕM^N_k )

can be realized as a sum of two independent components. The first is a copy of the unconditioned exit measure, which we will denote X^k_0 . To construct the other component, we choose a random γ ∈ P(N) with probability proportional to ∏ B∈γ⟨μ, Ψ^B⟩. For each B ∈ γ, we then independently choose a starting point x with law^1_{⟨μ,ΨB⟩} Ψ^Bμ, and then independently generate exit measures X^k_B with Laplace functionals ϕ → △^B_x (e^k_ϕ). We then have that X^k = X^k_0 + ∑ B∈γ X^k_B. In other words, the backbone now consists of a branching forest, each tree of which has the same description as before, except that it targets a given subset of N. Remark 5.10. One way to generalize 3.3 would be to seek martingales of the form

M_k = n∑ j=1 ⟨X^{k,⊗j} , u_j⟩, (5.26) where X^{k,⊗j} = X^k ⊗· · ·⊗X^k (with j factors), and u_j(x_1, . . . , x_j) ≥ 0 is a symmetric function of j variables. Taking u_{n+1} = 0, the required conditions are that 1 2 Δ_{(xi)}u_j(x_1, . . . , x_j) = −2(j + 1)u_{j+1}(x_i, x_1, x_2, . . . , x_j), - page 28 - preprint: August 25, 1998 for each j. An example would be the symmetrization of the function ∑ σ∈P(N ),|σ|=j j∏ i=1 v^{σ(i)}(x_i). Note that the leading term u_n is n-harmonic, in the sense that it is harmonic in each variable separately. Rather than trying to derive an analogue of Theorem 4.2 in this context, we simply note that there is an integral representation of the n-harmonic functions, in terms of products of the Martin kernel, of the form h(x_1, . . . , x_j) = ∏_j i=1 K^D(x_j, z_j) (see [3]). Thus a transform by M_k of the above form will typically be a superposition of transforms of the type arising in Theorem 5.6. See [6] or [25] for other connections between n-harmonic functions and conditionings.

6. Conditioning on the Brownian snake exiting at exactly n points

If we designate n small balls on the boundary of D and this time condition the exit measure to charge each one, but not to charge the complement of their union, then the following formal calculations suggest a representation of the exit measures as before. The new process will again correspond to a branching process with immigration, however the immigrated mass is conditioned to die before reaching the boundary of D. The importance of this type of conditioning is that these conditionings should be minimal, in some sense, and so should correspond to points of some generalized Martin boundary. Recall that Δ^A_ϵ = ∪_{i∈A}Δ^i_ϵ. The analogue of Theorem 5.2 is:

Theorem 6.1. For A ⊂ {1, 2 . . . , n}. Define

u(x) = ▲_x(hit ∂D) = ▲_x(⟨X^D, 1⟩ > 0),

u^A_ϵ (x) = ▲_x(hit Δ^A_ϵ , miss ∂D \ Δ^A_ϵ )

= ▲_x(⟨X^D, 1_ΔA_ϵ ⟩ > 0, ⟨X^D, 1_{∂D\Δ}A_ϵ ⟩ = 0),

v^A_ϵ (x) = ▲_x(hit each Δ^i_ϵ, miss ∂D \ Δ^A_ϵ ) = ▲_x(⟨X^D, 1_Δi_ϵ ⟩ > 0 ∀i ∈ A, ⟨X^D, 1_{∂D\Δ}A_ϵ ⟩ = 0). Then v^A_ϵ is twice differentiable in D and satisfies 1 2 Δv^A_ϵ = 4uv^A_ϵ − 2 ∑ B∪C=A ∅≠B,C v^B_ϵ v^C_ϵ = 2 ( 2(u − u^A_ϵ ) + v^A_ϵ ) v^A_ϵ − 2 ∑ B∪C=A ∅,A≠B,C v^B_ϵ v^C_ϵ ,

with boundary condition

lim y→z∈∂D v^A_ϵ (y) = 0 |A| ≥ 2, { 0 z ∈ ∂D \ Δ^i_ϵ ∞ z ∈ Δ^i_ϵ A = {i}. Conjecture . We conjecture, in analogy to Theorem 5.3, that the limit

lim_{ϵ→0} v^A_ϵ (y) ∏ i∈A v^i_ϵ(x) = Γ^A_x (y) (6.1)

- page 29 - preprint: August 25, 1998 exists, where 1 2 ΔΓ^A_x = 4uΓ^A_x − 2 ∑ B⊆A ∅,A≠B Γ^B_x Γ^{A\B}_x , (6.2)

and that moreover, as in (3.2), Γ^A_x = 2 ∑ B⊆A ∅,A≠B U^{4u}(Γ^B_x Γ^{A\B}_x ), for |A| ≥ 1. (6.3)

Given this, let M^N_k and △_x be as in (3.3) and (3.4), with g(x) = u(x) = ▲_x(hit ∂D) and v^i = Γ^{{i}}x . We will give a formal argument, along the lines of Theorem 5.6, that lim_{ϵ→0} ▲_y(Φ_k | hit each Δ^i_ϵ, miss ∂D \ Δ^A_ϵ ) = 1 Γ^N_x (y)

▲_y(Φ_kM^n_k ), (6.4)

for Φ_k ∈ F_k. Note that the particle representation of Theorem 4.2 would automatically apply.

For ease of notation, we will drop the ϵ subscripts. We introduce the notation U^A = {⟨X^D, 1_ΔA_ϵ ⟩ > 0, ⟨X^D, 1_{∂D\Δ}A_ϵ ⟩ = 0}, U_A = {⟨X^D, 1_{∂D\Δ}A_ϵ ⟩ > 0}, V^A = {⟨X^D, 1_Δi_ϵ ⟩ > 0 ∀i ∈ A, ⟨X^D, 1_{∂D\Δ}A_ϵ ⟩ = 0}, u_A(x) = ▲_x(U_A), so that u^A(x) = ▲_x(U^A) and v^A(x) = ▲_x(V^A). Lemma 6.2. We have the following relationships, (a) U^A = ⋃ ∅≠B⊆A V B as a disjoint union, so u^A(x) = ∑ ∅≠B⊆A v B(x). (b) 1_U A = 1_U − 1_{UA} , where U = {hit ∂D}. (c) 1_V A = ∑ ∅≠B⊆A(−1) |A|+|B|1 U^B .

Proof. To prove the third statement we rearrange terms as follows ∑ ∅≠B⊆A (−1)^{|A|+|B|}1_U B = ∑ ∅≠B⊆A (−1)^{|A|+|B|} ∑ ∅≠C⊆B 1_V C (by (a)) = ∑ ∅≠C⊆A 1_V C (−1)^{|A|} ∑ C⊆B⊆A (−1)^{|B|} = ∑ ∅≠C⊆A 1_V C (−1)^{|A|}(−1)^{|A|}1_{C=A} = 1_V A .

Proof. (of Theorem 6.1)

By (a) and (b) of Lemma 6.2 we have v^A = ∑ ∅≠B⊆A (−1)^{|A|+|B|}u^B = ∑ ∅≠B⊆A (−1)^{|A|+|B|}(u − u_B). Thus Δv^A = ∑ ∅≠B⊆A (−1)^{|A|+|B|}(Δu − Δu_B) - page 30 - preprint: August 25, 1998

= ∑ ∅≠B⊆A (−1)^{|A|+|B|}4(u^2 − u^2_B) = 4 ∑ ∅≠B⊆A (−1)^{|A|+|B|} ( u^2 − (u − u^B)^2 ) (6.5) = 4 ∑ ∅≠B⊆A (−1)^{|A|+|B|} ( 2uu^B − (u^B)^2 )

= 4 ( 2u ∑ ∅≠B⊆A (−1)^{|A|+|B|}u^B − ∑ ∅≠B⊆A (−1)^{|A|+|B|} ( ∑ ∅≠C⊆B v^C )_2) (6.6) = 4 ( 2uv^A − ∑ ∅≠B⊆A (−1)^{|A|+|B|} ∑ ∅≠C,D⊆B v^Cv^D )

= 4 ( 2uv^A − ∑ ∅≠C,D⊆A (−1)^{|A|}v^Cv^D ∑ C∪D⊆B⊆A (−1)^{|B|} )

= 4 ( 2uv^A − ∑ C∪D=A ∅≠C,D v^Cv^D ) (6.7)

= 4 ( 2uv^A − 2v^A ∑ ∅≠C⊆A v^C + (v^A)^2 − ∑ C∪D=A ∅,A≠C,D v^Cv^D )

= 4 ( 2(u − u^A) + v^A ) v^A − 4 ∑ C∪D=A ∅,A≠C,D v^Cv^D.

Here, (6.5) and (6.6) follow by (b) and (a) of Lemma 6.2, and (6.7) follows by Lemma 2.1.

As for the boundary conditions, we note that by inclusion

▲_y(hit each Δ^i_ϵ, miss ∂D \ Δ^A_ϵ ) ≤ ▲_y (hit Δ^j_ϵ)

for each j. If |A| ≥ 2, then each z ∈ ∂D the latter tends to 0 for some j. The case A = {i} follows as before.

Now, assuming the conjecture, we sketch an informal argument for (6.4).

▲_x(Φ_k, V^N )

= ▲_x(Φ_k ∑ ∅≠B⊆N (−1)^{n+|B|}1_U B (6.8)

= (−1)^n▲_x(Φ_k ∑ ∅≠B⊆N (−1)^{|B|}(1_U − 1_{UB} )) (6.9)

= lim_{λ→∞}(−1)^n▲_x(Φ_k ∑ ∅≠B⊆N (−1)^{|B|} ( exp(−λ⟨X^D, 1⟩) − exp(−λ⟨X^D, 1_ΔB_ϵ ⟩) )

= (−1)^n▲_x ( Φ_k ∑ ∅≠B⊆N (−1)^{|B|}(exp −⟨X^k, u_B⟩ − exp −⟨X^k, u⟩) ) (6.10)

= (−1)^n▲_x ( Φ_k exp(−⟨X^k, u⟩) ∑ ∅≠B⊆N (−1)^{|B|}(exp⟨X^k , u^B⟩ − 1) )

- page 31 - preprint: August 25, 1998

= (−1)^n▲_x(Φ_k exp(−⟨X^k, u⟩) ( 1 + ∑ ∅≠B⊆N (−1)^{|B|} ∏ ∅≠C⊆B exp⟨X^k , v^C⟩ ) ) = (−1)^n▲_x(Φ_k exp(−⟨X^k, u⟩) ( 1 + ∑ ∅≠B⊆N (−1)^{|B|} ∏ ∅≠C⊆B ( 1 + (exp⟨X^k, v^C⟩ − 1) )) ). Set W^C = exp⟨X^k, v^C⟩ − 1, so by Lemma 2.2 ∏ ∅≠C⊆B (1 + W^C ) = 1 + ∑ j≥1 ∑ C_1≺···≺C_j ∅≠Ci⊆B ∀i j∏ i=1 W^{Ci} .

Again, we note that ∑ ∅≠B⊆N (−1) |B| = −1 by Lemma 2.1. Thus we may continue the above calculation to arrive at

▲_x(Φ_k, V^N ) = (−1)^n▲_x(Φ_k exp(−⟨X^k, u⟩) ( ∑ ∅≠B⊆N (−1)^{|B|} ∑ j≥1 ∑ C_1≺···≺C_j ∅≠Ci⊆B ∀i j∏ i=1 W^{Ci} . ) )

= (−1)^n▲_x(Φ_k exp(−⟨X^k, u⟩) ( ∑ j≥1 ∑ C_1≺···≺C_j ∅≠Ci⊆N ∀i j∏ i=1 W^{Ci} ∑ ∪Ci⊆B⊆N (−1)^{|B|} )

= ▲_x(Φ_k exp(−⟨X^k, u⟩) ( ∑ j≥1 ∑ C_1≺···≺C_j ∅≠Ci ∀i ∪Ci=N

j∏ i=1 W^{Ci} ) ),

the last equation being a consequence of Lemma 2.1. Therefore, if we assume there are no problems with the convergence, we have that

lim_{ϵ→0} ▲_x(Φ_k | V^N ) = lim_{ϵ→0}

▲_x(Φ_k, V^N ) v^N (x)

= lim_{ϵ→0} ▲_x(Φ_k exp(−⟨X^k, u⟩) ( ∑ j≥1 ∑ C_1≺···≺C_j ∅≠Ci ∀i ∪Ci=N

j∏ i=1 W^{Ci} ) ) / vN_ϵ (x) ∏ N v^i_ϵ(x) ∏ N v^i_ϵ(x)

= ▲_x(Φ_k exp(−⟨X^k, u⟩) ∑ σ∈P(N ) ∏ C∈σ⟨X_k, Γ^C_x ⟩) Γ^N_x (x).

The last line follows as the terms with the C’s not disjoint disappear in the limit.

7. Historical processes

In previous sections we have, for simplicity, avoided the use of historical processes, even though this would have given us better results. In this section we remedy this problem, and sketch how those earlier results can be strengthened.

We start by adding to the material of section 2.4. Again, let D ⊂ ⋛^d be a domain, and take bounded, smooth domains D_k ⇑ D, with X^k the exit measure from D_k, and τ_k(ξ) the exit time of ξ from D_k. Recall that (W_s, ζ_s) denotes the Brownian snake. Let W^t_s denote - page 32 - preprint: August 25, 1998 the stopped snake, W^t_s (u) = W_s(t ∧ u). Define the historical process, of paths killed upon exiting D_k, to be ⟨H^k_t , Φ⟩ = ∫ Φ(W^t_s )1_{τk≤t}dL_t(s), where now Φ is a measurable function on path space.

We have repeatedly used the σ-fields F_k of information determined by the super Brownian paths prior to exiting D_k. Their formal definition is that F_k = σ{H^k_t | t ≥ 0}. Let h^k_s (Φ_·) = exp − ∫_∞ s ⟨H^k_t , Φ_t⟩ dt, (7.1) where t → Φ_t is positive and continuous. Since H^k_· is continuous under ▲_x, or under any law absolutely continuous with respect to ▲_x, such laws are characterized on F_k by the expectations of random variables h^k_0(Φ_·). In particular, our approach to extending Theorem 4.2 will be to take the calculation of the e^k(ϕ) = exp −⟨X^k, ϕ⟩ under △_x , and extend it to the h^k_0(Φ_·).

To do so, we need to record versions of the Palm formulae in this context. A first step towards doing so is to redefine our underlying measures, allowing them to start from a path rather than a single point. If w is a path, and t ≥ 0, we let ▲_{w,t} be the excursion measure of the Brownian snake, started from the stopped path w^t(s) = w(s ∧ t). In other words, under ▲_{w,t}, we have that W_0 = w^t and that the law of ζ_· is that of a Brownian excursion above level t. Thus L_u = 0 for u ≤ t, so that H^k_u = 0 for u ≤ t. Alternatively, we can obtain ▲_{w,t} directly as the image of ▲_{w(t)} under the mapping ξ → ξ̂, where

ξ̂(s) = { w(s), s ≤ t ξ(s − t), s > t. We write P_{w,t} for the probability under which B_s = w(s) for s ≤ t, and for which B_{t+·} has the law of a Brownian motion started from w(t). For s < t, let

N_{s,t}(e^k(ϕ), h^k_· (Φ_·)) = exp − ∫_t s du 4▲_{B,u}(1 − e^k(ϕ)h^k_u(Φ_·)). The basic Palm formula (2.3) then takes the form ▲_{w,t} ( ⟨X^k, ϕ⟩e^k(ψ)h^k_t (Ψ_·) ) = E_{w,t} ( ϕ(B_{τk} )N_{t,τk} (e^k(ψ), h^k_· (Ψ_·)) ) , (7.2)

whenever τ_k(w) > t. This may be proved as in Proposition 4.1 of [20], using the point of view of chapter 4 of [8].

Using (7.2) in place of (2.3), the following extended Palm formula may be proved, exactly as in Lemma 2.6.

Lemma 7.1. Let N = {1, 2, . . . n}, n ≥ 2. Let {ψ_i} be a family of measurable functions, and suppose that τ_k(w) > s. Then

▲_{w,s}(e^k(ϕ)h^k_s (Φ_·) ∏ i∈N ⟨X^k, ψ_i⟩) - page 33 - preprint: August 25, 1998

= 1 2 ∑ M ⊆N ∅,N ≠M E_{w,s} ( 4 ∫_{τk} s dt N_{s,t}(e^k(ϕ), h^k_· (Φ_·))

× ▲_{B,t} ( e^k(ϕ)h^k_t (Φ_·) ∏ i∈M ⟨X^k, ψ_i⟩ ) ▲_{B,t} ( e^k(ϕ)h^k_t (Φ_·) ∏ i∈N \M ⟨X^k, ψ_i⟩ )) . We now define a probability Q_{w,s} under which Υ_t is a measure-valued process living on a branching tree. The tree starts as a single particle following w, but evolves as before following time s. In other words, Υ_t = δ_{w(t)} for t ≤ s, and Υ_{s+·} has the same law under Q_{w,s} as Υ_· under Q_{w(s)}. Of course, we actually need a historical version of this construction, so we let Υ̇_t be the atomic measure on path space, which gives unit mass to each path which is the history of an atom of Υ_t. In the notation of (4.2),

Υ̇_t(dω) = nt∑ i=1 δ_xi (dω). To define ¯▲_{w,s}, we again form a Poisson random measure N^k(dχ, dμ) with intensity ∫_∞ s dt ∫ 4Υ̇^k_t (dω) ~▲_{ω,t}(H^k ∈ dχ, X^k ∈ dμ), where χ belongs to the space of paths of measure-valued processes, and μ belongs to the space of measures on ∂D_k. We then realize the exit measure under ¯▲_{w,s} as X^k = ∫ μN^k(dχ, dμ), and the historical superprocess as H^k = ∫ χN^k(dχ, dμ). In concrete terms, ¯▲_{w,s}(e^k(ϕ)h^k_s (Φ)) = Q_{w,s} ( exp − ∫_∞ s dt 4⟨Υ̇^k_t , ~▲_{·,t}(1 − e^k(ϕ)h^k_t (Φ))⟩ ) . (7.3)

The generalization of Theorem 4.2 is then

Theorem 7.2. In the notation of Theorem 4.2, if v^N < ∞ then △_x = ¯▲_x on F_k.

Proof. The result to be shown is that if τ_k(w) > s, then

△_{w,s} (e^k(ϕ)h^k_s (Φ)) = ¯▲_{w,s}(e^k(ϕ)h^k_s (Φ)),

where

△_{w,s} (e^k(ϕ)h^k_s (Φ)) = 1 v^N (w(s))

▲_{w,s}(e^k(ϕ)h^k_s (Φ)M^N_k ).

In fact, the argument proceeds exactly as before, with induction being used to prove a generalization of (4.6). The necessity of considering △_{w,s} and ¯▲_{w,s}, rather than just △_x and ¯▲_x, arises from the induction.

Similar arguments can be used to show that other measure equations, proved before simply for expectations of random variables e^k_ϕ, can be extended to arbitrary elements of F_k. We leave the details to the interested reader.

- page 34 - preprint: August 25, 1998

References

[1] R. Abraham. On the connected components of the support of super Brownian motion and of its exit measure. Stoch. Proc. Appl., 60:227–245, 1995.

[2] R. Abraham and J. F. Le Gall. Sur la mesure de sortie du super mouvement Brownien. Probab. Theory Relat. Fields, 99:251–275, 1994.

[3] R. Cairoli. Une représentation intégrale pour fonctions séparément excessives. Ann. Inst. Fourier (Grenoble), pages 317–338, 1968.

[4] K. L. Chung and Z. Zhao. From Brownian motion to Schrödinger’s equation. Springer, Berlin, 1995. [5] M. Cranston, E. Fabes, and Z. Zhao. Conditional gauge and potential theory for the Schrödinger operator. Trans. Amer. Math. Soc., 307:171–194, 1988.

[6] B. Davis and T. S. Salisbury. Connecting Brownian paths. Ann. Probab., 16:1428–1457, 1988. [7] D. A. Dawson. Measure-valued Markov processes. In École d’été de probabilités de Saint-Flour 1991, volume 1541 of Lecture Notes Math., pages 1–260. Springer, 1993.

[8] D. A. Dawson and E. A. Perkins. Historical processes. Mem. Amer. Math. Soc., 454, 1991. [9] A. Dembo and O. Zeitouni. Large deviations for random distribution of mass. In Random discrete structures, volume 76 of IMA Vol. Math. Appl., pages 45–53, New York, 1996. Springer.

[10] E. B. Dynkin. An Introduction to Branching Measure-Valued Processes, volume 6 of CRM Monographs series. Amer. Math. Soc., Providence, 1991.

[11] E. B. Dynkin. Path processes and historical superprocesses. Prob. Th. Rel. Fields, 90:1–36, 1991. [12] E. B. Dynkin and S. E. Kuznetsov. Solutions of nonlinear differential equations on a Riemannian manifold and their trace on the Martin boundary. Trans. Amer. Math. Soc., 1998. To appear.

[13] A. M. Etheridge. Conditioned superprocesses and a semilinear heat equation. In Seminar on Stochastic Processes 1992, pages 91–99. Birkhäuser, 1993.

[14] S. N. Evans. Two representations of a conditioned superprocess. Proceedings of the Royal Soceity of Edinburgh, 123A:959–971, 1993.

[15] S. N. Evans and N. O’Connell. Weighted occupation time for branching particle systems and a representation for the supercritical superprocess. Canad. Math. Bull., 37:187–196, 1994.

[16] S. N. Evans and E. A. Perkins. Measure-valued Markov branching processes conditioned on nonextinction. Israel J. math, 71:329–337, 1990.

[17] D. Jerison and C. Kenig. Boundary value problems on Lipschitz domains. In Studies in partial differential equations, volume 23 of MAA Studies in Mathematics, pages 1–68. MAA, 1982.

[18] J. F. Le Gall. Superprocesses, Brownian snakes and partial differential equations. Preprint. [19] J. F. Le Gall. Hitting probabilities and potential theory for the Brownian path-valued process. Ann.

Inst. Fourier (Grenoble), 44:277–306, 1994.

[20] J. F. Le Gall. A path-valued Markov process and its connection with partial differential equations. In Proc. 1^{st} European Congress of Mathematics, volume II, pages 185–212. Birkhäuser, 1994.

[21] J. F. Le Gall. The Brownian snake and solutions of Δu = u^2 in a domain. Probab. Th. Rel. Fields, 104:393–432, 1995.

[22] L. Overbeck. Conditioned super-Brownian motion. Probab. Th. Rel. Fields, 96:545–570, 1993. [23] L. Overbeck. Pathwise construction of additive H-transforms of super-Brownian motion. Probab. Theory.

Rel. Fields, 100:429–437, 1994.

[24] S. Roelly-Coppoletta and A. Roualt. Processus de Dawson-Watanabe condtionné par la futur lointain.

C.R. Acad. Sci. Paris, 309(Série I):867–872, 1989.

[25] T. S. Salisbury. Brownian bitransforms. In Seminar on Stochastic Processes, 1987, pages 249–263, Boston, 1988. Birkhäuser.

[26] T. S. Salisbury and J. Verzani. Non-degenerate conditionings of the exit measures of super Brownian motion. preprint.

[27] L. Serlet. The occupation measure of super-Brownian motion conditioned on nonextinction. Journal of Theoretical Probability, 9(3):561–578, 1996.

- page 35 - preprint: August 25, 1998