Math 232, Final, Version B Name:

May 18, 2026

I pledge that [ have neither given nor received
unauthorized assistance during this examination.

Signature:

e DON’T PANIC! If you get stuck, take a deep breath and

go on to the next question. Question | Points | Score
e Unless the problem says otherwise you must show your 1 10
work sufficiently much that it’s clear to me how you arrived
at your answer. 2 10
e When transforming expressions into equivalent forms, write 3 8
a chain of equalities. Don’t just write one expression 4 2
after the next without stating the relationship between the
expressions. 5 6
e When solving equations, write down one equation after 0 8
another. Do not cross out or write on top of an equation. 7 8
e You can use a calculator, graphing or otherwise. You cannot 8 8
use a computer or phone. 9 g
e You may bring a two-sided sheet of notes on letter-sized paper 10 8
in your own handwriting.
11 5
e There are 13 problems on 15 pages. 19 0
13 0
Total: 81

Good luck!
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1. A region is bounded by the y-axis, the curve y = 23, and the curve y = 1:

y=a’
1.5 +
1 y=1
D
| | |
W W W
) 1 1.5
[2 points] (a) Find the area of the region.

Solution:

/01(1—x3)dx: (93—%4)
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Now suppose the region is rotated around the y-axis to form a solid. (Please read
carefully: y-axis.)

[4 points] (b) Set up but do not compute an expression to find the volume of the solid using
the disc/washer method.

Solution: We have to integrate with respect to y. We rewrite y = 2° as

x = y'/3. At a given height y, the cross-section of the solid is a disc with radius
z = y'/3, so the volume is

1 1
/W(y1/3)2dy=/ T3 dy.
0 0

[4 points| (c¢) Set up but do not compute an expression to find the volume of the solid using
the cylindrical shells method.

Solution: This time we integrate with respect to x. The shell at distance x
from the y-axis has height 1 — 23, So the volume is

1
/ 2rz(1 — 2°) dx.
0
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2. Suppose that a bug at time ¢ is at position (m(t), y(t)) given by

x(t) = 2t* — 3,
y(t) =2t — 1.
[1 point] (a) Where is the bug at time 27

Solution: At position (5, 3).

[3 points| (b) The bug traces out a curve as it moves. What is the slope of the tangent line to
this curve at the bug’s location at time 27

Solution: We need to find ¢/(2)/2'(2). Since ' = 2 and 2’ = 4t, it’s

2 1
8 4
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[3 points] (¢) In which direction is the bug moving at time 27 Give your answer in the form of
an angle. (As usual, angles are to be interpreted as relative to the positive z-axis.)

Solution: We just need to do a bit of trigonometry to convert a slope into an
angle, just like we were changing the rectangular coordinate (4, 1) into a polar
coordinate. It’s

tan ' (1/4) ~ .245.

[3 points| (d) Set up but do not compute an integral to find the distance the bug travels from
time t =0 to t = 2.

Solution:

2 2
/\/(4t)2+22dt:/ V1612 + 4 dt
0 0

Page 4



Math 232 Final, Version B, Page 5 of 15 May 18, 2026

[8 points] 3. State whether the following series converge or diverge. Explain your answer. If you
apply a test, you must give all details of the test to get full credit. (For example, for the
comparison test, say what series you're comparing to.)

() 2 4nn— 1

n=1

Solution: Since

lim = lim T =,
n—oo 4n — 1 n—>oo4—E 4

the sum diverges (by the divergence test).

() >

n=1

!

S

Solution: Apply the ratio test:

(1) 4 (n 1)
=T T A e

n—l—l_

Ant1
= Q.

lim

n—o0

Qn

Since the limit is greater than 1, the series diverges by the ratio test.
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9 9

9
2 points| 4. Calculat —t—F =+
[2 points] Calculate 9 + 10—|— 100+ 1000+

Solution: This is a geometric series with first term 9 and multiplier 1/10, so its sum

1S

9

1
1_10

= 10.

[6 points] 5. (a) Convert the point (z,y) = (—8,15) to polar coordinates (r,6). Give the angle 6 in
radians to three decimal places.

Solution: First, r = /(—8)2+ 152 = 17. Next, we know that 6 satisfies
tanf = —1575. A calculator gives tan™! —18—5 ~ —1.081, which is in the fourth

quadrant. But we want the solution in the second quadrant, which is approximatel;

—1.081 + 7 = 2.061.

So the coordinate is (r,6) = (17,2.061).

(b) Convert the point (r,0) = (24, 57/3) to rectangular coordinates (x,y).

Solution: The point is (z,y) = (24 cos(57/3), 24 sin(57/3)) = (12, —12v/3).

Page 6
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6. For which values of x does the power series defining F'(z) converge?

Solution: Apply the ratio test:

.| ey ) (x —4) n°2 . |lr—4 n
p=lim|—~——|= lim . = lim
n—00 % n—00 (n + 1)22n+1 (:L’ _ 4)n n—00 2 n-+1
z—4 i 1 2 z—4
= 11m — .
2 |n—=oo\ 14 % 2

So, F(x) converges if [(x —4)/2| < 1 and diverges if |(x —4)/2| > 1. We can rewrite
this first condition as |x — 4] < 2, i.e., if = is in the interval (2,6).

Now we have to consider what happens at x = 2 and x = 6. The series in these cases
are

Z ( n2) and Zﬁ’

n=1 n=1

respectively. Both of these series are absolutely convergent by the p-test, and hence
the interval of convergence for the power series is [2, 6].

Page 7
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[8 points] 7. Find the Taylor series of the following functions centered at 0. You do not need to
determine the interval of convergence.

(a) f(x) = 2z%sin(z?)

Solution: The Taylor series for sin x is x — E—? + 5+ 1,% — - --. By substitution,
the Taylor series for sin(z?) is

Finally, we multiply term-by-term by 222 to arrive at

28 212 216

4
2 S T T T
or
o0 24n+2
nz 2n+1
2
T
b —
(b) fla) = 5

Hint: Try rewriting 3 — z as 3(1 — 3).

Solution: Thinking of f(z) as

z
3

it is the sum of a geometric series with first term 2?/3 and multiplier z/3 (or
at least it is on the interval where this geometric series converges). So,

1’2 ZL‘S [E4
f(x) = g -+ 5 + 2—7 + -
or
e xn+1
f@) =3
n=1
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. . 1
[8 pomts} 8. Flnd /mdl’

Solution: Make the substitution x = 2sinf. Then dx = 2 cosf df, and

1 2cost 2cost 1 9
/—(4_$2)3/2 dx:/(4—4sin29)3/2 d&:/ d@:—/sec 0 do

8 cos3 0 4

1
Ztan@—i—C.

Now, we have to work out tan6 when sinf = 5. Make a triangle, and label the
opposite and hypotenuse consistently with sinf =

z.
5"

2
x
%
Now the other side is v/4 — 22, and tanf = \/4f7. So,
1 T
dr = C.
e v =t

Page 9
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[8 points] 9. Find the degree-2 Taylor series for f(r) = /% centered at x = 8.

Solution: We compute
1
flx) = 59572/37
f”<l') _ —2$_5/3
5 .
Then
f8) =2,
1
! —
1
1 o
So the Taylor polynomial is
Ty(a) =2+ (x— 8) — (o — 8’
2 =T\ 288"
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8 points| 10. Compute the following integrals. If the integral is improper and doesn’t converge, say
p p
SO.

<1
(a) / dx
1o rlnz

Solution: To find the antiderivative, substitute v = In z:

1 1
/ da::/—duzln]u\+C’:1n|lnaz|+C.
u

zlnzx
Hence
R
lim dz = lim (In|ln R| — InIn 10),
R—oo J1p xlnz R—oco

which diverges. Hence the integral diverges.

z+8
® [ herm®

Solution: Set

T+ 8 A B

G—D@+2) z-1 z+2

and multiply both sides of the equation by (z — 1)(x + 2) to get
r+8=A(x+2)+ Bz —1).

Now we solve for A by setting x = 1:
1+8=A(1+2),

giving A = 3, and solve for B by setting v = —2, giving
—24+8=B(-2-1),

giving B = —2. So,

T+ 8 3 2
dr = — dr = 3In|lz — 1| — 21 2|+ C.
/(a:—l)(x+2) v /(:U—l x—|—2) v = 3lnfz | nlz+2+
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[5 points] 11. (a) If Z\an| converges, then Z a, converges.
n=1 n=1

v/ True (O False

Solution: Absolute convergence implies convergence.

(b) If 0 <a, < #, then Z @, CONverges.
n=1

v True (O False

Solution: True by the comparison test.

(c) If 711;1{)10 a, = 0, then ; a, converges.

O True \/ False

Solution: If lim a, = 0, then the series might converge, but it doesn’t necessarily]
n—oo

(d) The interval (2,5) might be the interval of convergence for a power series

Z an(z —3)".

n=0

O True \/ False

Solution: False, intervals of convergence must be symmetric around the power
series’ center (except possibly at the endpoints).

oo
(e) If the limit of 22;1 a, exists as N — oo, then Z a, converges.

n=1

v/ True (O False

Solution: The definition of ) ° @, is the limit of the partial sums, i.e.,

im0 Zgﬂ a,. So the existence of this limit is equivalent to the convergence
of the sum.
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The rest of the exam contains bonus questions. Please attempt them only when
you’re done with the rest of the exam.

There will be no partial credit in this section.

[3 (bonus)] 12. Find the Taylor series of tan~!(x) around 0, and give its radius of convergence. (Hint:

N |
Recall that 7-tan™' 2 = )

1
1422

Solution: By the geometric series formula, the Taylor series for is
1 e}

=12+t —ab4+... = —1) ",
1+ 2?2 Z( )

n=0

It converges when |z?| < 1, which occurs when —1 < x < 1.

We can integrate term by term to obtain a Taylor series for [ ﬁ dr =tan "tz +C,
which always has the same radius of convergence:

575 7 2

Since tan™! 0 = 0 and the power series takes the value 0 at 0, we have C' = 0, and

tan 'z = i(—l)" o
= 2n + 1

with radius of convergence 1.

Page 13
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[3 (bonus)| 13. Determine the convergence of the following series:

S ()

n=1

2

Solution: We apply the root test by finding

n2\ 1/n n n
—1 —1 2
L=1lim ([~ — lim (2 — lim (1—
2 n+1 2 —1
= lim|(1-— 1— .
n—00 n+1 n—+1

Now, you have to know that (1 — n%l)nﬂ — e~2, and also observe that (1 — %H)_l —

1 asn — 0o. So, L = e 2 < 1, and the series converges by the root test.
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