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Modern algebra is about abstracting out the key features of different algebraic systems.
This worksheet is more or less a review of some different mathematical structures you have
met along your way.

Arithmetic

Consider the set of integers Z={...,—2,-1,0,1,2,...} with addition.

1. Is there a number y (in Z!) such that x+y = X for all possible x? If so, what is it? Call
this e.

2. For a given X, is there always a number y such that x+y = €?

3. Is it true that X+y+z= (X+Yy)+z= X+ (y+2)? What is this property called. (What
does it mean “is it true” mathematically speaking?)

Consider the set of integers Z=1{...,—2,—-1,0,1,2,...} with subtraction.
1. Is there a number y such that Xx—y =X for all possible X? If so, what is it? Call this e.
2. For a given X, is there always a number y such that x—y = €?

3. Is it true that X—y—2z= (X—Yy) —z=X—(y—2)? Why is this different than the previous
example.

Consider the clock numbers Z35 ={0,1,2,3,4,5,6,7,8,9,10,11} with addition ( addition
is modulo 12).

1. Is there a number y such that X4y = X for all possible X? If so, what is it? Call this e.
2. For a given X, is there always a number y such that Xx+y=¢€? What is y when X is 87

3. Let < x> denote the set {X,2x,3X,...}. What is the size of < 3> and <5>. Why are
they different?

We know that every positive integer can be written in a unique way as a product of prime
factors. For instance 12=22.3. We say that mis relatively prime to n if they have no prime
factors in common.

Let U be the set {1,3,7,9}. These are the integers between 1 and 10 which are relatively
prime to 10. Let x be multiplication modulo 10. That is ax b= (ab)mod(10). Fill in the
following multiplication table

Is there a number e so that for each X Xxx e=Xx?

For each X is there a number y with X xy = e?

Is it always so that (Xxy) xz=xx (yx 2)?

What are the sizes of <1>, <3>, <7>, <9>7

August 29, 2006



Notes on: MTH 339 Worksheets page 2

1 3 79

O© 1 W X

Table 1: multiplication table

Let V be the set {0,1,2,3} and x be multiplication modulo 4.

e [s there a number e so that for each X Xxx e=x?

e For each X is there a number y with X xy = e? If not, for which X is this not so?
Let Z be the integers under multiplication, -.

e [s there a number e so that for each X X-e=Xx?

e For each X is there a number y with X-y = e? If not, for which X is this not so?

Consider the set of polynomials = {a+ bx-+ CX2} for a,b,c integers under addition of
polynomials.

e [s there a polynomial e so that for each X, Xx+e=Xx?
e For each X is there a number y with X+Yy = e? If not, for which X is this not so?
e [s it true that if X and y are in the set then X4V is in the set?

Consider the set of polynomials = {a+ bx+cx?} for a,b,c integers under multiplication
of polynomials.

e [s there a polynomial e so that for each X, Xx+e=x?
e For each X is there a number y with X+Yy = e? If not, for which X is this not so?
e [s it true that if X and y are in the set then X4V is in the set?

Consider the set of all polynomials p(X) = ag+ aix+...a,X" of arbitrary degree with in-
teger coefficients. Now suppose that X2 = —1. Find a polynomial of the type a+ bx that is
equivalent to 14+ X+X2+x3+x* Are 1—x+x2—x3 and —1+4x— X2+ x3 equivalent?

Let M be the set of 2 by 2 matrices with real coefficients, and | be the identity matrix.
e [s there a value €in M so that X4+ e= X for any X in M?
e Is there a value e in M so that xx e=X for any X in M?

e For each X in M is there a y in M so that Xx+y =07
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e For each X in M is there a y in M so that xxy =17

e We know that matrix multiplication is associative: (AB)C = A(BC) What about com-
mutative?

— If you can, find two matrices A and B such that AB= BA?
— If you can, find two matrices A and B such that AB# BA?

(0 )

e How bigis <A>={A A2 A3 . .} under matrix multiplication?

Let A be the matrix

e One can view A as a rotation, as AXis the vector X rotated 90 degrees counter clockwise.
Would this have helped you find < A > more quickly? How?

e For each matrix, X, in < A >, there is a matrix y with Xy=1. Find all of these.

Let A be 2 by 2 matrices with integer entries under multiplication. Find two non-zero
matrices with AB=0. What is the determinant (ad— bc) of your matrices?

(Wierd example). Consider the points on the curve y? = x3—x/24-1/2 and define addition
as follows. For a point P = (a,b) define —P = (a,—b). Then if P, Q, R all lie on a straight
line, then P+ Q= —R. See the figure
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The “point at infinity” is a special point. Explain how R+ (—R) is defined by this point
at infinity?

Is this addition associative?

Is it true that P+ Q = Q+P?

Is P+ Q always defined, if one uses the “point at infinity?”
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