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Name:

Note: When transforming expressions into equivalent forms, write a chain of equalities. Don’t just write
one expression after the next without stating the relationship between the expressions.

When solving equations, write down one equation after another. Do not cross out or write on top of
an equation.

1. Find

∫
x2

√
25− x2

dx.

Solution: Substitute x = 5 sin θ. Then dx = 5 cos θ dθ, and the integral becomes∫
25 sin2 θ√

25− 25 sin2 θ
5 cos θ dθ =

∫
25 sin2 θ

5 cos θ
5 cos θ dθ = 25

∫
sin2 θ dθ =

25

2
(θ − sin θ cos θ) + C.

Now we have to substitute back for x. Since x = 5 sin θ, we have θ = sin−1(x/5). Also sin θ = x/5,
but to finish back-substituting we need to work out cos θ. We make a right triangle with an angle
θ whose sine is x/5, like this:

θ

x
5

The other side has length
√
25− x2 by the Pythagorean theorem. So cos θ =

√
25− x2/5. And

now the integral is

25

2

(
sin−1(x/5)− x

5

√
25− x2

5

)
+ C =

25

2
sin−1(x/5)− x

√
25− x2

2
+ C
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412 CH APTER 7 TECHNIQUES OF INTEGRATION 

The formulas in Eqs. (15)-(17) in the integral table at the end of the section give the 
integrals of the products sin mx sin nx, cos mx cos nx, and sin mx cos nx. These integrals 
appear in the theory of Fourier Series, which is a fundamental technique used extensively 
in engineering and physics. 

EXAMPLE 10 Integral of sinmxcosnx Evaluate lo:rr sin4xcos3xdx. 

Solution Apply Eq. (16), with m = 4 and n = 3: 

sin 4x cos 3x dx = - ----- - ----in . ( cos(4 - 3)x cos(4 + 3)x) rr 

o 2(4 - 3) 2(4 + 3) 0 

= (- COS X _ COS 7 X ) rr 
2 14 0 

= ( + 114) - (- - 1~) = 

The following table of trigonometric integrals summarizes some of the integral for-
mulas we have seen in this chapter and includes some other related formulas. 

TABLE OF TRIGONOMETRIC INTEGRALS 

sin x dx = - - -- + C = - - - sin x cos x + C J 2 x sin2x x l 
2 4 2 2 

cos x dx = - + -- + C = - + - sin x cos x + C J 2 x sin2x x l 
2 4 2 2 

J sinn-l x cosx n - l J 2 
sinn xdx = - n + n sinn- xdx 

J cosn-lxsinx n-11 2 cosn xdx = n + n cosn- xdx 

j tanx dx = In tsecxJ + C = - ln Jcosxl + C 

J tanm x dx = tanm-l x -f tanm- 2 x dx 
m- l 

j cotx dx = - In tcscxJ + C = 1n JsinxJ + C 

cotm xdx = ---- - cotm- 2 xdx J cotm-l x J 
m- l 

j secx dx = In jsecx + tanxj + C 

J tanxsecm- 2 x m-21 2 seem x dx = ----- + -- seem- x dx 
m-l m-l 

j cscx dx = 1n jcscx - cotxj + C 

J cotxcscm- 2 x m-21 2 cscm xdx = - ----- + -- cscm- xdx 
m-l m-l 

J sin(m - n)x sin(m + n)x 
sinmx sinnx dx = ---- - ---- + C (m =I-± n) 

2(m - n) 2(m + n) 

J cos(m - n)x cos(m + n)x 
sin mx cos nx dx = - ---- - ---- + C (m =I-± n) 

2(m -n) 2(m +n) 

J sin(m - n)x sin(m + n)x 
cos mx cos nx dx = ---- + ---- + C (m =I-± n) 

2(m -n) 2(m +n) 
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