MIDTERM
MATH 70200

e You can answer any FOUR of these problems. If you submit five solutions, I'll grade
only the first four.

e Lebesgue measure is denoted by m.

e You can use any result from chapters 1 and 2 of the textbook, but not homework
exercises.

Problem 1. Let (X, M) be a measurable space. Show that the characteristic function
xEe: X — R is measurable if and only if £ € M.

Problem 2. Let {f,} be a sequence of measurable functions on measure space (X, M, p)
and suppose that f, — f pointwise. Suppose that [|f,|dp <1 for all n.

(a) Show that [|f|du <1.
(b) Give an example of such a sequence {f,} on (R, Bg,m) where f,, /4 f in L.
(c) Suppose that |f,,| < |f]| for all n. Show that f,, — f in L.

Problem 3. Let p be a measure on X. Let Ej, Es,... be measurable sets such that
oo u(Ey) < oo. Let

Prove that pu(F) = 0.

Problem 4. Let f: R — [0,00] be a Borel measurable function, and for ¢ € R define
fr: R —[0,00] by fi(z) = f(t + ). (You do not need to show that f; is measurable.) Show

that for any ¢,
[ am= [ iam.

where m is Lebesgue measure on R.

Problem 5. Let m* denote Lebesgue outer measure on R, and let E be a subset of R,
not necessarily Lebesgue measurable, with m*(E) < co. Let E, = E N [—n,n]. Prove that
m*(E,) — m*(E) as n — oo.
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