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Abstract

For a symmetric random walk in Z2? which does not necessarily have bounded jumps we
study those points which are visited an unusually large number of times. We prove the
analogue of the Erdds-Taylor conjecture and obtain the asymptotics for the number of visits
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Green’s function estimates for random walks with unbounded jumps; some of these are of
independent interest.
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1 Introduction

The paper (4) proved a conjecture of Erdés and Taylor concerning the number L} of visits to
the most visited site for simple random walk in Z? up to step n. It was shown there that

*

lim n

A o n)? =1/7 as. (1.1)

The approach in that paper was to first prove an analogous result for planar Brownian motion
and then to use strong approximation. This approach applies to other random walks, but only if
they have moments of all orders. In a more recent paper ([L1), Rosen developed purely random
walk methods which allowed him to prove ([1]) for simple random walk. A key to the approach
both for Brownian motion and simple random walk is to exploit a certain tree structure with
regard to excursions between nested families of disks. When we turn to random walks with
jumps, this tree structure is no longer automatic, since the walk may jump across disks. In
this paper we show how to extend the method of (11) to symmetric recurrent random walks
Xj,72>0,in Z2. Not surprisingly, our key task is to control the jumps across disks. Our main
conclusion is that it suffices to require that for some 5 > 0

E| X2+ < oo, (1.2)

together with some mild uniformity conditions. (It will make some formulas later on look nicer
if we use 20 instead of 3 here.) We go beyond ([LT]) and study the size of the set of ‘frequent
points,” i.e. those points in Z? which are visited an unusually large number of times, of order
(logn)2. Perhaps more important than our specific results, we develop powerful estimates for our
random walks which we expect will have wide applicability. In particular, we develop Harnack
inequalities extending those of (10) and we develop estimates for Green’s functions for random
walks killed on entering a disk. The latter estimates are new even for simple random walk and
are of independent interest.

We assume for simplicity that X; has covariance matrix equal to the identity and that X, is
strongly aperiodic. Set pi(x,y) = p1(x —y) = P*(X; = y). We will say that our walk satisfies
Condition A if the following holds.

Condition A. Either X, is finite range, that is, p1(z) has bounded support, or else for any
s < R with s sufficiently large

. _gdl/4
inf Z iy, z) > ce P, (1.3)
y; R<|y|<R+s LeD(O.R)
Condition A is implied by
pi(x) > ce PRI g e 72, (1.4)

but (C3) is much weaker. (C3)) is a mild uniformity condition, and is used to obtain Harnack
inequalities. Recent work on processes with jumps (see ({1l)) indicates that without some sort of
uniformity condition such as ([[3)) the Harnack inequality may fail.

Let L% denote the number of times that = € Z? is visited by the random walk in Z2 up to step
n and set L) = max,cz2 L7



Theorem 1.1. Let {X;; j > 1} be a symmetric strongly aperiodic random walk in 72 with X,
having the identity as the covariance matriz and satisfying Condition A and (LA). Then

lim L
oo (logn)?

=1/7 a.s. (1.5)

Theorem [l is the analogue of the Erddés-Taylor conjecture for simple random walks. We also
look at how many frequent points there are. Set

T

On(0) = {r €22 (1022)2 > afr}. (1.6)

For any set B C Z? let Tg = inf{i > 0| X; € B} and let | B| be the cardinality of B. Let

LCE
U, (a) = {:c e D(0,n) : (12;#))2 > QQ/W} (1.7)

Theorem 1.2. Let {X;; j > 1} be as in Theorem [l Then for any 0 < o < 1

1
lim 10g [On(a)] =1l—a as. (1.8)
n—oo  logn
Equivalently, for any 0 < a < 2
log | W
lim log [¥n(a)] _ 2—a as. (1.9)

n—oo  logn
The equivalence of (LX) and (C3) follows from the fact that

log Tp(0,n)e
m S —

A ogn 2 as. (1.10)

For the convenience of the reader we give a proof of this fact in the appendix.

In Section B we collect some facts about random walks in Z?, and in Section [ we establish the
Harnack inequalities we need. The upper bound of Theorem is proved in Section @l The
lower bound is established in Section Bl subject to certain estimates which form the subject of
the following three sections. An appendix gives further information about random walks in Z2.

There is a good deal of flexibility in our choice of Condition A. For example, if E|X|*T2? < oo,
we can replace (3 s/4 by s1/2. On the other hand, if we merely assume that E\Xﬂ”m < 00, our
methods do not allow us to obtain any useful analogue of the Harnack inequalities we derive in
Section Bl

2 Random Walk Preliminaries

Let X,,, n > 0, denote a symmetric recurrent random walk in Z? with covariance matrix equal
to the identity. We set p,(z,y) = pn(z — y) = P*(X,, = y) and assume that for some § > 0

E[X 728 = " [2*py () < oo (2.1)
x
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(It will make some formulas later on look nicer if we use 23 instead of 3 here.) In this section
we collect some facts about X, n > 0, which will be used in our paper. The estimates for the
interior of a ball are the analogues for 2 dimensions and 3 4+ 23 moments of some results that
are proved in (L0) for random walks in dimensions 3 and larger that have 4 moments. Several
results which are well known to experts but are not in the literature are given in an appendix.

We will assume throughout that X, is strongly aperiodic. Define the potential kernel
n
o) = Jim 3 33 0) - i) (2.2)
j:
We have that a(z) < oo for all x € Z2, a(0) = 0, a(x) > 0, and for |z| large

a(z) = > loglal + k + ofja] ™) (2.3)

with k an explicit constant. See Proposition for a proof.

Let D(z,7) = {y € Z?||ly — x| < r}. For any set A C Z? we define the boundary 0A of A
by 0A = {y € Z? |y € A¢, and infieq |y — x| < 1} and the s-band 94, of A by A, = {y €
72|y € A° and infyeq |y — x| < s}. For any set B C Z? let T = inf{i > 0| X; € B}. For
z,y € A define the Green’s function

Gaz,y) =Y E"(X;=y,i<Tae). (2.4)
=0

Our first goal is to obtain good estimates for the Green’s function in the interior of a disk and
for the exit distributions of annuli.

For some ¢ < oo

E*(Tp(o,n)e) < cen?, x€D0O,n), n>1. (2.5)
This is proved in Lemma In particular,
Z Gp(om (@, y) < en®. (2.6)
y€D(0,n)

Define the hitting distribution of A by
Ha(z,y) =P*(Xp, =y). (2.7)

As in Proposition 1.6.3 of (&), with A finite, by considering the first hitting time of A° we have
that for z,z € A

GA('T’Z) = Z HAC(x’y)a(y_Z) —CL(SC—Z). (28)
yEAC
In particular
Gp(0,m)(0,0) = > Hpome(0,y)aly) (2.9)
n<|y|<n+nd/4
+ Z Hp(0,n)-(0,y)a(y).

[yl >n+n/4
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Using the last exit decomposition

Hpome(0,9) = > Gpon(0,2)p1(2,y) (2.10)
z€D(0,n)

together with () and ([ZII) we have for any k£ > 1

Z Hpone-(0,y) < Z G p(o,n)(0, 2) P(| X1] > kn®/t)
‘y|2n+k‘n3/4 ZED(O,TL)

< en?/(knd/4)320 < o) (K3n /A8, (2.11)
Using this together with (Z3]) we can bound the last term in [Z3) by

> Hpome(0,y)aly) (2.12)
ly|>n4n3/4

C
< Z S sup a(x)
- 3,1/4
= B s ol < (k13

C =1 )
= Lis ;; log(n+ (k+ 1)n®t) = 0(n~'/1).

Using ([Z3) for the first term in {3) then gives
2
Gpom(0,0) = —logn +k + O(n~=1/*4). (2.13)

Let n = inf{i > 1|X; € {0} U D(0,n)°}. Applying the optional sampling theorem to the
martingale a(Xj,) and letting j — oo, we have that for any x € D(0,n)

a(z) = E*(a(X,)) = E*(a(X,); X, € D(0,n)°). (2.14)

To justify taking the limit as j — oo, note that |a(X;a,)|* is a submartingale, so Ela(Xja,)[* <
E|a(X,)|?, which is finite by Z3) and @II); hence the family of random variables {a(X;,)}
is uniformly integrable. Using (Z3) and the analysis of [ZI2) we find that

E* (a(Xy); Xy € D(0,n)%) (2.15)
= > awP (X =y)+ Y, a@P (X, =y)
y€dD(0,n) 3/4 yeD(0,n+n3/4)e

2
= <; logn + k + 0(n1/4)) P® (X, € D(0,n)%) + O(n~Y/4).

Using this and (Z3)) we find that for 0 < |z| < n,

(2/m)log(n/|x]) + O(lz[~1/*)
(2/m)logn + k + O(n=1/%)
log(n/|z|) + O(jz| /%)
log(n)

P (To < TD(O,n)C) =

(1+O((logn)™1). (2.16)
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By the strong Markov property

Gp(on)(2,0) =P* (To < Tp(o,n)c) Gp(on(0,0). (2.17)

Using this, (ZI3) and the first line of ([ZI6) we obtain
Cp(on)(,0) =~ log (fa7) + Ol (2.18)

Hence
Gpom)(,Y) < Gp2n)(®y) = Gpoa2n)(0,y — x) < clogn. (2.19)

Let r < |z| < R and ¢ = Tp(o,r)c A Tp(o,)- Applying the argument leading to (ZIH), but with
the martingale a(Xjx¢) — k we can obtain that uniformly in r < |z| < R

log(|z|/r) + O(r—/*)
log(R/T)

PT (TD(O,R)C < TD(O,T)) = (220)

and

log(R/|x) + O(r~'/*)
log(R/r) '

Using a last exit decomposition, for any 0 < § < € < 1, uniformly in = € D(0,n) \ D(0,en)

IED:E(|XTD 0,en)NTD (0 n)c| <én) = Z Z GD(O,n) (z,2)p1(2, w)
2€D(0,n)\D(0,en) weD(0,6n)

< en?log nP(|X1| > (e — 6)n)

P* (Tpor) < Tp(o,r)y) = (2.21)

< Cesn 2log n——s= = ce5logn (2.22)

n3+2p nlt2s"

Here we used (ZI9) and the fact that |z —w| > (e — 0)n.
We need a more precise error term when z is near the outer boundary. Let p(x) = n — |z|. We

have the following lemma.

Lemma 2.1. For any 0 < § < ¢ < 1 we can find 0 < ¢; < ca < 00, such that for all
x € D(0,n) \ D(0,en) and all n sufficiently large

p(x) V1

p(:c)\/li

<P*(Tp(o,n) < Tpom)e) < 2 (2.23)

Proof: Upper bound: By looking at two lines, one tangential to 9D(0,n) and perpendicular
to the ray from 0 to x, and the other parallel to the first but at a distance on from 0, the upper
bound follows from the gambler’s ruin estimates of (L0, Lemma 2.1).

Lower bound: We first show that for any ¢ > 0 we can find a constant c¢; > 0 such that

p(z)

6= —< P*(Tpo,6n) < Tp(0,n)e) (2.24)

for all x € D(0,n — () \ D(0,en).



Let T = inf{t | X; € D(0,6n) UD(0,n)°} and v € (0,28). Let a(z) = 2(a(z) — k), where k is

the constant in (3] so that @(x) = log |z| 4+ o(1/|z]). Clearly @(X;sr) is a martingale, and by
the optional sampling theorem,

a(x) = E*(@(Xr); Xr € D(0,n)) (2.25)
+E*(a(X7); X7 € D(0,6n) \ D(0,dn/2))
+Em(a(XT); Xr e D(O, (SH/Q))
It follows from (ZZ2) that
E*@(X7); Xt € D(0,0n/2)) = O(n177) (2.26)
and
P*(Xp € D(0,0n/2)) = O(n~177). (2.27)
From (ZZH) we see that
log |z| > log n P*(Tp(0,n)e < Tp(0,6n)) (2.28)

+log(0n/2)P* (Tp(o,n)e > Tp(o,6n)) + 0(1/n)
= logn[l — P*(Tp(o,n) < Tp(o,n)e)] +108(0n/2)P*(Tp(0,5n) < TD(0,n)c)]
+o(1/n)
= logn + (log(én/2) — logn)P*(Tp(0,5n) < Tpon)e) + o(1/n).
Note that for some ¢ > 0
log(l—2)<—cz, 0<z<1l-e (2.29)
Hence for z € D(0,n — () \ D(0,en)

log(n/|z|) = —log (1 _(n —n|33|)> > CP(CC)

n

Solving Z28) for P*(Tp(osn) < Tp(o,n)e) and using the fact that and p(z) > ( to control the
o(1/n) term completes the proof of ([ZZ).

Let A = D(0,n — () \ D(0,en). Then by the strong Markov property and Z24), for any
z € D(0,n) \ D(0,n )

P*(Tpo,6n) < Tp(o,n)e) (2.30)
> P*(Tpo,5n) © 014 < Tponye © 0145 Ta < Tpon)e)
= E*(P*"4 (Tp(o.5n) < Tpon)e); Ta < Tpom)e)
¢
Z CC E ]P)x(TA < TD(O,TL)C)'
223) then follows if we can find ¢ > 0 such that uniformly in n

Roong® T4 < To0me) >0 2.31
mED(O,nl)I\lD(O,n_O (Ta D(0n)<) (2.31)

To prove (Z31) we will show that we can find N < oo and (,c > 0 such that for any x € Z?
with |z| sufficiently large we can find y € Z? with

pi(z,y) >c and  [z[ - N <|y| <|z[ - C. (2.32)



Let C, be the cone with vertex at = that contains the origin, has aperture 97/10 radians, and
such that the line through 0 and x bisects the cone. If |z| is large enough, C, N D(x, N') will be
contained in D(0,|z|). We will show that there is a point y € Z?> N C, N D(z, N), y # =, which
satisfies ([Z32). Note that for any y € Z? N C, N D(x, N), y # x, we have

1<ly—z|<N. (2.33)

Furthermore, if o denotes the angle between the line from = to the origin and the line from x
to y, by the law of cosines,

yl? = lal? + Iy — f? — 2cos(a) fe] [y — a1, (2:34)

Then for |z| sufficiently large, using (233),

yl = VP +ly— 2P = 2cos(a) fe]Jy — o] (2.35)
_ |:c|\/1 Ly =P 2cos(a)]y — ]

|z ? ]

= || (1 - M‘%_ﬂ +O(i)>

|z |z ?

= |z — cos(a) [y — 2] + O(~)

z|

IN

|z| — cos(97/20)/2.

Setting ¢ = cos(97/20)/2 > 0 we see that the second condition in ([Z32)) is satisfied for all
y € Z2NCyND(z,N), y # x, and it suffices to show that we can find such a y with py(z,y) > c.
(¢, N remain to be chosen).

By translating by —x it suffices to work with cones having their vertex at the origin. We let
C(6,0") denote the cone with vertex at the origin whose sides are the half lines making angles
0 < 0" with the positive z-axis. Set C (0,6, N) = C(0,6') N D(0, N). It suffices to show that for
any 0 we can find y € C(0,0+97/10,N), y # 0, with p;(0,y) > ¢. Let jy = inf{j > 0| jn/5 > 6}.
Then it is easy to see that

C(jem /5, jom/5 + 21 /3, N) C C(0,0 + 97/10, N).

It now suffices to show that for each 0 < j < 9 we can find y; € C(jn /5, jn/5 + 27/3), y; # O,
with p1(0,y;) > 0, since we can then take

c=infp1(0,y;) and N =2suply;|. (2.36)
J J

First consider the cone C'(—7/3,7/3), and recall our assumption that the covariance matrix of
X;=(xW xPyis 1.1t
P(X; € C(—7/3,7/3), X1 #0) =0

then by symmetry, P(X; € —C(—n/3,7/3), X1 # 0) = 0. Therefore

P(;X{”; > |xW) ‘ X1 # 0) =1
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But then 1 = IE|X{2)|2 > IET|X£1)|2 = 1, a contradiction. So there must be a point
yE C(—ﬂ'/377'('/3)7 Y 7& 07 with pl(ovy) > 0.

Let A; be the rotation matrix such that the image of C(jr/5, jm/5+ 27 /3) under A; is the cone
C(—n/3,7/3) and let Y1 = A;X;. Then

P(X, € C(jr/5,jm/5 +21/3), X1 # 0) (2.37)
=P(Y € C(—n/3,7/3), Y1 #0).

Note Y7 is mean 0, symmetric, and since A; is a rotation matrix, the covariance matrix of Y7 is
the identity. Hence the argument of the last paragraph shows that the probability in [Z37) is
non-zero. This completes the proof of of our lemma.

O

Lemma 2.2. For any 0 < § < € < 1 we can find 0 < ¢; < ca < 00, such that for all
x € D(0,n)\ D(0,en),y € D(0,0n) and all n sufficiently large

r)V1
C1 p( 7)1 < GD(O,n) (y,.%') <c

p(x) \/1.

(2.38)

Proof: Upper bound: Choose § < vy < € and let 7" = inf{t | X; € D(0,vyn) U D(0,n)°}. By the
strong Markov property,

Gpon)(z,y) = Z P*( Xy = 2)Gp(on) (2, )
2€D(0,yn)
= Z P*(X1 = 2)Gp(on) (2, )
z€D(0,0m)
+ Z P*( X1 = 2)Gpon (2,9)
z€D(0,yn)\D(0,6n)
< P*( Xy € D(0,0n))logn + cP* (X € D(0,yn)). (2.39)

Here we used [ZI9) and the bound Gp(on)(2,¥) < Gp(y2n)(2,y) < ¢ uniformly in n which
follows from (ZIF)) and the fact that |z — y\ Z (v —d)n. The upper bound in ([Z38)) then follows
from ([ZZ2) and Lemma 211

Lower bound: Let T' = inf{t | X; € D(0,0n) U D(0,n)¢}. By the strong Markov property,

Gpom(@y) = > P(Xr=2)GCpom(zy). (2.40)
z2€D(0,6n)

The lower bound in (38 follows from Lemma Tl once we show that

Bl Crom(y) 20 >0 2.41
y,zellgl(o,(sn) Do (2,Y) = a (2.41)

for some a > 0 independent of n. We first note that

inf inf Gpoon (2, 2.42
4,2€D(0,5n) €Dy (e~ /) Do) (% 9) (2.42)
= nf inf GD(y,(e—é)n)(%y) >0

y€D(0,6n) zeD(y, (6 0n/2)

9



uniformly in n by (ZIF). But by the invariance principle, there is a positive probability inde-
pendent of n that the random walk starting at z € D(0,dn) will enter D(y, (e—d)n/2)ND(0,0n)

before exiting D(0,n). ZZI) then follows from ([ZZ2) and the strong Markov property.
O

We obtain an upper bound for the probability of entering a disk by means of a large jump.

Lemma 2.3.

sup  P*(Tponye # Topom),) < c(s7172 v 1P ogn). (2.43)
z€D(0,n/2)

Proof of Lemma We begin with the last exit decomposition

sup  P*(Tpon)e # Top(o.n),) (2.44)
z€D(0,n/2)
= sup E G n (xuy)pl (yaw)

z€D(0,n/2) D(0:m)

yeD(0,n)
weD(0,n+s)°

= sup Z GD(O,n) (:Cay)pl (y’w)

z€D(0,n/2) lyl<3n/4
n+s<|w|
+ sup Z Gpon) (7, y)p1(y, w).
z€D(0,n/2) 3n/4<ly|<n
n+s<|w|
Using (ZT9) and (ETI)
sSup Z GD(O,TL) (my y)pl (y’ w) (2'45)
2E€DON/2) |y <3n/4
n+s<|w|
< clogn Z P(|X1]| > n/4)
ly|<3n/4
1
< clogn Z ”37"‘26 S Cn_l—Qﬁ 10g n.
yi<an/a "
Using (Z38)) and T]) we have
Sup Z GD(O,n) (‘Tv y)pl (y’ ’LU) (246)
z€D(0,n/2) 3n/4<|yl<n
n+s<|w|
<en™' Y7 (n—[yDP(Xi| = s +n—y))
3n/4<|y|<n

_ n — |yl
<cn 1
= 2: — 1.,\3+28
3m /Ay <n (s+n—ly|)

1

—1 < 68—1—2,@

= § : —oN2r2s o :
3n/4<|y|l<n (S tn ’y‘)
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Here, we bounded the last sum by an integral and used polar coordinates:

1 " 1
Z < 27 / wdu (2.47)
—lah2t28 = — 2128
N e ) o (50— )
n/4 1
—1-28
< cn/o (5 u)i28 du < cns .
O
Combining (ZI6) and ZZ3) we obtain, provided n~1=2#logn < 571727 and |z| < n/2,
P* (Tpo.nye < To; Tponye = Tono.n),) (2.48)
__ @/mlogn/lal) + Ol YY) | ) 1o

(2/m)logn + k + O(n=1/4)

Using (220) and ZZ3) we then obtain, provided R~'"2%log R < s71720 and |z| < R/2,

P (Tpo,r)e < T, Too,r)e = Top(o,R),) (2.49)
_ log(|z|/r) + o(r—1/4) +O(s 1728,
log(R/7)

Lemma 2.4. For any s < r < R sufficiently large with R < r? we can find ¢ < 0o and § > 0
such that for any r < |x| < R

P*(Tpo,) < Tp(o,Rr)c; XTp,y € D(0,7 —8)) < cr 0 4 s, (2.50)

Proof. Let A(R,r) denote the annulus D(0, R) \ D(0,7). Using a last exit decomposition we
have

P*(Tpor) < Tpo,r)c; XTp.,y € D07 —5))

= ¥ > Galz,y)pi(y, w)

weD(0,r—s) y€A

= Z Z GA(:Cay)pl(yaw)

’wED(O,T’—S) r<‘y|§r+r1/(2+ﬁ)

+ 2 > Galz,y)p1(y, w). (2.51)

weD(0,r—s)  r+4rl/C+HA<ly|<R

By @), fory € A

C

2 Pl S ey

weD(0,r—s)

Let Uy ={y€Z*:r+k—1< |yl <7+ k}. We show below that we can find ¢ < oo such that
forall1 <k < 7“1/(2+5),

Z Ga(z,y) < ck, x € A (2.52)
yeUy
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For the first sum in (Z31]), we then obtain

> Y. Galzynly,w)

’wED(O,T’—S) r<|y‘§r+r1/(2+ﬂ)

#1/(248) )
Z Z Galz y " (r—5))3+28
yeUg
#1/(248) 50
C

<Y 5y -
= _ 3+2ﬁ ; 2+23

P 1+s) = (j+s)

c
< <5 (2.53)

For the second sum in (ZR]l), we use (ZI9) to bound G4(z,y) by clog R and the fact that the
cardinality of Uy is bounded by ¢(r + k) to obtain

Z Z GA(xvy)pl(va)

weD(0,r—s) r4rl/C+0) <|y|<R

< 3T eeig

k= 7‘1/(2+ﬁ/) yEU

o0

r+k
k=r1/(2+8)
c(log R)[r(r!/@+8))=(2+26) 4 (,1/(24+5))~(1426)] (2.54)

By our assumptions on R,r and s we have our desired estimate, and it only remains to prove
&Z52).
We divide the proof of (52)) into two steps.

Step 1. Suppose 1 < k < r1/+0) and 2 € D(0,7 4+ k — 2). Then there exists 0 < ¢ < 1 not
depending on k,r, or x such that

P*(Tpor) < Tpr+r)) = c/k. (2.55)

Proof. This is trivial if & = 1,2 so we may assume that £ > 3 and that x € D(0,r)°. By a
rotation of the coordinate system, assume x = (|z],0). Let Yy = X -(0,1), i.e., Y} is the second
component of the random vector Xj. Since the covariance matrix of X is the identity, this is
also true after a rotation, so Y} is symmetric, mean 0, and the variance of Y7 is 1. Let S be the
line segment connecting (r — 1, —k'+#/2) with (r — 1, k'*#/2) and S the line segment connecting
(r+k—1,—kE"%2) to (r 4+ k — 1,k"9/2). We have S; € D(0,r) because

(r— 1)2 + (k,1+ﬁ/2)2 — 2 _9r 414 E2+5 < r2
by our assumption on k. Similarly So C D(0,7 + k) because

(r4+k—172%+FET2)2 = (r+ k)2 =20r + k) + 1+ 2P < (r + k)%

12



Let L; be the line containing S;, ¢ = 1,2, and @ the rectangle whose left and right sides are Sy
and Sy, resp.

If X hits Ly before Ly and does not exit ) before hitting Ly, then Tp,y < Tpryk)- 1f
Ty, ATy, is less than k**7/2 and Y does not move more than k'*5/2 is time k2*%/2 then X will

not hit exit @ through the top or bottom sides of ). Therefore
P*(Tp(o.) < Toosn) = P (TL, < Ti,) — P*(Ty, ATy, > K2H97?)

~P*( max [Vj] > KHO2)
j<k2+8/2

— I — I~ Is. (2.56)
By the gambler’s ruin estimate (10, (4.2)), we have

(r+k—1)—|z|
e gy —

> (2.57)

c
X
It follows from the one dimensional case of ([@I0) that for some p < 1 and all sufficiently large k

Ip < P(Tp, ATy, > K202) < pF7" = o(1/k). (2.58)

For I3 we truncate the one-dimensional random walk Y; at level k1A/4 and use Bernstein’s
inequality. If we let &; = Y; —Yj_1, G = §il(¢;)<kr+8/4) and Y] =><; &, then

2

x , k248
P*(Y; # Y] for some j < k*7/%) < ey = °1/k) (2.59)
By Bernstein’s inequality ((2))
L2+8
x ! 14/2 ( _ >
P max 1G] 2 K) < exp ST T T ) (2.60)

This is also o(1/k).
Step 2. Let

Ji = max Z Ga(z,y).
yeUy

By the strong Markov property, we see that the maximum is taken when x € U. Also, by the
Markov property at the fixed time m,

Jp < m+ sup Ex[ Z GA(Xm,y)}. (2.61)
xeUy yeUy

We have
Ew[ > Ga(Xin,y):Xm & DO + & — 3)]

yeUy

< J,P*(X,, ¢ D(0,r + k — 3)) (2.62)
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and using (50

E“’[ 3" Ga(Xinyy):Xm € DO + & — 3)]
yeUy

< ECE[EXm [‘]ka TUk < TD(O,T)]; Xm € D(Oa r+k— 3)]
< Jo(1 = ¢/k)P* (X, € D(0,7 + & — 3)). (2.63)

Using (Z32), there exists m and ¢ > 0 such that for all x € Uy,
P*(X,, € D(0,r +k—3)) >e. (2.64)

Using (Z64]) and combining ([Z62) and EG3) we see that for all z € Uy

B[ > GalXmy)] < R(1 = /k)
y€Ug
for some 0 < ¢ < 1. Then by (Z&]])
S < mt T - dJR), (265)

and solving for Jj, yields (Zh2).
OJ

Using (ZZ1)) and (ZE0) we can obtain that for some 6 > 0

P (Tpo.r) < Too,r); Toor) = Ton,—s).) (2.66)
_ log(R/|z|) + O(r™) —1-23
= o (B/7) +O(s ).

We now prove a bound for the Green’s function in the exterior of the disk D(0,n).

Lemma 2.5.
Gp(on)e(z,y) < clog(lz| Alyl), z,y € D(0,n)". (2.67)

Proof of Lemma Since G'p(o,n)e(z,y) = P* (T, < TD(O,n)) G p(on)(¥,y), and using the
symmetry of G pg (¥, y), it suffices to show that

GD(O,n)c(xax) < CIOg(‘x’)v (S D(Ovn)c (268)
Let

UlZO,
V; = min{k > U; : | Xi| < nor | Xy > |z®}, i=1,2,...,
Ui+1 = min{k > V; : X}, = x}, 1=1,2,...

14



Then using the strong Markov property and (2I9)

Gp(onye(z,z) =E Z Ly (Xk) (2.69)
k<TD(0’n)
Z [ Z 1{3:}(Xk) Ui < TD(O n)
i=1 U;<k<V,
Z f— (Xu,,2); Ui < Tpon))

< ¢y log(|[®) ZPx(Ui < Tp(om))-
=1

We have
P*(Uir1 < Tp(omy) < E*[PXUi(Tpo,1eye < Too.n)): Ui < Tpo,m)-

By @&20),

PXUi (Tpo,1z5) < Tpom)) =P (Tno.jz#)c < Tpo.n)) (2.70)
log(|z|/n) + O(n~'/*)
log(|z[®/n)
_ loga] — logn + O(n~1/1)
B 8log |x| — logn
log |z| + 1 < 2

Tloglx| — 7

Therefore
]P’x(UZ'_H < TD(O,n)) < %Px(Uz < TD(O,n))'

By induction P*(U; < Tpo,n)) < (3)%, hence >, P*(U; < Tp(o,n)) < c4. Together with (25,

this proves (Z63)).
O

Lemma 2.6.

sup PI(TD(O,nJrs) # TaD(O,n)s) < cn® log(n) s 8720 + en P, (2'71)
x€D(0,n+s)¢
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Proof of Lemma Using (267

sup  P*(Tp(o.nts) # Ton(om).) (2.72)
x€D(0,n+s)°

_ sup Z GD((],TL)C (-T) y)pl (y’ w)
2eD(0,n+8)° b o nts)e
weD(0,n)

<c Y log(lypi(yw)<e Y log(lyDP(IX1] > Jyl = n)

y€D(0,n+s)¢ y€D(0,n+s)°
weD(0,n)

<c > log(ly)(ly| —n)~2

y€D(0,n+s)°

<clog(n) Y (yl=n) +ec Y log(lyh(yl —n) >

n—+s<|y|<2n 2n<]y|
< en?log(n) s 3720 + clog(n)n~ 172,

O

3 Harnack inequalities
We next present some Harnack inequalities tailored to our needs. We continue to assume that
Condition A and () hold.

Lemma 3.1 (Interior Harnack Inequality). Let e < r = R/n. Uniformly for x,z' € D(0,r)
and y € 0D(0, R),4

Hpo.r)e(,y) = (1+0(n™?)) Hpo,p)-(z',y). (3.1)
Furthermore, uniformly in x € 0D(0,7),2 and y € 0D(0, R),4,
P (XTh0.me =Y Tpo,R) < TD(0,r/n%)) (3.2)
= (14+0(0™%) P(Tpo.rye < Tpo,/m%)Hpo,r)e (,Y)-

Proof of Lemma B1E It suffices to prove Bl with 2 = 0. For any y € 9D(0, R),,» we have
the last exit decomposition

Hpo,pyc(z,y) = Z Gpo,r) (7, 2)p1(z,y)
2€D(0,R)—D(0,3R/4)

+ Z GD(O,R)(%Z)Pl(Zay)
2€D(0,3R/4)—D(0,R/2)

+ Z Gpo,r) (T, 2)p1(2, ) (3.3)
2€D(0,R/2)

Let us first show that uniformly in 2 € D(0,7) and z € D(0,3R/4) — D(0, R/2)

Gpo,r)(,2) = (1+0(n"?)) Gp(o,r) (0, 2). (3.4)

16



To this end, note that by (Z3]), uniformly in € D(0,7) and y € D(0, R/2)¢
2 _
aly—x) = “logle—y[+k+O(x—y[™) (3.5)

2
= ;log\y]—i-k—i-O(n_g)
— ay) +0(n0).

Hence, by (23], and using the fact that Hp g)-(z,-) is a probability, we see that uniformly in
x € D(0,r) and z € D(0,R) — D(0,R/2)

Gpo,r) (T, 2) = Gp(o,r)(2,7) (3.6)
= { Hpo,ryc(z,y)aly —x) p —a(z — )
yeD(0,R)®
= { Hpo,rye(2,y)ay) p —a(z) + O(n™?)
yeD(0,R)e
G OR Z O + O( )

By &I8), Gp(o,r)(2,0) > ¢ > 0 uniformly for z € D(0,3R/4) — D(0, R/2), which completes the
proof of (B2).
We next show that uniformly in € D(0,7) and z € D(0, R) — D(0,3R/4)

Gpo.r)(2:2) = (1+0(n™?)) Gp(.r) (0, 2)- (3.7)
Thus, let z € D(0, R) — D(0,3R/4), and use the strong Markov property to see that

Gpo,r)(z,7) =E* (GD(O,R) (XTp0sr/4):%) s TD0,3R/4) < TD(O,R)) (3.8)

= [E* (GD(O,R) (XTD(o,sR/4)7 ) TD(O 3R/4) < TD 0,R) ’XTD(O 3R/4)’ > R/Q)

+E? (GD(O,R) (XTp05r/22) s Tp03r/4) < TDO.R) S [ XTposm/a) | < R/2>
By [(ZIJ) and [ZZZ) we can bound the last term by

c(log R) P* (|XTD<MR < R/Q) < c(log R)2R~1-25, (3.9)
Thus we can write (BS) as

E* (GD(O,R) (XTp05r/22) s Tp3r/a) <Tpo.R)5 [XTp0sm/0 | > R/Q)
= Gpo.r)(22) + O(R9). (3.10)

Applying B2) to the first line of (BI0) and comparing the result with (BI0) for x = 0 we see
that uniformly in z € D(0,7) and z € D(0, R) — D(0,3R/4)

Gpo.r)(z,2) = (L+0(n™?)) Gpo,r)(0,2) + O(RP). (3.11)
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Since, by @38), Gp(o,r)(0, 2) > ¢/ R, we obtain (1)
If X has finite range then the last sum in ([B3]) is zero and the proof of (BIl) is complete.
Otherwise, assume that ([C3]) holds. We begin by showing that

Z Gpo,r)(T,2)p1(2,y) = O(R™375). (3.12)
2€D(0,R/2)

By @I9) we have G'p(o,r)(z,2) = O(log R) so that the sum in ({I2) is bounded by O(log R)
times the probability of a jump of size greater than |y| — R/2 > R/2, which gives (B1Z).

To prove ([BJ) it now suffices to show that uniformly in y € 0D(0, R),,4
R3 P < CnigHD(O,R)C 0,9). (3.13)

Using once more the fact that G g)(0,2) > ¢/R by £33,

Hpore(0,y) = > Gpor(0,2)pi1(z ) (3.14)
z€D(0,R)

> C Z b1 (ya Z) Ril'
z€D(0,R)

BI3) then follows from ([J)) and our assumption that R > e, completing the proof of (BII).
Turning to ([B2), we have

PY(X1p0.me =Y Tpo,r) < TD(0,r/n3)) (3.15)
= HD(O,R)C (1‘, y) - ]P)x(XTD(o,R)c =Y, TD(O,R)C > TD(O,r/nS))'

By the strong Markov property at Tp(g/n3)

P*(X1po.me =Y Ipo,R)c > TD(0,r/n3)) (3.16)
= E*(Hp(0,r)(XTp, 15, Y); TD0,R) > TD(0r/0%))-

By 1), uniformly in w € D(0,r/n?),
Hpon)(w,y) = (L+0(n"%)) Hp (2, y) -
Substituting back into (BI6) we have

P*(X1p0.pe =Y Tpo,R)e > TD(0,r/m3))
= (1+0(n™*) P*(Tpo,r)y > Tp.r/m») Hpo,R): (2, Y)-
Combining this with ([BIH) we obtain
P (XTpome =Y Tpo,r) < TD(0,r/0%)) (3.17)
= (P"(Tp(o,r)e < Tpo,r/m3)) + On~?)) Hp(o r)e (2, y)-

Since, by (Z20)

inf P*(T e < T, > 1/4, 318
xeaér(lo,r)ml ( D(0,R) D(O,T/n3)) = / ( )
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we obtain ([BZ) which completes the proof of Lemma Bl
O

Using the notation n,r, R of the last Theorem, in preparation for the proof of the exterior
Harnack inequality we now establish a uniform lower bound for the Greens function in the
exterior of a disk:

Gpornt)e(T,y) > >0, € 0D(0,R),a, y € DO, R)“. (3.19)

Pick some x; € 9D(0, R) and proceeding clockwise choose points x1,...,x35 € dD(0, R) which
divide 9D(0, R) into 36 approximately equal arcs. The distance between any two adjacent such
points is ~ 2Rsin(5°) = .17R. It then follows from ([ZZII) that for any j =1,...,36
inf PY(Tp(y. T 3.20
xeTDl(rij,R/@ (Tp(e;.1,r/5) < TD(0,r4n4)) (3.20)
> inf Px(TD(sz,R/& < TD(zj+1,R/2)C) >c1 >0

2€TD(x;, 1 2R/5)

for some ¢; > 0 independent of n,r, R for n large and where we set x37 = x1. Hence, a simple
argument using the strong Markov property shows that

inf inf  P*(T, <T > ¢y =: 30 3.21
B et o (To(ay,r/5) < Tporint)) = C2 =t ¢f (3.21)

Furthermore, it follows from (ZI6) that for any j =1,...,36
inf ]P)x(Tx/ < TD(O,r+n4)) (322)

CE,ZE'GTD(IJ-,R/@

> inf P (T, < TD(x’,R/2)C) > C3/10g R

€T (4 2R/5)

for some c3 > 0 independent of n,r, R for n large. Since dD(0, R)g/100 < U?ilD(xj,R/E)),
combining (BZI) and [B2ZZ) we see that

inf P (Ty < T > log R. 3.93
x,x’eaDl%(l),R)R/mO (Za D(O,r+n4)) > cq/log ( )

It then follows from ([ZI3]) that
inf G D0 rintye (T, 2’ 3.24
z,2'€0D(0,R)r/100 D{@rn®) ( ) ( )

= inf P*(Ty < T G (2!, 2
a:,a:’E@Dlg(l)yR)R/loo ( ’ D(O7T+n4)) D(O7T+n4) (:E x)

> (ca/log R) Gp( ry2)(2',2") > ¢5 >0

for some c5 > 0 independent of n,r, R for n large.
Using the strong Markov property, ([B24]), and Z2) we see that
inf G c(z,x 3.25
2€D(0,1.01R)¢,2€8D(0,R) g /100 D(Or+ntye (2, 7) (3.25)
> E [GD(O,T+R4)C(XTD(0,1.01R) ) XTD(0,1.01R) € 0D(0, R)R/lOO] >c¢>0.
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Together with (B24)) this completes the proof of ([BI).
We next observe that uniformly in x € 9D(0,R),4, z € D(0,2r) — D(0,5r/4), by (BI9) and
&20),
GD(O,r+n4)C ('T’ Z) = GD(O,r+n4)C (Z’ .’E) (326)
=FE* {GD(o,r+n4)c(XTD(O,R)C,x); Tpo,r)c < TD(O,r+n4)}
> cP* {Tp(o,r): < Tp(0,r+ns) }
> ¢/ logn.

Our final observation is that for any € > 0, uniformly in = € 9D(0, R),1, z € D(0,2r)— D(0,r+
(1+en),
GD(O,T+TL4)C (.’E, Z) > C(R log R)il- (327)

To see this, we first use the strong Markov property together with [BZ3]) to see that uniformly
in z,2’ € D(0, R),4« and z € D(0,2r) — D(0,7 + (1 + €)n?),

Px(Tm’ < TD(O,r+n4))GD(O,r+n4)C (x,’ Z) (3'28)
cGporinty (@', 2)/log R.

In view of Z38), if 2/ € 9D(0, R),,4 is chosen as close as possible to the ray from the the origin
which passes through z

GD(O,r+n4)C (SC/, Z) > GD(x’,|z/\f(r+n4)) (IE,, Z) > CR_I. (329)

GD(O,T+TL4)C (:Ca Z) =
>

Combining the last two displays proves ([B27]).

Lemma 3.2 (Exterior Harnack Inequality). Let e < r = R/n®. Uniformly for z,2' €
0D(0,R),a and y € 0D(0,7),4

HD(O,r+n4) (.’IJ, y) = (1 + O(nig log n)) HD(O,T-H’L“)(xla y) (330)
Furthermore, uniformly in x € 0D(0, R),4 and y € 0D(0,71),4,
PI(XTD(O,T_HLAL) =Y TD(O,T+n4) < TD(O,n3R)C) (331)

= (1 +0(n"*log n))Px(TD(O,T-i-n“) < Tponsrye Hp(0,r4n%) (T:Y),
and uniformly in x,x’ € OD(0, R)a and y € 0D(0,7),4,
PUXT, 0 ity = Y5 TD©r4n%) < TponR)e) (3.32)
= (140 logn) )P (X1, ) = U3 Torsnt) < Too.momye).

Proof of Lemma For any = € 0D(0,R),« and y € 0D(0,r),s+ we have the last exit
decomposition

HD(O,r+n4) (.%', y) - Z GD(O,r+n4)C (1‘, Z)pl (Z, y)

2€D(0,5r/4)—D(0,r+n*)

+ Z GD(O,r+n4)C(x7 Z)p1 (Z,y)
z€D(0,2r)—D(0,5r/4)

+ Z G p,r4nt)e (T, 2)p1(2, Y)- (3.33)
z€D*c(0,2r)
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Let us first show that uniformly in z, 2’ € 9D(0, R),;» and z € D(0,2r) — D(0,5r/4)
GD(O,T-H’L“)C(xu Z) = (1 + O(nig log n)) GD(O,r+n4)C(x/7 Z) (3'34)

To this end, note that by ([Z3), uniformly in z,2’ € 9D(0, R),,« and y € D(0, 2r)

2 _
ax—y) = “logle—y|+k+0(z—yl™) (3.35)
2
= ;logR—i-k—i-O(n*:S)
= a(@ —y)+0(n?),

and with N > n3R the same result applies with y € D(0, N)¢. Hence, by (X)) applied to the
finite set A(r +n*, N) =: D(0, N) — D(0,r + n*), and using the fact that H g (r4nt,nye(2,7) 18 a
probability, we see that uniformly in z, 2’ € 9D(0, R),« and z € D(0,r + n*)°

G a(rnt ) (5 2) = Garynt N) (2, T) (3.36)

= Z HA(T+n47N)C(z, y)aly —x) p —alz — x)
yeD(0,r+n*)UD(0,N)c

= > H gt int nye (2, 9)aly — 2')
yeD(0,r+n4)UD(0,N)e

—a(z — ') + O(n™?)
- GA(r+n4,N)(Z’ a') + O(nig)'

Since this is uniform in N > n3R, using (Z67) we can apply the dominated convergence theorem
as N — oo to see that uniformly in x,2’ € dD(0, R),s+ and z € D(0, 2r)

G p0,r4n1)e (5 2) = Gp(0,r4nt)e (2, r') + O(n_3). (3.37)

Applying [B26) now establishes ([B3).
We show next that uniformly in z, 2’ € 9D(0, R),« and z € D(0,5r/4) — D(0,r + n?)

Gporintye(z,2) = (1+ O(n~3log n)) Gp,rintye (@', 2) + O(r~1=2Plogr). (3.38)
To see this we use the strong Markov property together with (B34) and 61 to see that

GD(O,T+TL4)C ('Tv Z) = GD(O,T+TL4)C (Z’ .’E) (339)
=FE* {GD(O,r+n4)C(XD(O,5r/4)C7x) ) TD(0,5r/4)c < TD(O,r+n4)} )
and this in turn is bounded by
E* {Gp(0,r1n1)e (XD©,5r/0)¢> %) 5 TD(0,5r/0) < TD(0,r+n4) > [ XD(0,5r/0)e] < 21}
+E* {Gpo,4nt)e (XD050/0) %) s Tposr/aye < Tpprn2) s [ X D050 /0)e| > 21}

< (1 + O(nig log n)) E* {GD(O,T+7’L2)C (XD(O,57’/4)07 .%'/) ) T'D(0,57"/4)c < TD(O,r+n4)}
+c lOg(R) Pz {|XD(O75T/4)C| > 27“} .
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Using (B39) we see that

E* {(;1D(0,7’—|—7z2)c (XD(O,5T/4)07-7;/) ) TD(O,5T'/4)C < TD(O,T+?’L4)} - C;D(O,r-‘,-n‘l)c (xla Z)
As in ([ZH), by using ZI9) and (I]) we have

P* {|X po,5r/a)c| > 21} (3.40)
Z Gpo,5r/4) (2, y)p1(y, w)
gl
< clogr Z (| X1| > 3r/4)
ly|<5r/4
< clogr Z ’3+2ﬁ <ert wlogr
|y\<5r/4
This establishes (B3F]).
We next show that
Z GD(O,r+n4)C(xaz)p1(zay) = 0(7“73%)- (3.41)

2€D(0,2r)
It follows from (&) that G p (g rin)c(,2) = O(log R), so that the sum in (BI2) is bounded by
O(log R) times the probability of a jump of size greater than |z| —r —n > r —n > r/2, which
gives (BAT]).
To prove ([B30) it thus suffices to show that uniformly in = € 0D(0, R),+ and y € 0D(0,7),4

r 1" logr < cn*BHD(O,HnAL)(x, Y). (3.42)
Using the last exit decomposition together with ([B27]) we obtain

HD(O,T-{-n“)(xv y) = Z GD(O,T+7’L4)C(:C’ 2)p1(z,y) (3.43)
2€D(0,r+n*)c

¢(Rlog R)™! > mzy
r+(1+e)n*<|z|<2r
for any € > 0. Note that the annulus {z | r+(14-€)n* < |z| < 2r} contains the disc D (v, 2(1+¢)n?)
where v = (r + 3(1 + €)n*)y/|y|, and we have 2(1 + €)n* < |y —v| < 3(1 + ¢)n*. Thus

Z pl('z’y) > Z Pl(Zay) (344)

r+(14e)nt<|z|<2r 2€D(v,2(1+€)nt)
= Z pi(z—v,y —v)

2€D(v,2(14€)nt)

= Z pi(z,y —v).

2€D(0,2(1+€)n?)
Hence by ([L3)) and our assumption that r > e”
Hp(o,01nt)(2,) > c(Rlog R)"Le~ (149100 > gpmimen a1, (3.45)
and thus ([B242), and hence B30), follows by taking e small.

The rest of Lemma, follows as in the proof of Lemma Bl
O
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4 Local time estimates and upper bounds

The following simple lemma, the analog of (L1, Lemma 2.1), will be used repeatedly.

Lemma 4.1. For |zo| < R,

EIO(L%D(O,R)C) = GD(O,R) (0,0). (4.1)
Forall z>1
BY(LY, o > 2G(0,m)(0,0)) < cy/ze™ (4.2)

for some ¢ < oo independent of xg, z, R.
Let xg #0. Let 0 < p <1 and set A = ¢/Gp(,r)(0,0). Then

E{L‘O (eAL%D(O,R)C> (43)
_, los(gp) + Ol =) O*O( 1 O
- log(R) I+ log(|zol)
Proof of Lemma E Ik Since
0
LTD(O,R)C - Z Lixi=oys (4.4)
i<TD(0,R)C

(ET) follows from (). Then we have by the strong Markov property that

k
0<j1 << jp<Tp (o, myc i=1
k—1
= kE® > 1T tx,,=0yGpo,r) (0, 0)

0<j1<+<jk—1<Tp(o,r)c =1
0 k—1
= kExO (LTD(O,R)C) GD(O,R) (07 0)' 9

By induction on k,

IExO(LOTD(O,R)C)k = k!Gp(o.r) (20, 0)(Gpyo,r)(0,0)) . (4.5)
To prove ([E2), use (), (ZIQ) and Chebyshev to obtain
k!
0
PIO(LTD(O,R)C > ZGD(O,R) (0, 0)) < E (46)
then take k = [z] and use Stirling’s formula.
For (E3), note that, conditional on hitting 0, L?FD(O e is a geometric random variable with mean

Gp(o,r)(0,0). Hence,
E*0 (eALOTD(o,R>C>
=1 - P*° (To < TD(O,R)C)

1
zo
+P (TO < TD(O,R)C) ((6’\ _ 1)GD(0,R) (0’0) n 1) : (47)
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Since by (ZI3)
1

G = O/ gl (48)

we have

(e* = 1)Gpo,p)(0,0) +1 =1+ ¢+ O(

and [@3)) then follows from ) and EI4).
O

log(R ) (4.9)

~—

We next provide the required upper bounds in Theorem [[LZ Namely, we will show that for any
€(0,2]

' log Hm € D(0,m) : Li}D(O e > (2a/m)(log m)z}‘
lim sup <2—a a.s. (4.10)
m—00 logm

To see this fix v > 0 and note that by 2) and ZI3)), for some 0 < § <, all z € D(0, m) and
all large enough m

L o 2y
PO (ﬁ > 2a/71'> < o (4.11)

Therefore

PO <Hx e D(0,m) : % > 2a/w}( “ﬂ) (4.12)

T

< m~2-a)-7go (Hx € D(0,m) : 7302(;5)0 2a/7r}‘>

Lm
— 0y (2—a)—y ]P;O D(0,m)¢ 9
m Z | <7(log m)? a/w)

zeD(0,m

I
—(2— 0 TDsz
< m~(2-9) E P ( (log m)? > 2a/7r>

xzeD(0,m)

< m—(—9)

Now apply our result to m = m,, = €” to see by Borel-Cantelli that for some N(w) < oo a.s. we
have that for all n > N(w)

L%l—‘ n (&
Hx € D(0,¢") : @?%)2 > za/ﬂ}‘ < e@matnn, (4.13)
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Then if e” < m < e+l

T

L
‘{x € D(0,m) : % > 2&/7‘1’}‘ (4.14)
L
+1y . D(O,e"JFl)C
T
Tp(,en+1ye

Ton oy 2 20(1+ 1/n)*2/7r}(

< e(2—a(1+1/n)_2+w)(n+1) < m(2—a(1+1/n)_2+w)(n+1)/n.

= Hx € D(0,e" )

(ET10) now follows by first letting n — oo and then letting v — 0.
O

5 Lower bounds for probabilities

Fixing a < 2, we prove in this section

log‘{x €eDO,m): Ly > (2a/w)(logm)2}‘
lim inf @) >2—a a.s. (5.1)
m—00 logm

In view of (EI0), we will obtain Theorem [ .

We start by constructing a subset of the set appearing in (B1I), the probability of which is

easier to bound below. To this end fix n, and let r,, ;, = e"n3=k) | =0,... n. In particular,

Tnn =€" and 1, 0 = e"n3". Set K,, = 167,00 = 16e™n3".

Let U, = [27n0,3rn0]> € D(0,K,). For z € U,, consider the z-bands OD(x, 7y )pa; kb =
0,...,n. We use the abbreviation r%vk =Tpk+ n*. For x € U,, we will say that the path does
not skip z-bands if

(1) TD(JE,T%,O) < TD(O,Kn)C and TD(‘TJ‘,/@’()) = TaD(x,Tn,o)n4 .
(2) For any t < Tp(o,k,)e such that Xy € OD(x, 7, 1),4 we have:

(2') if k = 0 then
(TD(z,r;l’l) A TD(O,Kn)C) 00y = (TaD(m,rn,l)n4 A TD(O,Kn)C> © O,
(2") it k=1,...,n—1 then
(TD(m,r;th) A TD(x,rn,k,l)c> 00y = (TaD(x,rn7k+1)n4 A TaD(x,rn,k,l)nLL) o 0,
(2") if k = n then

(TD(:L‘,Tn,nfl)c) 0f = <T8D(x,7“n,n71)n4> o 0.
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For x € D(0,Ky), let N, denote the number of excursions from D(z,7p-1)¢ to D(z,7}, ;)
until time T k,ye. Set Ny = 3ak?logk, and ko = 4 V inf{k | N} > 2k}. We will say that a
point x € U, is n-successful if the path does not skip z-bands, Nyp=1, Vk=1,...,kg—1
and

Ne—k <NZ <Nip+k Vk=ko,...,n (5.2)

Let {Y(n,z); x € U,} be the collection of random variables defined by
Y(n,z) =1 if z is n-successful

and Y (n,x) = 0 otherwise. Set G, = P(Y(n,z) =1) = E(Y(n,x)).

The next lemma relates the notion of n-successful and local times. As usual we write log, n for
log logn.

Lemma 5.1. Let

Sp = {z € U, |z is n-successful}.

Then for some N(w) < 0o a.s., for alln > N(w) and all x € S,

X
Tp(o,kn)e

Zﬂ;;}?—yz Z:QG/ﬂ'—'2/10g27L
n

Proof of Lemma BTt Recall that if # is n-successful then N7, > N, —n = a(3n? log n)—n. Let
L®J denote the number of visits to # during the j'* excursion from dD(z, 7y, 1)1 t0 D(2, 7 n—1)°.
Then for any 0 < A < 00

P, = P (L%D sy < (20/7 —2/logyn)(log K,)?, = € sn)
Nn—n )
< P > L™ < (2a/7 —1/logyn)(3nlogn)
=0
Nn—n x,j
< exp (AM2a/m —1/logy n)(3nlogn)?) E (e*)‘zdzo L ]> . (5.3)

If 7 denotes the first time that the (A, —n)"* excursion from D(z, 7, ,—1)¢ reaches OD(x, 7y ) pa
then by the strong Markov property

E (e—k S L ) (5.4)

Nn—n—1 724 —AL%
=E (e_)‘zj—o L RXy (e TD(”n,n—l)C>> .

Set A = ¢/Gp(arynr) (@, 7). By @), withr =1y p =", R=rpn1= n3e”, forany 0 < ¢ < 1
and large n

AL 1-1/21
sup EY (e TD(Wn,nNC) < exp (—( [2logn) ¢ 3(log n)/n) . (5.5)
y€OD(2,rn,n),4 1+¢
Hence by induction
Nn—n z,j 1 - 1 1
E (e_’\ZJ:O L J) < exp (—wwm(log n)2> . (5.6)
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Then with this choice of A, noting that Gp(, ,_,)(T, ) ~ 2p by (ZI3), we have

P, < ér;% exp ({gb(l —1/2logyn) — W}Qan(bg n)2> . (5.7)

A straightforward computation shows that

inf (m - ﬁ ) — (\/B— \/5)2 (5.8)

¢>0
which is achieved for ¢ = \/3//a — 1. Using this in (&7)) we find that
P, < exp (—cn(logn/logy n)?). (5.9)

Note that |U,,| < e*1°8" Summing over all x € U,, and then over n and applying Borel-Cantelli

will then complete the proof of Lemma Bl
O

The next lemma, which provides estimates for the first and second moments of Y (n, z), will be
proved in the following sections. Recall Gy, = P(z is n-successful). Let Q,, = inf ey, Gn o-

Lemma 5.2. There exists 6, — 0 such that for allmn > 1,
Qn > K, (@t (5.10)

and
Qn = Cnz (5.11)

for some ¢ > 0 and all n and x € U,.

There exists C < oo and 6], — 0 such that for all n, x # y and l(x,y) = min{m : D(z,7m) N
D(yarn,m) = @} <n
E(Y (n,2)Y (n,y)) < CQ5 (U, y))* i . (5.12)

Remark. Immediately following this remark we give a relatively quick proof of our main
results, Theorem and Theorem [LIl It may be helpful at this point to give a short heuristic
overview of the proof of Lemma (E10) and (BIT)) are proven in Section B There we use
estimates (ZZ9) and (Z60) on the probability of excursions between bands at level £ — 1 and
k to show that the probability of making between Ny — k and N}, + k such excursions is about
k=3¢ so that the the probability of making that many excursions for each k = 1,...,n is about
(n))™3 ~ K, (@+9n) " The lower bound (ET2) is proven in Sections[@and B Since we only require
a lower bound it suffices to bound the probability that we have the right number of excursions
at all levels around = and at levels k = [(x,y)+3,...,n around y. We choose [(x,y) so that none
of the bands at levels k = [(z,y) +3,...,n around y intersect any of the bands around . If this
implied that the excursion counts around x and y were independent, the heuristic mentioned for
obtaining (BI0) and (BIT) would give (BI2). It is here that the Harnack inequalities of Section
Blcome in. The only way that excursions around y can have an effect on excursion counts around
x is by influencing the initial and final points of the z-excursions. Our Harnack inequalities show
that such an effect is negligible. The reader might find it useful to compare the proof given here
with the one in ([L1).
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Proof of Theorem In view of (EI0) we need only consider the lower bound. To prove
(ET) we will show that for any 6 > 0 we can find pp > 0 and Ny < oo such that

i (Z Ly (na)=1y 2 Kﬁ_“_‘5> > po (5.13)

zeUy,

for all n > Ny. Lemma BTl will then imply that for some p; > 0 and Ny < o0
PO (Hx € D(0,K,): Lf, . . > (2a/m —2/logy n)(log Kn)QH > KX > p (5.14)

for all n > Nj. As in the proof of [I0) and readjusting 6 > 0 we can find py > 0 and Ny < oo
such that

PO (Hx € D(0,n) : Lo = (2a/m)(log n)2}‘ > n2_“_6> > po (5.15)

for all n > Ny. Then by Lemma B4 with a further readjustment of 4 > 0 we will have that
PO (Hx €Z*: L% > (a/2r)(log n)QH > nlfa/%é) > ps3 (5.16)

for some p3 > 0 and all n > N3 with N3 < oo. This estimate leads to (&) as in the proof of
Theorem 5.1 of (4).

Recall the Paley-Zygmund inequality (see (1, page 8)): for any W € L?(2) and 0 < A < 1

E(W))?

P(W > AE(W)) > (1 — \)? (IE(WQ) : (5.17)

We will apply this with W = W,, =
some sequence 6, — 0

wcU, 1y (na)=1}- We see by (BI0) of Lemma B2 that for

E (Z 1{Y(n,a;)1}> = Z Gn,z > Kg_a_én- (518)

zeUnp zeUp

Thus to complete the proof of (BI3) it suffices to show

2 2
E { > 1{Y(n,x>=1}} <c {E <Z 1{y<n,z):1}> } (5.19)

xzeUn zeUnp

for some ¢ < oo all n sufficiently large. Furthermore, using (BI8)) it suffices to show that

2
E Z Liy(nao)=1} 1y (ny)=13 | <¢ {E (Z 1{y(n7x)1}> } (5.20)

z,y€Un xeUn
Ty

We let C, denote generic finite constants that are independent of n. The definition of [(z,y) > 1
Recall that because n > [, there are at most Cori 1 <

implies that |z — y| < 27 j35)-1-
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CoK2/mb0=1) < CuK215(11)~% points y in the ball of radius 27, ;1 centered at x. Thus it
follows from Lemma that

> E (Y (n,z)Y (n,y)) (5.21)

z,y€Un
2rn,n <|z—y[|<27n 0

’

<G Y @iy e
z,y€Un
27‘n,n§‘x7y‘g2rn,0

< CQQ?—L Z Z Z (j!)3a+(5§-

mEUn .7:1 {y ‘ l(l‘,y):j}

n
< C3QEK2> KR j0(i) 0 ()P
j=1

< Cu(K2Qn)? Y 8 9%
j=1

2
< C5(K2Qn)* < Cs {E <Z YWJ)) }
zeUp,
where we used the fact which follows from the definitions that
K2Q, <c Z Gnae = cE <Z Y(n,x)) . (5.22)
zeUnp zeUn

Because Y (n,z) <1 and EY (n,2) = ¢ny < cQp, we have

S E¥ma)Ymy)< Y. EX(ny) (5.23)
z,y€Un z,y€Un
lz—y|<2rn,n lz—y|<27nn

<Cr Y. KiQn < Cse®KiQn.

z; |@|<2rp,n

By &10)

K2Q, > K240 > ce?,
This and (B222) show that the right hand side of (&2Z3)) is bounded by

Cy {E (Z Y(n,x)> } : (5.24)
xeUnp

We know that if z,y € U,, then |z — y| < 2r,o. Thus combining (ZI), (E2J), and E24)
completes the proof of (2) and hence of ([&TI).
O

Proof of Theorem [ILTl. The lower bound is an immediate consequence of Theorem The
upper bound is a consequence of ([2) as follows; cf. the proof of (4, (2.8)). Let § > 0. By [ZI3)
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and (E2)

4
P sup L% L > = +5logR
(:cED(OR) Tow.») 7T( ) )

4
<Y Py > (L 0)log? B)

x€D(0,R)
< CR2((1 +25) lOgR)1/2e—2(1+6/2) log R < CR—6/4

for R large. By Borel-Cantelli there exists My(w) such that if m > My, then

4 m
LTD(O Qm)c — (1 + 6) 10g (2 )

If m > My, 2™ < n < 2™+ and m is large,

* * 4
LTpome S LT (1 +8)log?(2™th) < =(1 + 26) log? n.

D(O 2m+1)c -

>1|»>

Since § is arbitrary, this and Lemma 4] prove the upper bound.
]

6 First moment estimates

(5.25)

Proof of (BI0) and (BIT): For x € U, we begin by getting bounds on the probability that

TD(‘T’T;’O) < TD(OyKn)C and TD(I%’O) = TaD(sz’n,O)n4' Since
P (TD(m,r;’o) <Tp©,Kn) 5 TD(@r, o) = TaD(x,rn,o)n4>
2P (TD(z,r;w) <Tp@ 1k, ID@a, 0) = TaD(m,rn,o)n4>
we see from (66 that uniformly in n and =z € U,
P (TD(z,r;L’O) <Tp©,K.) 5 TD@s, ) = TaD(x,rn,O)n4> >c
for some ¢ > 0. And since for € U,, and y € 0D(z,75,.0),4
PY (TD(:v,r;L,l) <Tpe ik To@e, ) = TaD(x,rn,l)n4)
<P (TD(x,r;m) <Tp(o,kn); ID@a, ) = TaD(z,rn,l)n4>
<P (TD(x,r;m) <Tp(2k.)° TD@a, ) = TaD(z,rn,l)n4>

we see from (Z66) that uniformly in n, z € U,, and y € 0D(z,7,0)n4

1 <PY (1 / T, ;T r oy =T, </l .
- ’ yAn ) sT'n,1 —
c/logn ( D(arl, ) < AD0.Kn) s LD, 1) oD (z,r )n4> d/logn

Similarly, since for z € U,, and y € 0D(x,7p,0)p4
PY (TD(O,Kn)C < TD(x,T;L,l)> > PY (TD(m,2Kn)C < TD(m,r;’l))
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we see from (ZZ9) that uniformly in n, z € U,, and y € 0D(z,7,0),4
pv (TD(O, Koye < TD(WJQ > 0. (6.6)

These bounds will be used for excursions at the ‘top’ levels. To bound excursions at ‘intermedi-
ate’ levels we note that using [Z4d)), we have uniformly for x € 9D(0,ry 1), with 1 <1 <n-—1

Pm (TD(Oarn,l—l)C < TD(O,T‘;LJJFl) 3 TD(Oan,l—l)c = TaD(Oarn,l—l)n4) (67)
=1/2+0(n*"*),

and using (Z66), we have uniformly for x € 9D(0,ry 1)1, with 1 <1 <n—1

]Pﬂ; (TD(OVT';LJ+1) < TD(Oan,l—l)c ; TD(O,T;7Z+1) = TaD(Oarn,l+1)n4) (68)
=1/2+0(n~*%),

For excursions at the ‘bottom’ level, let us note, using an analysis similar to that of ([ZZ3]), that
uniformly in z € D(0,7y,5),4

P* (TD(O,rn,n—l)C = TaD(O,T'n,n—l)n4> =1+ O(n7474ﬁ)~ (6.9)

Let m = (mg,ms,...,my) and set [m| =23 1, m; + 1. Let H,(m), be the collection of maps,
(‘histories’),

¢:{0,1,...,|m|} — {0,1,...,n}
such that ¢(0) =1, (j +1) = ¢(j) £ 1, |m| = inf{j; ¢(j) = 0} and the number of upcrossings
from £ —1 to ¢

u(f) = {4, + D[ (p(), 0 +1)) = (€ = L} = my.

Note that we cannot have any upcrossings from ¢ to £ 4+ 1 until we have first had an upcrossing
from ¢ — 1 to £. Hence the number of ways to partition the u(¢ + 1) upcrossings from ¢ to £+ 1
among and after the u(¢) upcrossings from ¢ — 1 to ¢ is the same as the number of ways to
partition u(¢ + 1) indistinguishable objects into u(¢) parts, which is

u(l+1)+u(?) -1
(re ) sty o1

Since u(¢) = my and the mapping ¢ is completely determined once we know the relative order
of all its upcrossings

[Hp ()| = ﬁ (W“ e 1>. (6.11)

What we do next is estimate the probabilities of all possible orderings of visits to {0D(x, 7y ;)4
j=0,...,n}. Let Q,, denote the set of random walk paths which do not skip z-bands until
completion of the first excursion from 0D(x, 7y 1),4 to OD(x,7y,0)ps. To each random walk
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path w € Q,, we assign a ‘history’ h(w) as follows. Let 7(0) be the time of the first visit to
OD(x,1p1)p4, and define 7(1),7(2),. .. to be the successive hitting times of different elements of

{0D(z,m,0)pa, -, OD(X,7r 0 )pa }

until the first downcrossing from 0D(z,7y,1),4 to OD(x,790),4. Setting ®(y) = k if y €
OD(z, 7k )ns, let h(w)(j) = ®(w(7(j))). Let hy, be the restriction of h to {0,...,k}. We
claim that uniformly for any ¢ € H,(m) and z € 0D(x,7p,1),4

P* {hhm‘ _ Qm} - (%)mlmn {1 + 0(rf4f4ﬁ)}‘m| . (6.12)

To see this, simply use the strong Markov property successively at the times

and then use ([@.7)-(E3).
Writing m £ N it m =1 for k < kg and |m — Ng| < k for k > kg we see that uniformly in

my, ~ N, we have that {1 + O(n*4*4ﬁ)}‘m‘ =1+ O(n~'7%%). Combining this with (EI1) and
([BT2) we see that uniformly in z € dD(x,7,1)pa

3y op {hw € Mo (i) ; QM} (6.13)

|~y =1

=(1+0m %) > <%> II <m€+71~,;flf . 1>

(=2

agnd T [mesr +me— 1\ 1\t
o 1-38\\ = 41 l -
= (1+0(n ))4 Z H< g — 1 )<2) .

Here we used the fact that mo = 1 so that |m| —m, =2+ 22;21 (mgy1 +my).

Lemma 6.1. For some C = C(a) < oo and all k > 2, |m — Ngy1| < k+1, |[{ +1—Ng| <k,

—17.—3a—1 m+L+1 _3a—1
ottt (m+€) (1> _ Ch 610

Viogk 14 2 - Vlogk

Proof of Lemma It suffices to consider & > 1 in which case the binomial coeflicient in
(E14) is well approximated by Stirling’s formula

m! = V2rm™e ™ /m(1+ o(1)) .

With A}, = 3ak? log k it follows that for some O] < oo and all k large enough, if |m—Nj4q| < 2k,
|¢ — Nj| < 2k then

B 1= 2
14 k

. 1
~ klogk (6.15)
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Hereafter, we use the notation f ~ g if f/g is bounded and bounded away from zero as k — oo,
uniformly in {m : |m — Njy1| < 2k} and {¢ : |¢ — N| < 2k}. We then have by the preceding
observations that

(") () e ()R g

where

I) =—(1+X)log(14+ X))+ Alog A+ Alog2+1log?2 .

The function I(A) and its first order derivative vanishes at 1, with the second derivative I (1) =
1/2. Thus, by a Taylor expansion to second order of I()\) at 1, the estimate (GIH) results with

m 1 Cy

() - =< —2— 1
) = 321 = fotogh (6.17)

for some Co < 00, all k large enough and m, £ in the range considered here. Since [{—3ak? log k| <

2k, combining (16 and (EI1) we establish (GI4]).
O

Using the last Lemma we have that

n—1 C—1y—3a—1

n—1 meq1+my
mey1 +mp—1 1
< — 6.18
=2 1l ( my—1 > (2) (618)

Using the fact that [{my|my L Ny} = 20 + 1, this shows that for some Cy < oo,
1€ 3a

EII2 Viog/t
n—1 Myy1+my
mep1 +me—1 1 e+l
< E I | — 1
- < my — 1 ) (2> (6.19)

me AN
n—1 Clef&z
<rl Jegr
Since for any ¢ < oo, for some (,, ¢, — 0
n—1
nc” H log £ = n"Sn = (n!)%n (6.20)
(=2
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we see that for some 41,02, — 0

mep1 +me —1 1\ et _ —3a—01n _ .m0 02
Z H ( e —1 > (5 = (n)) b= (6.21)

meNg

E2)-E8) and EI3) show that for some 0 < ¢, < oo
mey1 +mp—1 1\ et
- 6.22
logn Z H( my—1 )<2) (6:22)

..... mn Z 2
mZNNZ

< @Qn = inf P(x is n-successful) < sup P(z is n-successful)

mey1 +my— 1 1 Met1+my
< 2 (e ()

Together with (B21]) this gives (1) and (EIT).
O

In the remainder of this section we prove two lemmas needed to complete the proof of Lemma

Let Q;, nl ; mj denote the set of random walk paths which do not skip z-bands on excursions

between levels k = i — 1,4,...,j until completion of the first m excursions from D(x,7], Z) to
D(z,rp,i-1)¢ and let N7, denote the number of excursmm from D(x,ry k—1)° to D(:c,rn i)
until completion of the ﬁrst m excursions from D(z, 7}, ;) to D(z,7p,i-1)°.
Lemma 6.2. We can find C < oo and d3; — 0 such that for alln and 1 <1 <n,
l
S op (N;;k = my, k=1+1,...,n; QL " [ NT = ml) (6.23)
mp,..., mn
MmN

< CQp (113t

Proof of Lemma The analysis of this section shows that uniformly in my 3 N, k=
Li+1,...,nand z € 0D(x,rp)p4

IP’Z( T k=14+1,...,n; Qb ) (6.24)

n,l,m,k z,m,l,my

n—1 Mpg41+mMy
_ —23 Mpq1 +my — 1Y (1
(1+0(n ))kHl< e — 1 )<2 :

Our analysis also shows that for some d3; — 0
. M1 +my, — 1\ (1) ~3a-6
f - > ((1— 1))y 9% 6.25
in Z H( Ll (3) S (-t (6.25)
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and since

Z ﬁ mepr+me—1Y (1 M1 (6.26)
my — 1 2 '

m]i,/\f]
> Z ﬁ My +my — 1Y (1 AL
- mg — 1 2
ml,..:,mn k=l
m; AN
inf Z H Mgy +my, = 1) (1) 7
my mp — 1 2 ’
0, | ™2 mp—1 k=2
meNe\ g
J J

where we used the fact that for C(4, j), D(i,j) non-negative, we have

ZCZ] ZZC’L] ZD], ZC(z’,j) irj;fZD(j,k:)
ij k

1,5,k

we see from ([E24) and ([E22) that uniformly in z € 0D(z,7y,1)pa

>0 P (Ni e = s k=1 L Q0 10n) < Clogn@Qy ()% (6.27)

As in (E4) we have that uniformly in n and z € U,

P (TD(m,r;ﬂ) <Tpwxn) T, ) = TaD(z,rn,l),ﬁl) < d/llogn (6.28)
so that by readjusting d3;
S P (N = mws k=141, Q) < CQy ()0, (6.29)
NG
and (E2Z3) follows.
O
Lemma 6.3. For some C < oo and d3; — 0
Yop (Nf;k =y, k=20 Qb 1) < O (1) 3eta (6.30)
i

Proof of Lemma As before, uniformly in my K Ni, k=2,3,...,land z € 0D(z,rp1)p4

n,1,1, z,n,1,1

-1 Mpy1+my
_ —23 M1 +mp — 1Y (1
(1+0(n ))H( 1 >(2 .

k=2

IF’Z(N“llk:mk,k:Z... I; Qb ) (6.31)
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Using ([EI4) as before, we obtain (G30).
L

7 Second moment estimates

We begin by defining the o-algebra G, of excursions from D(x,7,,-1)¢ to D(z,r}, ;). To this
end, fix x € Z?, let 7o = 0 and for i = 1,2, ... define

T, = inf{k >Ti1: X € D(x,r;hl)},

7i = inf{lk>7: Xy € D(x,70,-1)°}.
Then Gy, is the o-algebra generated by the excursions {el) ..}, where eU) = {X}, :

=1,.
Tj—1 < k< 7;} is the j-th excursion from D(z,7y,;-1)¢ to D ;l ) (so for j = 1 we do begin
at t =0).

The following Lemma is proved in the next section. Recall that for any o-algebra G and event
B € G, we have P(AN B |G) = P(A|G)1p;.

Lemma 7.1 (Decoupling Lemma). Let

FZl:{Ng,i:mz‘§i=l+1,...,n}ﬂ9l L

xn,l,ml :
Then, uniformly over alll < n, my L N, {m;:i=1,...,n}, y € Uy,
PV, NY, = mi|GY) (7.1
= (1+ 0 '?)Pp (Fy JI Ny = ml)l{Ny =m}

NY

nl —

Remark 1. The intuition behind the Decoupling Lemma is that what happens ‘deep inside’
D(y,r! ), e.g., 'V, is ‘almost’ independent of what happens outside D(y,r/,,), i.e., G,

Proof of (BI2): Recall that N} = 3ak?logk and that we write m X N if m =1 for k < kg
and |m — Ny| < k for k > ky. Relying upon the first moment estimates and Lemma [l we
next prove the second moment estimates (BI2). Take z,y € U, with I(z,y) = [ — 1. Thus
21 1-1+2 < |z —y| < 2rp;—2+2 for some 2 < [ < n. Since 1y, j_3— 1y —2 > 21y, 1, it is easy to
see that 0D (y, 7y 1-1)ps NOD (2,7 1 )pa = 0 for all k& # [ —2. Replacing hereafter [ by [ A (n —3),
it follows that for k # 1 — 1,1 — 2, the events {N;f & E N x} are measurable with respect to the
o-algebra ggJ

We write
. -1
FZ,l(ml""’mn) = {Ng,z = 1my;;1? :l+ 1,...,n}ﬂanlml
to emphasize the dependence on my, ..., m,. With J:={l+1,...,n} set
o (m) = T, 0m,. .. ma)
mk']f/./\/’k;k‘GJZ
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Similarly, with M;_3 :={2,...,l — 3} set

= k vyl —
rz<leg> = (N ~ New k€ Mg} s,
and with I; :={2,...,1—3,1,...,n} set
fm = U L (i mi) O NGy = mi} 0 T3 (My ).
Using the previous paragraph we can check that T'%(I;) € G ,. Note that
{z,y are n-successful} (7.2)
c U {mam N m) VL = mi} )
N
Applying ([ZT]), we have that for some universal constant C3 < oo,
P(x and y are n-successful) (7.3)
< Z [ P(TY(Jy,my) , NY = my | gi,l);fﬁ(fz)}
mlNTLl
< GsP(T5 (1), Ny = m) Y BTG (D ma) | Ny = )
mlanl
< GP(TR(I) Y PO (i) | N7y = ).
mlrinl
Using (62Z3), for some universal constant C5 < oo,
D PO ma) [ N2y =) < Cs Qn (%55 (7.4)

!
mp~ng

Noting that I'Z(M;_3) € G%,, ([ZI)) then shows that

0

P (T2(I)) (7.5)

<) E { v (Ji,my), Ny =my| Qﬁ,z);fﬁ(leB)}

mlNNL
< P (To(Mi), Ny =) >7 PEE (1 ma) | Ny = my)
myaN,
< CgP (fﬁ(M173)> Z P(T%(J;,my) | Ny =my).
myN
Using (E30) and ([Z4]) we get that, for some d4; — 0
P (T.(11)) < C7l'™ (1) Q. (7.6)

Putting (Z3), (Z4) and (ZH) together and adjusting C' and 9;_, proves (EI2) for [(z,y) =1 —1.

O
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8 Approximate decoupling

The goal of this section is to prove the Decoupling Lemma, Lemma [Tl Since what happens
‘deep inside’ D(y, 7. ), e.g., T'? ,, depends on what happens outside D(y,r/, ), i.e., on G”,, only
through the initial and end points of the excursions from D(z,r] ;) to D(z,7,;-1)¢, we begin by

studying the dependence on these initial and end points.

Consider a random path beginning at z € 9D(0,ry,;),1. We will show that for [ large, a certain
o-algebra of excursions of the path from D(0, T;LJH) to D(0,ry,)¢ prior to Tp(0,r,,-1)e» is almost
independent of the choice of initial point z € 9D(0,7,,;),4 and final point w € OD(0, 7y j1—1)p1.
Let 9 =0 and for i = 0, 1,... define

Toir1 = Inf{k > 19 : Xi € D(O,r;yH_l) UD(0,rp-1)°}
T2i42 = 1nf{k‘ > T2i4+1 - Xk S D(O,Tnyl)c} .

Abbreviating ¥ = Tp(o,,,_,)c note that 7 = 7741 for some (unique) non-negative integer I.
As usual, F; will denote the o—algebra generated by {X;, 1 =0,1,...,;}, and for any stopping
time 7, F; will denote the collection of events A such that AN {r = j} € F; for all j.

Let H,; denote the o-algebra generated by the excursions of the path from D(O,’I“;LJ 41) to
D(0,7,,1)¢, prior to Tp(o,r,, ,_;)c- Then H,,; is the o-algebra generated by the excursions {019, =
1,..., I}, where v = {X} : 7j_1 < k < 7} is the j-th excursion from D(0,7,,41) to
D(0, 7y, )°.

Lemma 8.1. Uniformly inl,n, z,2" € 0D(0,71)p1, w € ID(0, 7 1-1)pa, and By, € Hyy,

I=1,11+1 _
P*(Bn N QO,n,l,l { XTD(O,rnylil)C =w) (8.1)
- I-1,0,1+1
= (1+0(n""))P*(B, N Q01 ),
and
1—1,1,1+1 — / 1-1,0,1+1
P*(Bn N Q01 ) = (1+0m )P (B, Ny 1) (8.2)

Proof of Lemma Ik Fixing z € 0D(0,7y,),4 it suffices to consider B, € H,; for which
P*(B,,) > 0. Fix such a set B,, and a point w € dD(0,ry;-1),s. Using the notation introduced
right before the statement of our Lemma, for any ¢ > 1, we can write

1—1,0,0+1 .
{Bn n QO,n,l,1+ A= ’L}

= {Bn,i N AZ‘,TQZ‘ < 7_'} N ({I =0,X;7 € 6D(0,7“n7l,1)n4} o 97—22.)
for some B, ; € Fr,,, where
Ai ={X,,, €0D(0,1p141)p1, Xry; € OD(0,71) s, Vj < i} € Fory,
so by the strong Markov property at 7o;,
B[ X = w; By N QY 1, T =]
=E* [EX72 (Xr = w, [ = 0); By N Ay 70 < 7],
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and

I—1,0,1+1 .
P (Ba g, T =)

=E* [EX2 (1 =0, X7 € 0D(0,7p,1—1)n1); Bni N As, 72 < 7] .
Consequently, for all 4 > 1,
E*[Xr = w; By N Qg 1T =) (8.3)
> p* (Bn no LT = 2)

. E* (X7 =w; I =0)
X inf .
x€0D(0,rp 1) ,,4 E* (I =0,X7 € aD(O, Tn,l—l)n‘l)

Necessarily P*(B,,|I = 0) € {0,1} and is independent of z for any B,, € H,,;, implying that ([E3)
applies for ¢ = 0 as well. By B2), B1), Z20) and (ZZ9) there exists ¢ < oo such that for any
z,x € 0D(0,7y,1)pa and w € OD(0, 7y, 1—1)p4,

E* (Xz =w; I =0)
E*(I=0,X: € 0D(0,rn11)mt)

> (1—cn ) Hp(o, , ) (2,w).

Hence, summing (B3] over I =0,1,..., we get that
1-1,0,1+1
E* [ X7 = w, B, 0 O (8.4)
— I,+1
> (1 —cen?)P*(B, N Q1) HDO1r, 1) (2, 0)
A similar argument shows that
I—1,1,1+1
E* (X7 = w, B, 0 Q] (8.5)
— 1-1,0,1+1
<(14en 3)IP’Z (Bn N QO,n,l,1+ ) HD(O,rn,zfl)C (z,w),

and we thus obtain (&I]).
By the strong Markov property at 7, for any z € 0D(0,7y,1) 4,

P*(B, N QL)) = PA(B, n Q) YT 1= 0)

T 1—1,0,1+1
+ > Hp (o), uD(Orpy1)e (2 2)P (BnﬂQo,n,z,l )
Z‘E@D(O,Tn,l+1)n4

The term involving {B,, N Qé_nl ’ll’1l+1, I =0} is dealt with by [ZZI) and [&3) follows by B32).
O

Building upon Lemma K1l we quantify the independence between the o-algebra G} of excursions
from D(z,rp1-1)¢ to D(x,7y,,;) and the o-algebra M} (m) of excursions from D(z,r/,,, ;) to
D(z,ry;)¢ during the first m excursions from D(z,r] ;) to D(z,r,;-1)¢. To this end, fix z € 72,
let 7o = 0 and for ¢ = 1,2,... define 7

i = inf{k >7;_1: Xy € D(x,m,,)},
7i = inf{k =7 Xy € D(x,r0-1) )
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Then G is the o-algebra generated by the excursions {e0) j = 1,...}, where el) = {X} :
Tj—1 < k < 7;} is the j-th excursion from D(x,7;_1)° to D(z,r!, ;) (so for j =1 we do begin at
t=0).

We denote by Hy, ;(m) the o-algebra generated by all excursions from D(z, 7], ;. ;) to D(z,7,,)°

from time 7 until time 7,,,. In more detail, for each j =1,2,...,m let Zj,O =r1jandfori=1,...
define

Gi = inf{k > zj,i—1 : Xp € D(x,r;%lﬂ)},
Zj,i = inf{k > Cj,i : Xi € D(:C,’I“n’l)c} .

Let vj; = {Xp: (i <k < E]Z} and Z7 = sup{i > 0 : ZM < 7;}. Then, Hﬁ’l(‘m) is the o-algebra
generated by the intersection of the o-algebras Hy , . = o(vji,t = 1,...,27) of the excursions
between times 7; and 7, for j = 1,...,m.

Lemma 8.2. There exists C < oo such that uniformly over all m < (nlogn)?, I, x € Z* and
Yo, Y1 € Z?\ D(y,r,,,); and H € H}, ,(m),

(1= Cmn )P (H 0 Q50 < PR(H N Q0 6F) (8.6)
< (1+ Cmn=3P¥ (H 0 QL)

Proof of Lemma Applying the Monotone Class Theorem to the algebra of their finite
disjoint unions, it suffices to prove (BH) for the generators of the o-algebra ’H;ﬁyl(m) of the form
H = HiNH3N---NH,y,, with H; € Hg,l,j for j = 1,...,m. Conditioned upon G} the events H; are
independent. Further, each H; then has the conditional law of an event B, in the o-algebra H,,
of Lemma ], for some random z; = X, —x € 9D(0,7,)ps and w; = X7, —x € ID(0,75,11)ps,
both measurable on Gf'. By our conditions, the uniform estimates ([§1l) and (B2) yield that for
any fixed 2’ € 9D(0, 7y, 1)p4,

1—1,0,1+1
Poo(H N QL gr) (8.7)
I—1,1,1+1
= Pyo(mﬁl(Hj N Qx,n7l71+ ) ‘ glx)

m
. 1—1,0,1+1
=[[?»¥B;na | XTp 0,y = W))

z,n,l,1
j=1
m
— . 1—1,1,1+1
= [ +0n)p=(B; nag )
Jj=1

m
- / 1—1,1,14+1
= (1+0(n=?)" H P*(B; N Qo,n,l,l+ )-
i=1

Since m < (nlogn)? and the right-hand side of (§7) neither depends on yo € Z2? nor on the
extra information in Gf, we get (EH).

O
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Corollary 8.3. Let TV, = {NgZ =mp;i=1+1,...,n}N Qi Ln Then, uniformly over all

yanvlvml
n>1 m mlf./\/l, {mi:i=1,1+2,...,n}, y €U, and xg,x1 € Z*\ D(y,r’ ),
PTO(IY | NY, =m|GY) (8.8)

n,do " nl T

= (1+O(n"'logn))P™ (T || N}, = M)LINY =)

Proof of Corollary For j=1,2,...and ¢t =1+1,...,n, let Zij denote the number of
excursions from D(y,7p,i-1)¢ to D(y,r;, ;) by the random walk during the time interval [r;, 7;].
Clearly, the event

my
H={YZ =mii=1+1,....n}nQ o

y,m,l+1,my 4
j=1
belongs to the o-algebra HY ,(m;) of Lemma It is easy to verify that starting at any
zo ¢ D(y,7,,,), when the event {N,; = m;} € G/ occurs, it implies that N, = 37", 7! for
i=1014+1,...,n. Thus,

y7n7l7ml

—1,0,1+1
Po(TY | \gf/)l{N};’l:ml} =P(HNQ + \gf’)l{N};’l:ml} . (8.9)

With m;/(n?logn) bounded above, by ([8H) we have, uniformly in y € Z2? and zg,z; € Z2\
D(y7 747/1 l)7

Pro(H N Q0 GY) = (14 O(n logn))P™ (HN Q1. (8.10)
Hence,
PO (T 1G] )L Ny =y (8.11)
— 1—1,0,1+1
= (1+0(n tlogn))P* (H N Qy7n7l77r: )1{Nf{,l=7m}'

Setting zg = x1 and taking expectations with respect to P, one has

P*H(TY [NV, = my) = (14 O(ntlogn))P™ (H N QL 10, (8.12)

y,n,lmy
Hence,
P*L (Fg;z,l ‘Ng,l = ml)l{Ng,l:mz} (813)
- I-1,0,1+1
= (1+O(n"tlogn))P* (H N Qy7n7l7nj; )1{Ng,z’

= (1+0(n" logn))P™ (I} 1 G} )12 —my)

where we used (&TI)) for the last equality. Using that {N?, =m;} € G7,, this is ().
D k) ’
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9 Appendix
Let go(z) = 140y (x) and for n > 1 let

_ L leP/n

an() = 9n " )
Proposition 9.1. Suppose X,, is a strongly aperiodic symmetric random walk in Z* with the
covariance matriz of X1 equal to the identity and with 3 + 28 moments. Then there exists ¢y
such that

sup |pn(2) — qn(@)] < en 277, n>1.
€72

Proof. Let ¢ be the characteristic function for X;. Since X; is symmetric, the third moments
are zero, that is, if X; = (Xfl),sz)), i1,92 > 0, i1 +i2 = 3, then E[(Xfl))“(XfQ))”] = 0. So by

a Taylor expansion,
e

2
pla/v/n)=1— o + E1(a,n),
where

|B1(a,n)| < ea(lal/v/n)* 7,

provided a € [—7, 7]%. Similarly

2
n
where the error term Fs(«,n) has the same bound. We now follow Proposition 3.1 of (2), using

the above estimate for E;(a,n), i = 1,2, in place of the one in that paper.

O

Proposition 9.2. Let X,, be as above and

a(@) =Y [pa(0) = pu()]
n=0
Then for x # 0, a(x) > 0, and
a(w) = Zlog |z + k +o(1/la]), (9.1)

where k is a constant depending on p1 but not x.

Proof. By (13), p. 76,
pn(z) = c/ e*m'“ap(u)" du,
C

where ¢ is the characteristic function of X; and C' is the cube of side length 27 centered at the

origin. Then
1— efiu-z

alz) = / Sl ) (9.2)

c 1—p(u)
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Since X is symmetric, ¢ is real. Since a(x) is real, we take the real parts of both sides of ([I2)
to obtain .
o) :/ Locos(u-2) 4 < o,
c 1—o)
To prove ([@Il) we write

a(z) = Z[ — ¢u(0)] + Z 4n(0) = gn(2)] (9.3)
+ Z Qn pn ]

:Il+12+13.

Since n~ 3P is summable, I; is a constant not depending on x. I3 has the form given in the right
hand side of ([@1); see the proof of Theorem 1.6.2 in (&). So it remains to show I3 = o(1/|x]).
We write
I3 = Z Pn() + Z () + Z [pn (%) — qn(z)] (9.4)
n<N n<N n>N
=1y + I5 + I,

where we choose N to be the largest integer less than |z|?/log? |x.

Note
|| < P(max| X,| > [a]).
n<N

We estimate this using truncation and Bernstein’s inequality. Let & = X; — X;_1, define 52{ _
i 1(|£1| er) ;and X, = Zz‘gn fé. We have
P(X, # X/ for some n < N) < P(&, # £, for some n < N)
< N maxP(6n # &)

< NegNG=D6+28) < ¢ N=3%
With our choice of N we see that
P(X,, # X,, for some n < N) = o(1/|z]). (9.5)

By Bernstein’s inequality ((3))

2
Plmax | X/ > [a) < 2exp (- ——— ) (9.6)
nsN 2co N + %\x’N?‘Z

< 2e~s 108" Il = o(1/|a|).

Combining (@H) and (@8) yields the required bound on |I4].
We can show I5 = o(1/|z|) by straightforward estimates. Finally, by Proposition [@1]

) < > en278 = O(N~277) = o(1/z]).
n>N
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Summing the estimates for Iy, I5, and Is shows I3 = o(1/|z|) and completes the proof.

O

The following result holds for all mean zero finite variance random walks in any dimension d.
To keep the notation uniform we use D(0,n) to denote the ball (if d > 3) or disc (if d = 2) of
radius n centered at the origin. When d =1 we let D(0,n) = (—n,n).

Lemma 9.3. For some ¢ < oo
E*(Tponye) < cn?, x€D0O,n), n>1. (9.7)

Proof. Let T'=min{j : | X; — Xo| > 2n}. By the invariance principle

P*(T > cin?) = P%( sup |X; — Xo| < 2n) (9.8)
j<cin?
= P sup |X; — Xo| <2n)
j<cin?
< p<l1

for all z if we take ¢; = 1 and n is large enough. Taking ¢; larger if necessary, we get the
inequality for all n. Then letting 6; be the usual shift operators and using the strong Markov

property
PYT > ci(k+1)n?) < PYT 00 pn2 > c1n®, T > c1kn?) (9.9)
= E*|PXesn? (T > ein?); T > c1kn?

pP*(T > c1kn?).

IN

Using induction
P*(T > ¢1kn?) < p*, (9.10)

and our result follows easily.

O
Equation (6) of (9) does the simple random walk case of the following.

Lemma 9.4. We have
5 log T'p(0,n)e
im ———>~

=2
n—oo  logn

, PY-a.s.

Proof of Lemma Let € > 0. By Chebyshev and Lemma (@3]

EOTD(O,H)C

0 2+ —
P (TD(O,TL)C >n E) S W S cn E.

So by Borel-Cantelli there exists Mo(w) such that if m > Mo, then Tp(gamye < (27)**. If
m > My and 2 < n < 2™, then
TD(O,n)c < TD(O72m+l)c < (2m+1)2+5 < 22—}—5122—}—57

which, since € is arbitrary, proves the upper bound.
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By Kolmogorov’s inequality applied to each component of the random walk,

E
]P’O(TD(O,R)C <n? ) =P° sup |Xi|>n)<c 5
k§n275 n

So by Borel-Cantelli there exists Mj(w) such that if m > My, then T gm)e > (2m)2==. If
m > M; and 2™ < n < 2™F! then

Ty = Tpamy: > (27)°7F 2 2720”7,

which proves the lower bound.

O
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