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Asymptotic Analysis of Gaussian Integrals, I1:
Manifold of Minimum Points

Richard S. Ellis* and Jay S. Rosen**
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Abstract. This paper derives the asymptotic expansions of a wide class of
Gaussian function space integrals under the assumption that the minimum
points of the action form a nondegenerate manifold. Such integrals play an
important role in recent physics. This paper also proves limit theorems for
related probability measures, analogous to the classical law of large numbers
and central limit theorem.

1. Introduction

In the last few years, theoretical physicists have developed beautiful new ideas
for the asymptotic analysis of Gaussian function space integrals [ Coleman; Sect.
2], [Wiegel]. In this analysis one is confronted by the “zero mode problem”. The
object of this paper is to provide the mathematical framework for handling this
problem. In particular, we present the complete asymptotic expansions of a
class of Gaussian integrals on a Hilbert space, for which the minimum points of
the action form a nondegenerate manifold. In addition, we prove limit theorems
for related probability measures, analogous to the classical law of large numbers
and central limit theorem.

To describe our problem, let P, denote a mean zero Gaussian probability
measure with covariance operator 4 on a real separable Hilbert space s#. We
write the inner product of # as { —, — >. We wish to describe the asymptotics
of

J, = [W(Y//n)exp(— nF(Y/s/n))dP (Y), asn— co. (1.1)

For simplicity we assume that y/, F are smooth functionals (smooth will always
mean C®), with i bounded and F satisfying

F(Y)z —b| Y| = cforsome0 b <1/2|A]), c20. (12)
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These conditions assure that the integral in (1.1) exists. The covariance operator

A is trace class. We also assume that A is strictly positive. In Sect. 6, we extend

our results to the Banach space C[0,1], which is important in applications.
Formally, J, can be written as

fw(Y//n)exp(— nF(Y//n)— (A~1Y, Y )/2)dY

= [W(Y/\/m)exp(—nG(Y //n))dY, (1.3)

where G(Y) =< A~'Y,Y>/2+ F(Y) is called the (BEuclidean) action. In (1.3) dY
is the purely formal translation invariant measure on . Nevertheless, (1.3)
will serve as a useful guide to our intuition.

Let x be a minimum point for G, so that G(x) = igf G. This implies that

G'(x)=0, G"x)=0, (1.4)

where G'(x), G"(x) are respectively the element of s and the linear operator on 5#
defined by the first and second Frechet derivatives of G at x. (See Sect. 2 for details.)
We can then write, for Y near 0,

Glx+ Y)= G(x)+ (1/2)< G"(x)Y, Y ) + error term. (1.5

If G"(x) > 0, then insertion of (1.5) in (1.3) indicates that we can expand around
a new Gaussian measure, with covariance operator (G”(x))~ *. This we have carried
out in detail in [Ellis—Rosen (1)], which generalizes earlier work of [Schilder ]
and [Pincus].

In the present paper, we assume that the set of minimum points of G forms
a smooth submanifold M of #. In this case, differentiating the first equation in
(1.4) shows that for any xe M,

G"(x)v=0forallveM,

where M_ denotes the tangent space to M at x. This degeneracy of G"(x) is the
“zero mode problem.” We note that M is a compact subset of # (see Lemma 1
(a) in Sect. 2).

The best we can hope for is

G'(x)>0 onN,, (1.6)

where N = (M )" is the normal space to M at x. We call M nondegenerate if
(1.6) holds for all xe M.

Throughout this paper we assume that M is a smooth nondegenerate sub-
manifold of s#. However, the ideas presented here together with those of [Ellis—
Rosen (1) ] enable one to handle many cases of degenerate M.

To state our main theorems, we introduce some notation. If V is a subspace
of #, n, will denote orthogonal projection onto V. If L is a linear operator on
#,then L,, IV denote the linear operators on V

L,=n,Lmn,,
L,=(m,L 'm,)" . (L.7)

For each specific L, we will have to verify that L,,, L are well defined.
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The geometry of M enters through the Weingarten map W, . For each
xeM, ze N, W, , is the linear transformation of M, defined by

(W, 0> =Dz, u,vEM,. (1.8)

Here D, is the directional derivative at x, in the direction u, of any tangent vector
field 5 on M with d(x) = v [ Spivak, Vol. IV, p.49].

Theorem 1 is stated in great generality. A simple special case which should
look familiar to physicists is described in (1.18). The main ideas behind Theorem
1 are explained in Sect. 3 before the proof of the theorem.

Theorem 1. Let M, the set of minimum points of G, be a smooth, nondegenerate
submanifold of #. Then dim(M) < o and €"%"J has the asymptotic expansion (see
Explanation below)

enG*J”Nndim(M)/z J’{ I Yix +Z/\/7_l)IM(x, Z/\/l;)
M UNy

-exp( — nF,(x, z/5/n))dPy, (z)} c(x)dV,,(x) asn—co,

(1.9)
Wwhere G* = m}ifn G,
I,(x,2) =det{I - W, _}, (1.10)
Fy(x,2) = F(x + z) — F(x)— {F'(x), z) — {<F"(X)z, 2 /2, (1.11)
B(x) = (G"(x)y )~ L is the covariance operator of Py (1.12)
c(x) = [det(2nA,, )det(I + AM(F"(x)y ))] ™', (1.13)

and dV,, is the volume-element of M induced by # [Spivak, Vol. I, p. 423]. The
highest order term is n®™™/2 [ (x)c(x)dV,,(x).

Explanation. The smoothness%f ¥, 1,,(x,),and F implies that for each xe M, ze N,
the integrand on the right-hand side of (1.9) has an asymptotic expansion of the
form

nmD2y,(x 4 7/ \/;I)I w2/ \/ﬁ)exp( —nFy(x, z/ \/’;))
~ plimd)/2 Z aj(x’ Z)n—jlz asn— o0,
jz0
where the {a/(x,z)} are functionals. Then (1.9) means that exp (#G*)J, has the
asymptotic expansion

"% J ~ pdimni2 Y [ [} { §ajx, z)dPB(x)(z)}c(x)dVM(x):ln‘j’ 2 asn— 0.
jzolLm LN,
For j odd, aj(x, z) turns out to be an odd function of z. Since Py iS mean zero,
only integral powers of n~1 appear in the last sum. Thus, (1.9) has the form
n®mM2 %" I =, where the {I';} are functionals.
Jjz0
Remarks. (i) W, , is related to the second fundamental form of M; see [Spivak,
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Vol. IV, p 497. We note that if x(s), s R™, is a local parametrization of M, and if
52 )
x() = —(s), x,9) = 557, then

5,05

(W) 5 X 8) > = X, 8), 2

Thus, if g(s) is the matrix with g, (s) = < x,(s), x(s) >, then
Wi (8)= ZECxfoh 2000 D5 )

(i) In the special case that M is a curve {f,;0 <s <¢} parametrized by arc
length, Theorem 1 takes the form

e”G*Jn~n1/2?{ [, +z/\/_)(l—<‘f;f;’ z >>

{z:{z,fs>=0}

-exp(— nF,(f, ;2//n))dPy, fs)(z)}ds. (1.14)

2
We note that < dé , z> is the curvature of M in the direction z.
s

In applications, the manifold M of minimum points often arises because of
a continuous group of symmetries. We say that a group & of unitary transforma-
tions of 5 is a group of symmetries of J, if for allse &, Yei#,

Y(sY)=yY(Y), F(sY)=F(Y), s 'ds=A. 1.15)

If & is a group of symmetries of J,, then G and consequently M are -invariant.
If in addition

M =Fx, = {sx,|seF} (1.16)

(i.e., if M equals the &-orbit of a single point x,), then Theorem 1 takes a parti-
cularly simple form.

Theorem 2. Assume that & is a group of symmetries for J, and M = Sx,. Then
under the assumptions of Theorem 1

&SI ~nimM2e(x )WW(M) | Yix,+ z/\/ﬁ)l X052/ \/r—z)~

Nxq
-exp( — nF (%, 32/x/n))dPy,. () asn— o, (1.17)
where V(M) = [ dV,,. The highest order term is n“™™/2c(x )(x )V (M).
M
Remarks. 1. The volume element dV,, is the image of Haar measure.

2. Returning to the case of M a curve {f,;0 <s <¢} parametrized by arc length
(see (1.14)), Theorem 2 says that in the presence of symmetries
z >>
=0, n

CJ o~ ntelfy) | WS, + z/\/ﬁ)<1 — <‘2sf;s
exp(— nF (£ 32/5/m)APp(2). (1.18)

{z:{z,["0>=0}
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Thus, the highest order term is n'/2Zc(f,)¥/(f,,) and the next order term involves
the curvature of M. For comparison, recall that in the case of M = {f,}, a non-
degenerate critical point, the highest order term is ¢(f,)¥/(f,), for some constant
¢(f,) [Ellis—Rosen (1); Theorem 2.1].

We next describe two limit theorems for probability measures related to J,.
These limit theorems are analogues of the classical law of large numbers and central
limit theorem. Let Q, be the probability measure on J# defined by

0,(C) = [exp(— nF(Y/n))dP (Y/\/n)/Z,, (1.19)
C

where C is a Borel subset of #°, and
Z, = [exp(~ nF(Y/n))dP (Y/\/n) = [exp(— nF(Y//n))dP (Y).
We have for any integrable 4

[R(Y/m)dQ,(Y) = [h(Y/\/n)exp(— nF(Y//n))dP (Y)/Z, (1.20)

Theorem 3. Under the hypotheses of Theorem 1, for any bounded, continuous
functional ¢ on A, we have

lim [¢(Y/n)dQ(Y) = [ p(x)c(x)dV,,(x)/ [ c(x)AV\,(x). (1.21)
n—w M M

If Y, denotes the #-valued random vector defined by the identity map
(+#,dQ,)— #, then Theorem 3 asserts that Y /n converges in distribution to
the probability measure dp(x) = c(x)dV,,(x)/fc(x)dV,,(x) concentrated on M.
We next study the fluctuations of Y,/n around this limiting distribution. The
following theorem says that these fluctuations are a dp-mixture of normal fluctua-
tionsineachfiber N, xe M.

If 6 > 0 is sufficiently small, we can assign to any W e# with dist(W, M) <o
a unique closest point (W) in M. This follows from the e-neighborhood theorem
[Guilleman-Pollack, p. 69]. If dist (W, M)>J, then we set n(W)=0. Since
by Theorem 3 Y, /n is close to M, Y,/n — n(Y,/n) should be close to zero. To study
the fluctuations of Y, /n we will study

B _ Y —nn(Y,/n)
LY, n— (Y, /n)] = ———\/ﬁ .

Theorem 4. Under the hypotheses of Theorem 1, for any bounded continuous
Sfunctional ¢ on H#, we have

(1.22)

lim f¢<Y—_—nM>dQn(Y) = _f{ [} (l)(z)dPB(x)(z)}c(x)dVM(x)/ [ c(x)adV,,(x).
n—o \/ﬁ M Ny M (1 23)

In Sect. 2 we present preliminaries which will be needed in our proof of Theorem
1. Sect. 3 contains the proof of Theorem 1. At the beginning of that section, we
explain the main ideas behind Theorem 1. Section 4 contains the proofs of various
lemmas used in Sect. 3, and in Sect. 5 we prove Theorems 2, 3, and 4. In Sect. 6, we
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extend our results to C[0, 1]. An Appendix contains a result on the tightness of
certain measures on C[0, 1]. This result is used in Sect. 6.

Earlier work on the asymptotics of Gaussian integrals has been done by
[Pincus], [Schilder], [Donsker—Varadhan], and [Ellis-Rosen (1)]. Our study
of the manifold case is new. We have been informed by S. Breen that for certain
cases he has obtained the key change of variables formula discussed in Sect. 3.
His methods are quite different from ours.

2. Preliminaries

Let F be a C* Frechet differentiable functional on the Hilbert space #. Given
Y,Y,, ..., Y;in #, we denote the j*" Frechet derivative of F at Y by D’F(Y)(Yl,
Y). If Y = Y, =Y, we use the notation D’F(Y)YJ DIF(Y)(Y,, ... Y) The
first and second Frechet derivatives of F at ¥ define, respectively, an element
F(Y)e# and a bounded symmetric linear operator F’(¥) on # which satisfy
DF(Y)Y,=(F(Y),Y,), D*F(Y)(Y,,Y,)=<(F(Y)Y,,Y,). (2.1)

Let A be a strictly positive trace class operator on #. 2(4~ */?), the domain of
A~12is dense in A and is a Hilbert space, denoted #°(4), when equipped with
the inner product

(Y, Y,), =<A2Y,, A7 1?Y,).
Let us define
1¥)= 12Ky, Yy, =1/ A~ *Y|? if Yeg4~1?),
"l 4o if Y§D(A4~1?),
and set
G(Y)=I(Y)+ F(Y). 22
Thus on #(4), G(Y)=(1/2)<Y,Y),+ F(Y) and is therefore a C* Frechet
differentiable functional on #(4). We have on #°(A4)
DG(Y)Y, =< Y, Y, ), +<F(Y), Y, ) =XY+ AF(Y),Y,),,
D*G(V)(Y,, Y,) =Y, Y,>,+<F(DY,,Y,> =Y, + AF'(D)Y,, Y, ),
DG(Y)(Y,,...,Y)=DF(¥)(Y,, ..., Y),j>2. 2.3)
Although G is not Frechet differentiable on 4, if Ye2(4~1) we will use the
notation
G(Y)=A"'Y+ F(Y),
G'(Y)=A" '+ F'(Y)
Thus, the domain of G’(Y) is 2(4™ ).
A point xe# is called a minimum point of G if G(x) = inf{G(Y)| Yes#}.

Throughout this paper, if K is a submanifold of #, we will use the natural identi-
fication of K with a subspace of # and set N, = K in # .

Lemma 1. Let F satisfy the bound (1.2). Then we have the following facts.

24)
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(@) The minimum points of G form a non-empty compact set.
(b) If x is a minimum point of G, then xeD(A™1),
G(x)=A 'x+ F(x)=0, 2.5)
and
G"(x)=0. (2.6)
() If the set of minimum points of G forms a smooth submanifold M of 5, then
M, cP(A™Y),
G'(x)p=0, allxeM, veM_, 2.7)

and M is finite dimensional.

Proof. a) This follows from the facts that G is lower semicontinuous on #(A4)
and that as || Y| - oo, Yes#(4), G(Y)— oo like |A~"2Y | For details, see
[Ellis-Rosen (1); Lemma 3.1].

b) The bound (1.2) implies xeZ(A~1/?) = H#(A).
Thus x is also a minimum point of the smooth functional G on #(4),s0 DG(x)Y =0
for all Yes#(A4). By (2.3)

x + AF(x) = 0. 2.8)

This shows xe2(4~!) and proves (2.5). Similarly D>G(x)Y? = 0 for all Y e#(4),
so by (2.3)

CAT2Y, A712Y Y 4 (F'(0)Y, Y> =<Y, YD, +{F'x)Y,Y) 20,
and in particular for Ye2(4™ 1Y)
A"+ F'(x))Y,Y)20.

This is (2.6).
c) If veM_, let x, be a smooth curve on M with x, = x, x; = v. By (2.8)
x,+ AF'(x,)=0.
Differentiating and then setting ¢ = 0 gives
v+ AF"(x)v =0. 29

Thus ve2(A™ ') and G"(x)v = A~ v+ F"(x)v = 0, proving (2.7).
We now prove that M is finite dimensional. Since A is trace class, (2.9) shows that
each x in M the unit ball in M_ is compact; hence M_ is finite dimensional. Thus

dim(M) < co. (]

Lemma 2. Let A be a strictly positive trace class operator on H# and V < D(A™1)
a finite dimensional subspace. Then

AV = (my, A 'my ) (2.10)

defines a strictly positive trace class operator on V(A" =0on V). Therefore A" is
the covariance operator of a mean zero Gaussian measure P 1.

Proof. In terms of the decomposition J# = V@ V*, we can write the positive
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operators A~ 1, Aas

A1 =<%‘£;) on D(A°Y), A= (%ﬁ> @.11)

so that, e.g, y=m,. 47 'n,.,R =mn,An,. The identity A~'4 =1 yields

oR + B*S =1, (2.12a)
BR+7yS=0,, (2.12b)
BS*+yT=1,., (2.12¢)

where I, 0, denote the identity and zero operators on V and I,,. denotes the
identity operator on V.

R =m,Amn, is a bounded linear operator on the finite dimensional subspace
¥, and the strict positivity of 4 implies ker (R) = {0}. Thus R has a bounded inverse
and from (2.12b) we have B= —ySR™!. Substituting this into (2.12c) shows

YT —SR™'S¥)=1,.. (2.13)
Working similarly with the identity A4~ = I on 2(4~ 1), we find
(T—SR™'S*y=1I,,onP(A~ )NV (2.14)

The last two equations, (2.13) and (2.14), show that y =, A~ 'x,., with domain
P(A~ )N V1, is invertible with inverse T — SR~ !S*. Thus

AV.L = (nVJ_A_anJ.)—I — ,y—l
is well defined and we have
AV =T — SR™IS*. (2.15)

This shows that 4”* is a bounded self-adjoint operator. A" is positive, since it
is the inverse of a positive operator, and strictly positive by (2.13). 4”" is trace
class since T and S are both trace class and R ™%, § are both bounded [Simon (2);
Chap. 2]. The last assertion in the theorem follows from [Gihman—Skorohod;
Theorem V.6.1]. O

Let us record one additional fact. In case # itself is finite dimensional, the

identity
I |0\/R|S*\_(R| s*
—SRUIN\S|T) \0|T—SR 's*

shows that, by (2.11) and (2.15),
det(4) = det(R)det(T — SR™'5%)
= det(4,)det(4""). (2.16)

3. Proof of Theorem 1.

We first explain the main idea behind Theorem 1. When M is a point, Theorem
1 is proven in [Ellis—Rosen (1)]. In the general case, where M is a smooth non-
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degenerate m-dimensional manifold, we use normal coordinates for Y/\/ﬁ in a
neighborhood of M :

Y/f=x+z/ﬁ, xeM, zeN,. 3.1)

We will see that the main contribution to (1.1) comes from such a neighborhood.
The change of variables (3.1) in (1.3) gives formally

J, = [W(Y//n)exp(— G(Y//n))dY (32)
= n'"ﬂf{ F W0+ 2/ /ML (x, z/</n)exp(— nGlx + z/</n) )dz}dVM(x),
M (N,

where m = dim (M) and I,,, defined in (1.10), is the factor arising from our change
of variables.
For each fixed xe M, the inner integral

T0)% Tt 2/l oy mlexp(=nGl 2 /mMz (33)

is itself precisely of the form (1.3), with G(Y/\/_ ) replaced by ?(z/\/— )=
Glx + z/\/_ n) and the Hilbert space # replaced by N_. Our assumption (1.6)
that M be nondegenerate means that 4(z) has a unique and nondegenerate mini-
mum point, the vector 0, in N,. We are thus reduced to the case where M is a
point. This is the main idea behind our proof. Our greatest difficulty in proving
Theorem 1 will be in justifying the change of variables (3.1) in our integral.

Proof of Theorem 1. To help keep the proof clear, we consign certain parts to
a series of lemmas, which are proved in Sect. 4.

Let {e,,e,, ...} be a basis of # formed by eigenvectors of A4, and set #, =
span{el,... ,e} H; is an A-mvarlant subspace of # with #, = #,,,, and
H=0F, We define m; =7, and §; =S for any subset S < o,

For any subset S < J#, let §°= {x]mf | Y —x|| <&}, ie. the vectors within
Yes

g of S. Let K be a finite dimensional submanifold of 5. We say that K’ is a tubular
neighborhood of K if every YeK® can be written Y = x + z for unique xeK,
zeN (K), | z| < 8. Here N (K) denotes the space of normal vectors to K at x.
It is known that for compact K we can find é > 0 sufficiently small such that K°
is a tubular neighborhood of K [Guillemin—Pollack, p. 69-76]. It is easy to
verify that for j sufficiently large, K is also a submanifold of #. We say that K°
is a uniformly tubular neighborhood of K if K’ is a tubular neighborhood of
K and (K j)" is a tubular neighborhood of K for all j sufficiently large. It is not
hard to modify the proof of the existence of tubular neighborhoods to show that
if K is compact, then we can find & > 0 sufficiently small such that K° is a uniformly
tubular neighborhood of K. Note, then, that the same is true for K% for any
o' <.

As mentioned, the heart of our proof is the following lemma, concerning a
nonlinear change of variables in a functional integral.

Warning on notation. In Lemma 3 and for the rest of the paper, if V'is a subspace
of A, then we write P, for the Gaussian measure P v, Whenever the variable
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of integration is omitted in an integral with respect to P,,, that variable is under-
stood to be z. In such an integral, the region of integration is understood to be V.

Lemma 3. Let K be a compact, finite dimensional, submanifold of #, with K° a
uniformly tubular neighborhood of K. If A~'x is a smooth #-valued function of
x on K, then AN*® is a strictly positive trace class operator on N (K) and for any
bounded, uniformly continuous functional ¢ on # with supp ¢ < K°7?,

[¢(Y)dP (Y)= j{ [ @0+ 2 (x, z)exp(— <A™ %, x)/2— (A7 x,z))-

K \|z|l <o

-dPNx(K)}(det(znAKx))‘1/2 AV (x) (3.4)

where I and dV are defined as in the statement of Theorem 1.

Let us now turn to M, the set of minimum points of G. By Lemma 1, M is a
compact finite dimensional submanifold of #. We can therefore find 6 >0
sufficiently small such that M? is a uniformly tubular neighborhood of M.

Let f(Y) be a bounded, uniformly continuous functional, with f =1 on M4

and supp f < M?2. The main contributions to (1.1) come from Y/,/neM%*.
More precisely, by Lemma 4.1 of [ Ellis—Rosen (1) ] (which is based on [ Varadhan;
Sect. 3]) we can find a ¢’ > 0 such that for any 6 < ¢’ and fas above

&9, = & [ f(Y//mW(Y//n)exp(— nF(Y/\/n))dP (Y) + Oe™™), (3.5)

for some ¢ = ¢(5) > 0. We therefore need only study the asymptotic expansion
of the integral with the cutoff function f. At the end of our proof we will see how
to remove this cutoff.

If SC.J# is a subset, we use the notation /nS={Y|Y= J/nx, for some
xeS}. We will apply Lemma 3 to the functional ¢(Y)=f (Y/\/ﬁ)lll(Y/\/r_l)-
exp(— nF (Y/\/ﬁ)) and the compact submanifold K é\/r_zM . Note that because
of the cutoff function f(Y/\/n), supp ¢ =./n(M%?) = (\/nM)’™2, Since M? is

auniformly tubular neighborhood of M, it is easy to see that (\/ﬁM )V is a uniform-
ly tubular neighborhood of \/HM . Also, since by (2.5)

A x=—F(x), forallxeM,

A~ 'x is smooth on./nM. Finally the condition that ¢ be bounded and uniformly
continuous follows from the smoothness of ¥ and F and the compactness of M.
Since this compactness argument will be used repeatedly, we state it as a lemma,
whose simple proof we omit.

Lemma 4. Let K be a compact subset of # and ¢ a continuous functional on H# .
Then for some & > 0, ¢ is bounded on K°.
We choose J as small as required by Lemma 4. Then (3.5) and Lemma 3 yield

T =e { (det2mApp, )72 ("“) <£+_Z>
’ ’ me IIZ/J£II<5 e Asma)) S Jn v Jn
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‘exp < - nF(%))IJnM(x, z)*

exp(— (A7 X, x)2 (A7 x, 2 >)dPNx(¢,,M)}d Vigmn®)
+ 0(e™™). (3.6)
We intend to simplify the integral in (3.6) and obtain

e¥J, =n"? | { § o fG+ 2/ /MY + 2/ /m(x, 2/ /)

M Ullz/yn]i <o

-exp( — nFy(x, z/\/ﬁ))dPB(x)(z)}c(x)dVM(x) +0e™), (3.7

where F;, c(x), B(x) are defined in Theorem 1 and m = dim(M). (3.7) should be
compared to (1.9).
To prove (3.7), we first note the following.

Lemma 5. For any integrable functional h on \/EM,
§ BV, 0y (x) = 12 [ B(\/nX)AV ().
+nM M

Lemma 5 applied to (3.6) yields
"' J, =n"2e"" | { I fec+z//mWix + 2/ /n)-

M Ulzjyn]| <8
eXp(— nF(x + 2/5/m) p/1%, 2) et @nA, sy, )Y
cexp(—ndA x,x>/2—nl{A x, z/ﬁ})dPNﬁx(W)}dVM(x)
+0(e™™). (3.8)
Now, we note that (\/nM) e =/n(M,)= M, since M, is a subspace, and
N Jnx(ﬁM ) = N_(M). We also have the following fact.

Lemma 6. I ﬁM(\/Zx, z) =1I,,(x, z/ﬁ).
We apply to (3.8) these facts, together with (see (2.5))

G* =G(x) =< A" 'x,x /2 + F(x),
A 'x + F'(x)=G'(x)=0.
We find

e"%J =nm2 | { I fl+z//m)det@rd, )™ 2y (x + 2/ /m)L (%, 2/</n)-

M Uliz/vnl <o

-exp(— nF,(x, z/ﬁ))exp( — { F"(x)z, z>/2)dPNx(M)}dVM(x) + 0(e™™).
(3.9
We now apply Lemma 4.4 of [Ellis—Rosen] with

H =N, (M), 4, = A"V and A = (F" X))y,
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The condition of that lemma, that A '+ A= (G"(X))y, ar)> 0, is precisely the
nondegeneracy condition (1.6). The lemma tells us that det(I + A™*(F"(x))y )
is well defined and positive, that B(x) = (G"(x))y_, i the covariance operator
of a mean zero Gaussian measure Py, on N (M), and that

AP, (2) = (det(I + AOF"(x))y_1))"2exp(— CF'(x)z, 25/DdPy oy

Applying this to (3.9) and recalling the definition of c¢(x) in (1.13), we see that ¢(x)
is well defined and (3.7) holds.

We will complete the proof of Theorem 1 by expanding the terms y, I,,, and
e~ "F3 in (3.7) in powers of n~ /2 up to a given order, bounding the contributions
of the remainder, and then showing how to remove the cutoff function f. Our
analysis will resemble that of’the proof of Theorem 2.1 of [Ellis—Rosen (1)].
For each given order, we may need to choose a different 5. We then choose f in
accordance with this 6. Each time it appears, the letter ¢ will denote a (possibly
different) constant independent of n.

Let j be a fixed integer. For ¢ sufficiently small, we have in (3.7)

it 2 dmy= 3 2V Jny 4 R (x, 2/ /),

ico it
DT ) /) + Ry, 2/,

i!

— nF,(x, z/\/ﬁ)= —Hzn

i=3
with

IRy, 21/m] S el 2] /Y,
|R,(x, 2//m)| < en] 2| /o /mp 2,

uniformly in xe M. This follows from Lemma 4 applied to the error term in Taylor’s
theorem.
For any real number u we have

J
&= 3 i+ S, with| S| S erlufi*
i=0

SO

XD (— 1Py (%, 2/ /1) = 3. (= 1y (%, 2//m) i1+ S nF,(x, 2//m))

i=0
with
S{— nF(x, Z/ﬁ)) < exp(|nF,(x, Z/ﬁ)l)I"Fg(X, Z/\/;l)‘j+l
< || 2[*//nY* L exp(|InF4(x, 2/y/m))

uniformly in xe M, by Lemma 4.

Similarly expanding I,,(x, z/\/ﬁ), we can write
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Y (x4 2/3/m(x, 2/5/m)exp (= nF4(x, 7//n)) = Q,(x, z/5/m) + Ry(x, 2//n).

Here Q, is the sum of all terms containing factors of n~'/> up to order n™/* and

|R,(x, 2//n)| < en™U* D2(1 + | z|[Nexp (n| F,(x, 2/</))) (3.10)

for some N, uniformly in xe M, again by Lemma 4.
We can choose 6 so small that for given b > 0

|nFy(x, 2/</m)| < en(]| 2| //n)® < Oc|| 2| < (b/4) | 2

uniformly in xe M, by Lemma 4. Taking b to be the constant appearing in the next
lemma, we see from (3.10) that the contribution of R; to the inner integral in (3.7)
is O(n~Y*1/2) yniformly in xe M.

Lemma 7. There exist b> 0, d < oo, independent of xe M, such that
j’ebllz‘ll/ZdPB(x)(z)é d, (3.11)
and for all a> 0 and xe M

Py {zl]z]| z a} de~*=12 (3.12)

We will see in Lemma 8 that c(x) is continuous and therefore bounded on M.
We have thus shown

ey =n"2| { [+ z/\/;)Q (%, z/\/;t)dPB(x)(z)}c(x)dVM(x)
M N2l 2/l <)
+O(nm2- Ut hzy, (3.13)
The proof of Theorem 1 will be complete once we have shown that (3.13) is
still valid if we replace f by 1 and drop the restriction to {zl | z/</n| < 8}. How-
ever, again by Lemma 4
10,(x, 2//n)| < e(1 + | z||V) for some N (3.14)
uniformly in xe M and all z. Since f is bounded and f (x + z/y/n) = 1if | z|| /\/n <
0/4, it will suffice to show that for some 0 > 0

f |Q,(x, z/</n)| APy () S ce™™

{zlllzll/vnzo/4}
independent of xe M. In view of (3.14), this follows from Lemma 7.

4. Proofs of Lemmas 3-8

Proof of Lemma 3. We will see that for finite dimensional # our lemma is a
straightforward change of variables. In the general case, we will approximate #
by the finite dimensional {# J.} and then pass to the limit j — oo.
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Let k= dim(K). Since K is compact and =, I strongly, it is easily checked
that K; = K is a k-dimensional submanifold and

(K;)’ 2 K’?* = supp ¢, @1
for j sufficiently large. Therefore
[d(Y)dP(Y)= [ ¢(Y)dP (Y). @.2)
(K ;)

Wewrite K, and N _ to denote, respectively, the tangent space and the normal
space to K ; in % at x. As usual we identify these with subspaces of A#.

K is also a submanifold of # .. We will use K, ;and N, . to denote, respectively,
the tangent space and the normal space to K; in #; at x. Identifying these as

usual with subspaces of #; < #, we see that

K;,.=K,,, 4.3)
N,,=N, @/ 44)
We also define (K’ = {xe# | inf | x— Y| < 8}, so that (K)’ = (K, ns#,.
YeK;
In terms of the decomposition # = # ;@ H Jl , A has the matrix
A 0
A=| 7% > @.5)
( 0 A.;fj*

Because we are dealing with Gaussian probability measures, for any integrable
h we have

Ih(Y)dPA(Y)= f { j h(u+ v)dP, (u)}dPAw (v). 4.6)
H #f L.

Since K; = #,, for any ve #’; with ||v]| <0 and xeK, x + v is in (K )’, so that

by (4.6)

[ o(MydP (V)= | . { [ ¢+ v)dP At (u)}dP et (v), 4.7)

A veX ; B 6
s T

where 6(v) = /6% — | v >

We can assume j> k is so large that (K )’ is a tubular nelghborhood of K,
and therefore (K )° = (X; )"n% is a tubular neighborhood of K ; in 5# . We w111
rewrite the i inner 1ntegral in (4. 7) using the following straightforward change of
variables formula (for a proof, see [Weyl]):

| hdu= | { | hGe+wi, (x, w)dw’ ""}dVK ) (4.8)
(Kj)° K; {TI’EI?IJ,:& } ! ’

for any bounded continuous functional A(u) on # ;. In this formula, I, and dV;
are defined as in the statement of Theorem 1, and H j N . are v1ewed as j and
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j — k dimensional Hilbert spaces, respectively, with d’u and 4'~*w denoting the
natural Lebesque measures on these spaces.
To apply (4.8) to the inner integral of (4.7), note that as measures on #’;

dP,, ()= exp(— { Az lu, ud/2)du/(det(2nd,,, )2
j — A" 1u,u>/2dfu/(det (271'ij))1/2‘

Therefore, with h(u) = ¢(u + v)exp(— <A™ 'u,u )/2)/(det (2n4,, ))''?, (4.8) shows
| ¢w+ovdP, @=] { [ obc+w+o)det2nd, ) '

(K )50 K {l| :ﬁl\g"“?")}
-exp(— CA™ (e +w), x +w)/2)I (x, W)dj_kw}dVKj(x)

) 49)
The definition of 4™+~ shows that for we N,

CA Y ox+w), x+wd2=<{A % x)2+{A x,w)> + <A"~1w,w>/2
={A %, xD2+ A X, w) + (A T Tw, w /2.

4.10)
Since as measures on N i
dPy. (W)= exp(— <(A%=)" ', w2 ~w/(det2nA¥i=))1 2,
@.11)

(49), (4.10), (4.11), and (2.16) show that

[ o+ V)P, (u)= [} { f c+w+o)detrdy, )~

(K o ! K; { weN j,x }
[[wll <é(v)

“exp(— <A™, x)/2— AT x, W (x, w)dPg (W) } :
"dV (). 4.12)
We now show that (4.2), (4.7) and (4.12) can be combined to yield

fo(Y)dP (Y)= | { [ o0+ z)(detndy, ))” 12

K; Uizl <o
exp(— <A x,x)/2— <A'1x,z>)IKj(x, z)dPNj,x}dVKj(x).

4.13)
To prove (4.13), first note that in the decomposition # = # ;@ A ]l the matrix

of Ty, is by (4.4)
5 0
an,x = <nlg,x - )

Hj
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Therefore, on (A~ )N, =N, ®(DA™)nH])

N N AYZ ARV N
oo =) (5 (s

=<nﬁj’”A;ffl'nﬁj‘xl 0 nﬁj,xA_lnﬁf,xl 0
0 IA;g)=( 0 IA,;})’

4.14)
By Lemma 2 these operators are invertible, and we have
A% 0
Nix = . 4.15
4 <0 Ax}) @19

The operators in (4.15) are positive and trace class. Once again, because we are
dealing with Gaussian probability measures, (4.15) shows that for any integrable %

fh(z)dPN =1 { | hw+ v)dPy, (w)}dP 4, (). (4.16)
#1 (N .
Secondly, note that for xe#;, v»a;fl (A %, w) =<{A 'x,w+ ), and -since
K ;< A ;, the definition (1.10) of I shows that I, w)=1I X w o) Together
with (4. 16) (4.2),(4.7) and (4.12) now prove (4.13).
We wish to pass to the limit j — oo in (4.13). We will do this in two steps. We
write N_for N (K) and x,(z) for the characteristic function of the set {z| | z || < 6}.

Assertion (a). For any ¢ > 0, we can find a J such that for all j > J the right-hand
side of (4.13) is within & of

J{Jox + 2nyz)(det2n4, )~ 1?
K
exp(— A% x)/2 = (A %, 20 ) (x, my 2Py AV (x).  (4.17)
Assertion (b). For each xeK, Py, . .— Py weakly as measures on #.

Let us show how these two assertions complete the proof of our lemma. The
support property of ¢ expressed in (4.1) shows that the inner integrand in (4.17)
is for each fixed x a bounded continuous function of z. By Assertion (b), the inner
integral in (4.17) converges to

[ (x + 2)x,(z)(det @2rA, )" Pexp(— A%, xD/2 = (CAT'x, 2D ) (x, z)dPy_(2).

Furthermore, the assumption that 4~ !x is a smooth function of x on the compact
set K, together with (4.26) of the following lemma, show that the inner integral
can be bounded by a constant, independent of j. By the dominated convergence
theorem, (4.17) converges to the right-hand side of (3.4). The proof of Lemma 3
follows immediately.

The next lemma collects some facts needed in the proof of Assertions (a) and

(b).

Lemma 8. Let % denote the space of bounded linear operators on # with the uniform
operator norm, ¥ the subset of B consisting of trace class operators with the trace
norm, and # & the subset of % consisting of Hilbert—Schmidt operators with Hilbert—
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Schmidt norm. Then under the conditions of Lemma 3,

Kjm x = T, 4.18)

NMJ“ > Ty in 4B, uniformly in xeK, (4.19)
A“f]thMe A 4.20)
AN J — AN= in% and 4, (4.21a)
(AN )2 — (4N%)12 in%Band # &, (4.21b)
m,_and Ty are continuous %-valued functions on K, 4.22)
AN~ is a continuous F-valued and B-valued function on K, (4.23a)
(AN*)Y2 is a continuous # F-valued and HB-valued function on K, (4.23b)
det(d,, )—det(d,) 4.24)

! uniformly in xeK,

det (A% %) - det (4X~) } 4.25)
det(A4y ) is continuous and nonzero on K, 4.26)
c(x), defined in (1.13), is continuous on M. 4.27)

Proof of Assertion (a). We will work locally. K can be covered by a finite number
of coordinate neighborhoods. Let ¥ be such a neighborhood, and let x(s), se#% <
R¥, be a parametrization of ¥". Then, 7 x(s) is a parametrization of 7;¥" < K.

0
Setting x,(s) = %;S—), 1 i =k, and recalling the local definition of dV [Spivak,

Vol. I, p. 423], we lsee that the integral in (4.13) over the region n;7” can be written
as

§ { ] d(x + 2)(det@nAy, )™

ﬁj'V Hzl]<5

rexp(— (AT, x /2 — (AT %, 2))I (x, 2)dPy }dVKj(x) (4.28)

= _‘"{ | P(mpx(s) + 2)(det@rAy, ))” 1/2.
llzll <o ’

/]

“exp[ — (A~ Lx(s), x(5)>/2 — <{n A xs)z) I x (mx(s), 2)dPy ‘xm} .
“(det(<mpx(s), x,05) ))2dks.

Let us show that this is, for j sufficiently large, within & of

j{ [ ox(s)+ 2)det2nA, )12
% \lzll <o

rexp(— CATIX(s), x(s) ) /2= AT x(s), 20) [ (x(s), my, 2)dPy, } .

“(det(<x,(s), x,(s) )2 d¥s= f{ [ okx+ z)(det2nA, )1/

v Uzl <é
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exp(— (A7 %, x)/2 — (A7 %, 20 (x, Ty 2)dP j’".x}dVK(x).

For this we will show that all terms in the integrands are uniformly bounded
and corresponding terms are uniformly close. First note that x(s)eK and || z|| < é.
Since ¢ is bounded and unlformly continuous, ¢ (7 x(s) + z) is bounded and close
to ¢(x(s) + z). Since A~ !x is a smooth function of x on K, {m;A~ 1x(s), x(s) 2+
{m;A~ 'x(s),z) is bounded and close to <A~ !x(s), x(s) )/2 + A7 x(s), z).
Slmllarly det((n x(s), x,(s))) is bounded and close to det({x(s),x,(s)>). The
terms involving det(A ) 3¢ handled by (4.24) and (4.26). Finally, by (4.19),
2=y ve)? is close to n A and it is then easily seen from the definitions that
I (7: x(s) z) is bounded and close to I (x(s), 7 Nctoy z) Since, as mentioned, K can
be covered by a finite number of such ¥, Assertion (a) is proven. O

Proof of Assertion (b). By [Gihman—Skorohod, p. 379], this follows from (4.21b).
O
This completes the proof of Lemma 3. 1

Proof of Lemma 5. Let # be a coordinate neighborhood of x in M, and let x(s),

T and 9= Cx (959
In terms of this parametrization, the volume element of M determined by J# is
(det(g;(s)))!/%ds, ...ds,,

We can use \/ﬁx(s) as a parametrization of a neighborhood of \/ﬁx in \/ﬁM.

In terms of this parametrization the volume element of \/nM determined by #
is

sed eR™, be a parametrization of ¥". Set x,(s) =

n™*(detg,(s))'/%ds, ...ds,,
where m = dim (M). This proves Lemma 5. O

Proof of Lemma 6. If #(x) is the extension of v used in the definition (1.8) of W,
for M, we can take v(x/\/z ) as the extension to be used in the correspondmg

definition for./n M. Lemma 6 follows easily. O
Proof of Lemma 7. By [ Gihman-Skorohod; p. 351], we see that for each xe M
febl=I*2qpy  (z) = [det( — bB(x))]~**>0 (4.29)
for b sufficiently small, and by [Ellis-Rosen (1); Lemma 4.4]
B(x) = (A"=)'P[1 + (AN)VH(F" (x)y J(AY) 2]~ H(AY) 2, (4.30)

(3.11) will follow from (4.29) once we show that B(x) in (4.30) is a continuous .#-
valued function on M [Simon (2); p. 48]. Then (3.12) follows from (3.11) by Cheby-
shev’s inequality.

Now by (4.23b), (4V~)'/2 is continuous in the Hilbert—Schmidt norm, so that
it suffices to prove that the middle factor in (4.30) is continuous in the uniform
operator norm [Simon (2); p. 31]. This follows from the smoothness of F, (4.22),



Asymptotics 171

(4.23b), and the fact that inversion is a continuous map from £ to 4 on the open
set of invertible operators. O

Proof of Lemma 8. We work locally. Let ¥~ be a coordinate neighborhood of K
and x(s), s€ % € R*, a parametrization of ¥". Then {r X(s), seU }is a parametrization
0x(s)
0s;
K, ;and for large j, {rn X8 1Si < k} form a basis for K

,i <i <k} form a basis for

n;¥", a coordinate neighborhood of K i’ {x,(s) =

Jsmjx(s)

Define the k x k matrices, g(s) and g (s), by

(9(9);, = {x(8), x.(5) > (4.31)
(9,5));. = <mx,(5)x (5) )- 4.32)
It is easily verified by checking on the above mentioned bases that
T ¥ = 2007 9)1 <%0 ¥ > ,(5), 433)
TS Z 07 1 6)) Cmpx (s), Y > mx,(s). (4.34)

These formulae prove (4.18) and also (4.19) and (4.22) since, e.g., my =1—T,, .
They also show that

At Y =Y (71 (6)) x5, YO A7 ), (435)
i,T
A1 T Y= 2 @; 1)) <myx (), YD, A7 Ix(s). (4.36)
Since by assumption 4~ 'x is a smooth function of x on K, these last formulae
prove (4.20).
By (2.15) we have
AV =4y (A ) (Ag, ) ! (0, A, ) ) > 4.37)
ANj,ﬂ:jx(S) = Ny et - (an,ij(s) AﬂKj,"jx(s)) (Aijnjx(s))_ 1 (an,n_,'x(S) AnKj,njx(s) )*

(4.38)

Since inversion is a continuous map from % to & on the open set of invertible
operators, (4.18), (4.19) and the fact that 4€.#, together with standard facts about
# [Simon (2); Chap. 2], imply (4.21a). Similarly, using (4.22), we have (4.23a).

To prove the assertions about determinants, note that by (4.33)

Ag %) =1y AX, ()= (971 () (x,(5), Ax,(5))x,(s)- (4.39)

Thus, in the basis {x,(s), 1 =i <k}
(Ag. ) )ii= 207 1)), Cx,(5), Ax,(5) ) (4.40)

Similarly in the basis © J.xi(s), 1 Zi Lk, wefind
(AKj,,,jx(s) )t’i = Z (QJ— ! (S))i, < njxt(s), Ax;(5)> . (441)
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This proves (4.24) and (4.26). The fact that det(4 Kx(s)) # 0 follows from the strict
positivity of 4.

We similarly find formulas for the matrices of (4%*@)~1 and (4¥/m~@)~1,
They look like (4.40) and (4.41) with A replaced by A~ 1. Since A~ !x is a smooth
function of x on K, (4.25) follows.

Facts (4.21b) and (4.23b) follow from (4.21a) and (4.23a), respectively [ Simon (2);

p.42].

Finally, to prove the continuity of ¢(x), we need only note (4.26), (4.23a), (4.22),
and the smoothness of F [ Simon (2); p. 48]. (We have seen in our proof of (3.7) that
for each x, the determinants appearing in the definition of ¢(x) are nonzero.) O

5. Proofs of Theorems 2, 3, and 4
Proof of Theorem 2. Using the notation of the proof of Theorem 1, by (3.7) we have

&g, =n"? j{ § £ G+ 213/ mW e+ 2/5/m)]y (x5, 2/ /)
M UN,

-exp(— nF,(x, z/\/ﬁ))dpm)(z)}c(x)dVM(x) +0@e™). (5.1

Take any xe M and write it as x = sx,, for some s€#. The inner integral is

§ flsxy+ z/ﬁ)l//(sx0 + z/ﬁ)IM(sxO, z/\/;z)exp( — nF,(sx,, z/\/ﬁ))'

Nsxo

Py @) (5.2)

Let #, and 5, be Hilbert spaces. In general, if R is the covariance operator of
a Gaussian probability measure P, on #, and U is a unitary operator from
H  to H,,we have for any integrable 2 on #,

[ HUY)dPy(Y) = [ h(W)dPypy-(W). (53)
”1 ‘#2
In the present situation it is easily seen that s is a unitary transformation from

N, to N, ,so that for any integrable hon N
{ h(sz)dP By &) = | h(z)dP, Bxoys- 1 (2)- (54)
Naxg Noxg
However it is easily checked using (1.15) that
sB(xo)s ™! = B(sx,). (5.5

Thus the integral (5.2) can be written as

[ (5% + 52/ /nW(sxy + 52//M), (5%, 52/</n)-

Nixg

-exp(— nF(sx,, 5z//n))dPg ., (2) (5.6)
= [ f(sxy + 5z//nW(xy + 2/ /M), (X, 2/</1)-

Nxq
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exp( — nF,(xo, 2/x/n))dPy ., (2)
by the invariance of J, under %, (1.15). Note that since s is a unitary transformation

of N, onto N .f (sx0+sz/ﬁ), as a function of zeN_, is equal to 1 for

(Bl /\/ﬁ < 8/4 and zero for || z||/</n = 6/2. The proof of Theorem 2 now follows
asin the proof of Theorem 1. O

Since C*(s#) is dense in C(s#), it suffices to prove Theorem 3 and 4 for ¢
smooth.

Proof of Theorem 3. By (1.20) we have

[6(Y/n)dQ,(Y)
= [$(Y//n)exp(— nF(Y//m))dP (Y)/[exp(— nF(Y/\/n))dP (¥).  (5.7)
By Theorem 1,

e"G*j¢(Y/ﬁ)exp( - nF(Y/\/ﬁ))dPA(Y) = n"2 [p(x)c(x)dV,,(x) + Om™*~1), (5.8)

€"% [exp(— nF( Y/\/ﬁ))dPA(Y) = n"?fc(x)dV,,(x) + Om™*~1), (5.9)
which combine to prove Theorem 3. O

Proof of Theorem 4. By (1.20) we have

fo =R )ag 1) = Jo( ALY/ m(r/

Jn
-exp(— nF(Y/\/n))dP (Y)/[exp(— nF(Y/\/n))-
-dP (Y).

By (3.7), in the notation of the proof of Theorem 1,
¢ [$(/n[Y/y/n = n(Y//n)])exp(~ nF(Y//n))dP (Y)
=n"? | { [ £+ 2/ mb@I (%, 2/3/n)-
M (N,

-exp(— nF,(x, z/ﬁ))dPB(x)(z)}c(x)dVM(x) + 0(e™™), (5.10)

and the proof of Theorem 1 shows that this is equal to

M

n" § { | $(z)aP B(x)(Z)}C(x)dVM(x) +0m™2~1),
Nx

This, together with (5.9), proves Theorem 4. O

6. Extension to C [0, 1]

In many applications, integrals of the form (1.1) arise where the functional F is
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not defined on all of I?[0,1], but only on C[0,1]. In this section, we illustrate
how our results can be extended to this setting by proving the C[0, 1]-analogue
of Theorem 1. We denote C[0, 1] by %, L*[0,1] by s#, and write the supremum
norm of ¢ as | — || ; the norm of # will be written as | — ||, and the inner product
of # as ( —, — ). Asabove, “smooth” means C*. Let P , be a mean zero Gaussian
probability measure on ¢ with covariance operator A and covariance function
A(s, t). Let Y and F be functionals on ¢ and define the functional G by (2.2). G is
finite on 2(A~ /%), which is a subset of ¥ [Ellis—Rosen (2); Lemma 4.3(d)].

We next state the hypotheses under which the extension to € of Theorem 1
will be valid. The bound (6.2) below, which is weaker than (1.2), is condition (d')
in [Simon (2); p. 185]. This weaker bound is useful for applications.

Hypothesis 1. A is strictly positive on 5. Also,

|AGs, )| S c < 00, |Als, 1) — A(s, 1) | S B(|s—s']), allO<s,s,t<1, (6.1)
where f is some function on [0, 1] which is nondecreasing, is continuous on [0, £],
and satisfies B(0) = 0 and fﬁ(u)u“ Tlog(1/u)]~*du < oo for some £€(0, 1/e) (e.g.,
B(u) = u? for some p > 0). °
Hypothesis 2. The functionals { and F on € are continuous and ¢ is bounded.
For all Ye¥, F satisfies

FY)Z —b|Y|5—c,(e)—e|A™*Y |2 6.2)

for some 0 <b<1/2]|4],), some 0 <4 <1/2 such that Tr(4' *4) < o0, and
all sufficiently small & > 0.

Under Hypothesis 2, G has minimum points [Simon (2); Lemma 18.5]. We
denote by M the set of minimum points of G.

Hypothesis 3. The functionals § and F are smooth on some neighborhood ¥
of M.For Yev',Y,, Y,€%, the first and second Frechet derivatives of F at Y can
be represented as

DF(Y)Y,=<F(Y), Y, ), D’F(Y)(Y,,Y,)=<F'(Y)Y,, Y,), 6.3)

where F'(Y) is a smooth #-valued function and F"(Y) is a smooth %(#)-valued
function.

Hypothesis4. M is a smooth m-dimensional nondegenerate submanifold of ¥.

The next theorem, Theorem 5, is the #-analogue of Theorem 1. All quantities
in Theorem 5 are defined as in Theorem 1. (Note: for xe M, N_ = M, where L
denotes orthogonal complement in J#.) The meaning of the asymptotic expansion
in Theorem 5 is explained after Theorem 1 (with J# replaced by %).

Theorem 5. Let P, be a mean zero Gaussian probability measure on € with covari-
ance operator A and covariance function A(s,t) and let Y, F be functionals on €.
Suppose that Hypotheses 1-4 are valid. Define the integrals {J} by (1.1). Then

eno*J”N aml2 j‘{ _" Yix + z/ﬁ)IM(x, z/ﬁ)exp( — nF,(x, z/ﬁ))dPB(x)(z)}.
M N,
c(x)dVy, (x).
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To prove Theorem 5, we must make suitable modifications in the proofs of
Lemmas 1,2, 3, 7 and of Theorem 1. Concerning the other lemmas, in Lemma 4 we
change # to ¢ and K’ to K, where

K°={Y|inf|| Y —x[, <8}, K, = {¥]inf| Y — x|| < 5}.
xeK XE.

The proof of Theorem 5 uses this new Lemma 4, the proof of which is simple, to-
gether with Lemmas 5, 6, and 8 as stated, the proofs of which stay unchanged.
(The conclusions of Lemma 8 stay valid since continuity in € implies continuity
in #.) We next modify Lemmas 1, 2, 3, 7 and the proof of Theorem 1.

Lemma 1 holds as stated. The only fact that requires separate proof is (a),
namely that M is a compact subset of € (and thus of /). This follows from the
proof of [Ellis—Rosen (2); Lemma 4.5 (d)] and the fact that if F satisfies (6.2),
then there exist b > 0, ¢ > 0 such that for all Ye® G(Y) = — c,(e) + bI(Y).

Lemma 2 holds as stated. For use below (Lemmas 3 and 7) we augment Lemma
2 to show the following technical result on the tightness of certain Gaussian
measures.

Lemma 9. Suppose that A satisfies Hypothesis 1. Let I be anindex set and {V., ; yeI'}
finite dimensional subsets in 2(A~1) all of the same dimension d. Suppose that for
each yeI” we have a bounded linear operator L., such that for all ve V,

v=ALp 64)
and suppose that

sup{[| L, [, [ (4y,)" " |,|vel} = ¢ < 0.
Then the set of Gaussian measures {P,+;y€I'} is tight.

Proof By Theorem A in the Appendix of this paper, it suffices to prove that the
covariance functions of the {PV ; 7€'} all satisfy (6.1) for some c, ff independent
of yeI'. For eachy,let {¢, ;;i= l .,d} bean orthonormal basis of V. Denoting
the orthogonal prOJectlons T, and Tyt by m, and 11: , respectively, we have T =
I—m, andfor Ye#

(V)6 = ]"Zl 8,468, (OY (0,0 <5 < 1. (65)
Now (2.15)implies
A = wyAmy — iy An (r,AT) ' ATy (6.6)
Since by (6.5)
sup{ [[(m,4m) ™" |} = sup{[|(4,)7" |} s ¢’ < o0,
we are done once we show the following: for all yeI',ie{l, ..., d}
|6, ) =c<oold, (=, O <P(|s—5[)0<s, 5,11, 6.7)

where f is some function as in Hypothesis 1. Since A(s, t) satisfies (6.1), we have
by (6.4)

|9, {5)] < sup{| Als, t)[lOg s;t<1}|L,|, S e’ <oo,y€l,ie{l, ..., d}, se[0,1].
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This gives the first bound in (6.7). The second bound in (6.7) follows similarly
from the second bound in (6.1). O

We now modify the proof of Theorem 1. In Lemma 3, we assume that 4 also
satisfies Hypothesis 1 and that K is a compact, finite dimensional submanifold
of €. We still use K?, the s#-neighborhood of K which forms a uniformly tubular
neighborhood, but we assume that ¢ is a bounded, continuous functional on .
These hypotheses on ¢ differ from the hypotheses on ¢ made in the original version
of Lemma 3 (¢ bounded and uniformly continuous). The technical reasons for
these new hypotheses will be explained below, just before the statement of Lemma
10. We note that Lemma 3 applies to the choice K =\/;;M (see discussion after
Lemma 3). Indeed, since by Lemma 1(b) A~ 'x = F'(x) for xe M, Hypothesis
6.4 implies that A~ 'x is a smooth #-valued function of x on\/ﬁM . We prove this
modified Lemma 3 later.

The crucial point in our modification of the proof of Theorem 1 lies in the choice
ofthe cutoff function f. On the one hand, we need a uniformly tubular neighborhood
for Lemma 3- and our tubular neighborhoods are # objects-while on the other
hand, in order to expand ¥ and F we need neighborhoods in 4. We now choose
f. Pick 6 so small that M‘?? is a uniformly tubular neighborhood of M and define
the following subsets of M?9:

S0 ={Y|Y=x+zxeM,zeN_,| z| <5},
S, ={Y|Y=x+zxeM,zeN_, | z|| 29, | z||, <6}
We will show below that S, (5) and S,(6) are closed in €. Since (M°)° is closed in
%, Urysohn’s lemma [Royden; Prop. 8.2] guarantees the existence of a continuous
functional f on % which satisfies f=1 on S,(6/2), /=0 on S,(8)u(M°), and
0Sf<L
We next prove that

¢"'J, = &% [Y(Y/\/n)exp(— nF(Y/\/n))dP (Y)

= & [AY//nW(Y/</n)exp( — nF(Y//n))dP ,(Y) + O(e™™), (68)

for some ¢ = ¢(0) > 0. Sincef = 1 on the open neighborhood [S,(5/2) U (M6/2f]° =
S,(6/2) of M, (6.8) follows once we have shown

& [e"FNGP (/nY)= 0@ ™), (6.9)
&z

where £ is any closed subset of € such that ¥ " M = ¢ and ¢ = ¢(¥) > 0. To prove
(6.9), we verify

lim lim sup(l/m)log [ e "FMdP (/nY)= — oo, (6.10)

L2w  n-o (¥:=F(Y)zL}
then appeal to [Varadhan; Sect. 3] and the %-analogue of [Ellis—Rosen (1);
Lemma 4.1] (the proof of the latter is easily adapted to the case of ¥). The limit
(6.10) follows from the bound (6.2) on F and the fact that

fexp[e< Y, A=24Y »]dP (Y) < o
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for all sufficiently small ¢ > 0 [Simon (2); Lemma 18.2]. This proves (6.8).

We continue with our modification of the proof of Theorem 1, working with
the second integral in (6.8). The functionals y and F are assumed to be smooth
on some neighborhood ¥~ of M. ¥ contains M for some § > 0. Choosing § <3,
we have

supp f< M;.
Thus, Y and F are smooth on the support of f. For sufficiently small 6, we can
expand Y(x + z/\/;) and F,(x+ z/ ﬁ) in the normal direction z since we have

| z]|//n <& in (3.7). Finally, since f =1 on S,(J/2), the proof of Theorem 5
can be completed as in Sect. 3 once we prove the #-analogue of Lemma 7 (| — ||,
replaced by || — ||).

We next prove that S,(6) and S,(6) are closed in €, then prove the modified
versions of Lemmas 3 and 7.

To show the closure of S,(6), let {Y,} be a sequence in S, (d) such that ¥, > Y,
where Y is some element in %. For each i, we write Y, = x, + z,, where x,e M,
z,eN, . By the compactness of M, there exists a subsequence {i,} of {i} and an
element xe M such that x; —»x. Then z;, =Y, —x;, »Y—x. Define z=Y —x.
Since clearly | z| < /2, we need only show ze N_. Since M is a smooth manifold,
for each w near x we can find a basis {d)j’w ;j=1,2,...,m} for M, with each
¢,,, smooth in w. For each je{l, ..., m}, we have as i, - o©

215 00, 7 2 K200
But <z, ¢,;,, »>=0since z; €N, , and so we conclude that ze N, . This proves

the closure of S, (6). A similar proof yields the closure of S,(9).

We now prove the modified version of Lemma 3 (K a compact, finite dimensio-
nal submanifold of ¢ and ¢ a bounded, continuous functional on €). We find that
we must modify the proofs of Assertions (a) and (b). As in Sect. 3, Lemma 3 is
applied to the functional (see paragraph after (3.5))

(Y) =f(Y//nW(Y/\/n)exp(— nF(Y/\/n))

Because of the choice of the cutoff functional £, this ¢ was uniformly continuous
in Sect. 3 while in the present section it is only continuous. This explains the new
hypotheses for Lemma 3. The uniform continuity of ¢ allowed us to prove the
original version of Assertion (a) in a relatively simple way. We now show that the
boundedness and continuity of ¢ suffice. To prove the modified version of Asser-
tion (a), we need a lemma, which will also be used in the proof of Assertion (b).

Lemma 10. The set of measures {P\_; x€K} is tight. Also, there exists j, such that
the set of measures {Py . ij 2j,, x€K} is tight.
Proof. We first prove the tightness of {P, ;xeK}. By hypothesis in Lemma 3,
A~ 'x is a smooth #-valued function of x on K, say H(x). Then for xe K

x = AH(x), (6.11)
sothatforveK

v=AH'(x)v. 6.12)



178 R. S. Ellis and J. S. Rosen

We now appeal to Lemma 9 with I' = K and V, = K for y = xe K. The hypotheses
of Lemma 9 are verified using the smoothness of H'(x) and (4.22). We conclude
that {P,_;xeK]} is tight.

We now prove the tightness of {P e j = j,>x€K} for some sufficiently large
Jo- We choose j, so large that for all j > 2j,»7; is an embedding of K onto 7 ,K.
In particular, #; is an isomorphism of K onto K, . which we denote by 7,
By (6.12), we have for veK

np=AnH (xp = Aln J.H’(x)ﬁj';)n s (6.13)

ie., for ueK o
u= A(mH '(;c)ﬁj',xl)u. 6.14)
Using (4.18), we can then verify the hypotheses of Lemma 9 with I' = K x {j|j = j,},
V,=K,,  fory=(x,j). Weconclude that {PNij 5J 2 Jo» €K} is tight. O

We now prove the modified version of Assertion (a). By Lemma 10, there
exists j, such that the set of measures in (4.28) in the z-variable (i.., the measures
(Py, g j 2 j,,x€K}) is tight. Since the integrands are bounded, we may restrict

our attention to those z lying in some compact set S. It suffices to prove that for
any ¢ > 0 we have

sup |pmx+z)— plx+2)| <e (6.15)
xeK,zeS
for all sufficiently large j. By (6.1),
| AY || < const|| Y|, (6.16)

for all Yes#. By (6.11)
[7,x — x| = || Ar,H(x) — H(x)) || < const | z;H(x) — H(x)| ,-

Since H(x) is continuous and K is compact, we see that 7.x — x uniformly on K.
The inequality (6.15) now follows from the continuity of ¢ and the compactness
of K x S. This completes the proof of the modified version of Assertion (a).

In Assertion (b), we need to prove that for each xeK

Py, . .~ Py weaklyon€. (6.16)

We denote by ANi=(s,t) and AN*(s,t) the covariance functions of Py, . . and
P,_, respectively. We next prove ’

ANomie (s, t) > AN*(s, 1), 0<s,t <1, asj— ©. (6.17)

The weak convergence in (6.16) will follow from (6.17) and the tightness of the
measures {PNM _3J Zjo}, proved in Lemma 10. Concerning (6.17), let {¢, ;i =
.k =dim(K, )} be an orthonormal basis of K . Then for all j sufficiently

large the elements {n i vi=1,. ,k} are linearly mdependent and so an ortho-
normal basis of K, _can be constructed from them: We claim that

Jomix
g, ¢, inG i=1.. k (6.18)
Then (6.17) follows from (6.18) and the representations (6.5) and (6.6) with
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A= AV~ and 4 = A"~ Using (6.12) and (6.16), we have for veK
lo—mp| = AH Xp—= J{I’(x)v) | < const || H'(x)p — =, H'(x)v | ,.»

which tends to 0 as j— oo. This proves (6.18) and completes the proof of the modi-
fied version of Assertion (b).

We now prove the modified version of Lemma 7. I't suffices to show the existence
of b >0, d < oo such that for all ¢ >0 and xeM

PB(x){ZI | z|| = a} < de™b2. (6.19)

Let Q be any mean zero Gaussian measure on €. The proof of Theorem 1.9 in
[Marcus—Shepp | shows that if for some s >0,

o(r|l¥| sstza>12
thenforalla> s
(Y| Y] >a} e,

where t = (24s*) ™" log[g/(1 — g)]. We prove (6.19) by finding s> 0 and g > 1/2
such that for all xe M

PB(x){Zi Izl <s} zq. (6.20)

To prove (6.20), it suffices to find a compact subset 7 of € such that
Py(7) 2 3/4 for all xe M. (6.21)

By Lemma 10, for any £€(0,1), we can find a compact subset J, = € such
that

Py (T )21 —¢forall xeM. (6.22)

We now use [Ellis—Rosen (1); Lemma4.4] with #, = N_, A, = AV, A = (F"(x) v,
and B, = B(x), for xe M (cf,, (4.30) above). We have P, , < Py and as one can
show,

P
g, = o eL’(dPy) (6.23)
dP,_ *
for some p > 1. In fact, using (4.23)(a) above, we can choose p > 1 so that
lg.ll,= [flg.[rdPy 1" <y < oo for all xe M. (6.24)

By (6.22)—(6.24), we have for any ¢€(0, 1)
PB(x){g':z} é Y[PNx{g—i:}]llq < ,))81/11’

where ¢ is the conjugate index to p. Now (6.21) follows if we choose ¢ sufficiently
small. This proves the modified version of Lemma 7 and completes the proof
of Theorem 5.
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Appendix

We prove a result on the tightness of certain Gaussian measures on C[0, 1].
This result is used in the proof of Lemma 9 in Sect. 6.

Theorem Al. Let I' be an index set and {P,;y€I'} a family of mean zero Gaussian
measures on C[0, 1] with covariance functlons {4,; yel'}. Define {(u)=u""*
[log(1/u)]~ 2. Assume that there exist numbers ce(O ) and e€(0,1/e) and a
nondecreasing function B on [0, 1] which is continuous on [0, €] and satisfies p(0) = 0.
Assume that

A,(0,0) < cfor each yeT, (A.1)
IAy(S’ t)— A,(s, )] B(|s —§'|) for each yel,all0<s,5,t <1,  (A2)

jﬁ(u)((u)du <. (A.3)
Then the family {P, ;yeI'} is tight.

Proof. By [Billingsley; Theorem 82], we must prove that for each sequence
{P,;n=1,2,...} = {P,;yel'} and for each ¢> 0, there exists an a =0 such that

P {Y||Y(0)| >a} < & eachn. (A4)

We must also prove that for each o > 0, ¢ > 0, there exists a 6€(0, 1) and an integer
n, such that
P{Y| sup |Y(s)— Y(@)|=a}<en=n, (A.5)
e

The bound (A.4) holds because of (A.1). By a straightforward extension of the
proof of [Jain—-Marcus; Theorem IV. 1.3] one proves that there exists numbers
s,,— 0 as m— oo such that for all m sufficiently large, all A satisfying 2™~ ' <h <
27™ and alln

P{Y| _max sup|Y(]2' +u)—-Y({2"™| 2 ah)} <s,,

2" |u =h

where a(h) = const[ [Bw)w)du + (log I/h)l/zﬁ(h):' Since a(h)—0 as h—0,(A.5)
follows. [
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