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1. Compute the following integrals. If they are improper integrals and don’t converge, say
SO

Solution: This one doesn’t need trigonometric substitution. Just do u = 2249,
giving du = 2x dx:

T 1 1
_— = — _— e — 1/ 2
/ :c2+9dx Z/ﬁdu Vit IO

2 +5
(b) /(x+1)2(9c—2) dr

Solution: This requires partial fractions. Set:

x> +5 A B C

G2 —2) 41 (w12 72

Clear fractions:
2 +5=A@x+1)(z—2)+ Bz —2)+C(x+1)?
Set z = 2 to solve for C":
9=9C,
so C'=1. Now set x = —1 to solve for B:
6 =—-3B,
so B = —2. Now set x to anything else (we’ll use 0) to solve for A:
b=-2A-2B+C=-2A+4+1,

so A=0.
Now we can integrate:

/<x+$12>2+<x5—2> "””:/(wfw”xiz)d‘”

2
= ——+Injz 2|+ C.
r+1

(c) /0 g In(2?) dz
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Solution: Substitute y = 23, giving dy = 322 dx:

/01 2% In(2*) dor = %/01 In(y) dy. (1)

Now we have to integrate Iny, which is harder than it looks. Do integration by
parts with u = Iny and dv = dy. Then du = idy and v = y, and

1 /! 1 1 |
— | Iy dy ==yl — ~d
3/0 n(y) dy 3<yny0 /Oyy y)
1 1 ! 1 1 1
=3 lny‘o—/o 1dy :§y1ny‘0—§. (2)

Now, we actually have an improper integral here! (In fact, we did from the start,

because In(z3) — —oo as z — 0.) This comes up when we have to compute
1 1

ylny| , since yIny is undefined at 0. Instead, we have to find limgp_,o+ yIny| |,
0 R

which is

1ln(l) — lim RInR.

R—0t+

The first term here is 0. The second is also 0, by L’Hopital’s rule:

InR 1/R
li | = lim — = [i
RgngR n ki RI—>I€+ 1/R R1—>rf)l+ —1/R?

m (—R) = 0.

1
R—0t

1

Going back to (2) and then (1), we’ve computed the integral to be equal to —3

> 1
d —d
<)/0 1602+ 1"

Solution: You can either just know that the antiderivative is %tan*1(4x), or
you can substitute u = 4z, with du = 4 dx, to get

1 1 1 1 1
—  de=-| ——du=~-tan! = —tan" (4 .
/16952—1—1 x 4/u2+1 u= 7 tan (u) +C 7 tan (4z) + C

Now, we compute the improper integral:

/Oo L [ Ly
- — 1m -
o 162241 T A, T2 1!

1 1
= lim (Z tan ' (4R) — Ztan_l(())).

R—o0
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Now we need to understand the tan=!(z) function. First, tan=1(0) = 0, since
the solution to tanf = 0 is # = 0. Next, what happens to tan~!(z) as z — oo?
Well, if we are solving tan § = x and x is growing to infinity, then we’re looking
for an angle so that the y-coordinate divided by the z-coordinate on the unity
circle is converging to infinity. This happens when 6 — 7/2, since as 6 inches
up to 90 degrees, the y-coordinae vanishes while the z-coordinate approaches 1.
So, tan~!(z) approaches 7/2 as  — oo. This gives

I = 7

4 28
for the integral.
1
(e) / (11 — 22)1/2 dx
Solution: Substitute = v/11sinf. Then dz = /11 cos 6 df, and

/( 1 \/ﬁcosede

e = [ 2T
11 — z2)1/2 v V11 cosé
:/1d9:6’+C’:sin_1(x/\/ﬁ)+C’.

1/2 1
f —=d
( ) /1/2 (2:[—}— 1)1/3 X

Solution: Apply the substitution u = 2x + 1 to get to

1/2 1 2
——dr = — du.
e ey et

This is an improper integral because the integrand goes off to infinity at the left
endpoint. But it converges: we have

2 3u?/?
du =
R 2ul/3 4

We can find limit as R — 0" just by plugging in R = 0 and we get

2 2 2/3
1 _ 1 3(22/3)
[ o= i, [ =5

2 B 3(22/3) 3(R2/3)
4 4

R

2. Find the volume of the sphere of radius R by rotating the semicircle bounded by 2% +41? =
R? about the y-axis, using cylindrical shells.
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Solution: We integrate with respect to x. The shell at a given x has radius x, and
it goes from y = —V R? — 22 to y = VvV R? — 22 for a height of 2v/R? — 2. Thus the

integral using cylindrical shells is
R
/ 2nx(2V R? — 2?) dx.
0

To compute the integral, use u = R? — 22, giving du = —2x dx, and

R 0 R2
/ 2nx(2V R? — 2?) dx = —/ 2my/udu = 27r§u3/2 = 3nR’.
0

R2

0

3. Consider the region in between the y-axis, the line y = 4, and the curve y = 2%/4:

2

5+ /?J:‘%
4 y=4

Now revolve this region around the z-axis to form a solid.

Set up but do not compute integrals to find the volume of this solid using both the
disc/washer method and the cylindrical shells method.

Solution: With washers, we integrate with respect to x. The outer radius of the
washer at z is 4 and the inner radius is z?/4. So the integral is

/047T(42  (@?/4)?) do = ﬂ/04(16 —44/16) da.

With shells, we integrate with respect to y. We'll need to take the curve y = x?/4
and rewrite it with z in terms of y: x = 2,/y. The shell at height y has radius y and
height 2,/y. The volume is

4

4
/ 21y (2\/y) dy = 7T/ 43/ dy.
0 0
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4. Here are two questions related to trigonometric substitution:

(a) Suppose that sinf = z. What is cot 07 (Your answer should be in terms of x
but should not involve any inverse trigonometric functions. You can assume that
0<8<m/2)

Solution: We make a little triangle based on sinf = x:

So the other side of the triangle is /1 — 22, and
V1— 22

cotf =1/tanf =
T

(b) Suppose that tanf = x. What is csc? (Your answer should be in terms of x
but should not involve any inverse trigonometric functions. You can assume that
0<6<m/2)

Solution: We make a little triangle based on tan = x:

1
So the other side of the triangle is v/1 4+ 22, and
V1+ a?

cscl =1/sinf =
x

5. Compute the following sum, or say that it does not converge.

0 3n+1

S

n=2
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Solution: This is a geometric series. The first term is g—: = g—g and at each step we

multiply by % to get the next term. Using the formula for the sum of a geometric
series, it adds up to
27/25 27 5 27

1-2 25 2 10

6. Does the series

;n4+1

converge or diverge? Explain your answer. If you apply a test, you must give all details
of the test to get full credit. (For example, for the comparison test, say what series
you're comparing to.)

Solution: Recall that Y~ , % diverges by the p-test. We’d like to say that nf—il >

n = Lo th lude th ies di by th i
.1 = 5 SO that we can conclude that our series diverges too by the comparison test,
but that comparison is incorrect. But the following comparison is correct:

n? n?
> =
nt4+1 7~ 2n* 2n
And >, % diverges (since if it converged, then y 7, % would converge to twice
its value, but we know that it diverges). Hence by the comparison testt our series

diverges.

Alternatively, we could use the limit comparison test. We compute

3 4 1 4 1
hmwzhm " m - =1
n—00 ]_/’n, n—oo nd +1 n—oo | -+ n—4

Hence the series Y >~ nfj—il and Y 7 % either both converge or both diverge, and

we already know that > 7, % diverges.

7. Does the series

00 2_1
>

n=2

converge or diverge? Explain your answer. If you apply a test, you must give all details
of the test to get full credit. (For example, for the comparison test, say what series
you're comparing to.)
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. . 2_ . . .
Solution: Since "n21 converges to 1 as n — oo and not to 0, this series diverges.

8. Does the series
>
— n? +4n

converge or diverge? Explain your answer. If you apply a test, you must give all details
of the test to get full credit. (For example, for the comparison test, say what series
you're comparing to.)

Solution: Recall that y >~ n% converges by the p-test. Since

1

1
e
n2+4n — n?’

we get convergence of our sum as well by the comparison test.
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