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Abstract

We study large deviations for intersection local times ofp independentd-dimensional symmetric stable processes of indeβ,
under the conditionp(d − β) < d. Our approach is based on Feynman–Kac type large deviations, moment computatio
some techniques from probability in Banach spaces.
 2005 Elsevier SAS. All rights reserved.

Résumé

On étudie les temps locaux d’intersection dep processusβ-stablesd-dimensionnels indépendants, sous l’hypoth
p(d − β) < d. Notre approche est fondée sur les grandes déviations type Feynman Kac, des calculs de moments e
techniques de probabilités dans les espaces de Banach.
 2005 Elsevier SAS. All rights reserved.

1. Introduction

Let X(t) be a non-degenerated-dimensional stable processes of indexβ. We assume thatX(t) is symmetric,

i.e.X(t)
d= −X(t), but we do not assume it is spherically symmetric. Thus

E(eiλ·X(t)) = e−tψ(λ) (1.1)
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whereψ(λ) � 0 is continuous, positively homogeneous of degreeβ, i.e.ψ(rλ) = rβψ(λ) for eachr � 0,ψ(−λ) =
ψ(λ), and for some 0< c < C < ∞

c|λ|β � ψ(λ) � C|λ|β. (1.2)

Let X1(t), . . . ,Xp(t) be independent copies ofX(t). Their ranges will have a point in common aside from
initial point if and only ifp(d −β) < d , see [10]. Whenp(d −β) < d there is a random measureαp(ds1, . . . ,dsp)

supported on{
(t, . . . , tp) ∈ (R+)p; X1(t1) = · · · = Xp(tp)

}
. (1.3)

αp(ds1, . . . ,dsp) is called the intersection local time ofX1(t1), . . . ,Xp(tp). Formally it can be written as

αp(ds1, . . . ,dsp) =
[∫
Rd

p∏
j=1

δ0
(
Xj(sj ) − x

)
dx

]
ds1 · · ·dsp (1.4)

whereδ0(x) is the Dirac delta-‘function’ at 0.
In the cased = 1 andβ > 1, the intersection local time can be represented in terms of the spatialLp(R1) norms

of the local timesLx
t of the symmetric stable processes. In this case the large deviations and law of the

logarithm have been established for aαp(·) in recent work [4] for Brownian motion and [5] for the symmet
stable processes.

Whend = 1 andβ � 1, or whend > 1 for all β, local time do not exist and we define the intersection local t
αp(ds1, . . . ,dsp) as a limit. Leth be a positive symmetric function in the Schwartz spaceS(Rd) with

∫
hdx = 1.

Givenε > 0, lethε(x) = ε−dh(x/ε), and define the random measureαp,ε(·) on (Rp)+ by

αp,ε(ds1, . . . ,dsp) =
[∫
Rd

p∏
j=1

hε

(
Xj(sj ) − x

)
dx

]
ds1 · · ·dsp. (1.5)

It can be shown that ifp(d − β) < d the limit

αp(B) = lim
ε→0+ αp,ε(B) (1.6)

exists a.s. and in allLm-norms for anym � 1 and any Borel setB ⊂ (Rp)+, andαp(·) is a measure supporte
on (1.3). We setαp,t = αp([0, t]p), αp,t,ε = αp,ε([0, t]p). For the convenience of the reader we show in Th

rem 9 that a.s.αp,t = limε→0+ αp,t,ε exists and is continuous int . Using the scaling property{X(ts); s � 0} d=
t1/β{X(s); s � 0} of the stable process it is easy to check that

αp,t = tp−(p−1)d/βαp,1. (1.7)

We note that in the caseβ > d , where local times exist, we can also consider the analogue of (1.4) whe
use a single process rather thanp independent processes. Once again this is dealt with in [5]. However, in the
β � d considered in this paper, where local times do not exist, if in (1.5) we use a single process ratherp

independent processes, the limit blows up. To get a non-trivial limit we must ‘renormalize’. Large deviatio
the resulting limit in the casep = 2 are discussed in [1,2].

To describe our results we need some further notation. For any functionf ∈ L2(Rd) set

Eψ(f,f ) =: (2π)−d/2
∫
Rd

ψ(λ)
∣∣f̂ (λ)

∣∣2 dλ (1.8)

wheref̂ (λ) denotes the Fourier transform off . Eψ(f,f ) is the Dirichlet form of{X(t); t � 0}. Let

F = {f ∈ L2(Rd) | ‖f ‖ = 1, E (f,f ) < ∞}. (1.9)
ψ 2 ψ
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Mψ,p = sup
f ∈Fψ

{(∫
Rd

∣∣f (x)
∣∣2p dx

)1/p

− Eψ(f,f )

}
. (1.10)

In the next section we show thatMψ,p < ∞ whenp(d − β) < d , and thatMψ,p can be expressed in terms of t
best possible constant in a Gagliardo–Nirenberg type inequality.

We can now present our theorem describing the exponential asymptotics and large deviations forαp,t .

Theorem 1. Assume that p(d − β) < d. Then for any λ > 0

lim
t→∞ t−1 logE(eλα

1/p
p,t ) = λ

pβ
pβ−d(p−1) p

− d(p−1)
pβ−d(p−1) Mψ,p. (1.11)

Equivalently for any h > 0

lim
t→∞ t−1 logP {α1/p

p,t � ht} = −hpβ/d(p−1)Aψ,p (1.12)

where

Aψ,p = d(p − 1)

β

(
βp − d(p − 1)

βpMψ,p

) βp−d(p−1)
d(p−1)

. (1.13)

Using the scaling (1.7) our theorem is equivalent to the fact that for anyh > 0

lim
t→∞ t−1 logP {αβ/d(p−1)

p,1 � ht} = −hAψ,p. (1.14)

Thus

E(eλα
β/d(p−1)
p,1 )

{
< ∞ if λ < A−1

ψ,p,

= ∞ if λ > A−1
ψ,p.

(1.15)

We next describe the law of the iterated logarithm forαp,t .

Theorem 2. Assume that p(d − β) < d . Then

lim sup
t→∞

t−(p−(p−1)d/β)(log logt)−(p−1)d/βαp,t = A
−(p−1)d/β
ψ,p a.s. (1.16)

For the case of Brownian motion, i.e.β = 2, these results were obtained by the first author in [3]. The met
of that paper depended heavily on the continuity of the Brownian path and the fact that the generator of B
motion, the Laplacian, is a local operator. In the course of overcoming the various problems associated
stable process we have developed a new approach which greatly simplifies the proofs even for the case of
motion.

We have also developed analogous results for random walks. Thus, considerS1(n), . . . , Sp(n) independen
copies of ad-dimensional symmetric random walkS(n). We will assume that our random walks are in the dom
of attraction of our nondegenerate symmetric stable processX(t) of indexβ, i.e.

S(n)

b(n)
→ X(1) (1.17)

with b(x) a function of regular variaton of index 1/β. Set

Ip,n =
n∑ [∑ p∏

δ
(
Sj (nj ), x

)]
(1.18)
n1,...,nk=0 x∈Zd j=1
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where

δ(y, x) =
{

1 if x = y,

0 otherwise
(1.19)

is the usual Kroenecker delta.
Let {νn} represents a positive sequence satisfying

νn → ∞ and νn/n → 0. (1.20)

Here is our analogue of Theorem 1 describing the exponential asymptotics and moderate deviations forIp,n.

Theorem 3. For any λ > 0

lim
n→∞

1

νn

logE exp

{
λ

νn

n
b(nν−1

n )
d(p−1)

p I
1/p
p,n

}
= λ

pβ
pβ−d(p−1) p

− d(p−1)
pβ−d(p−1) Mψ,p (1.21)

and for any h > 0

lim
n→∞

1

νn

logP
{
In � hnpb(nν−1

n )−d(p−1)
}= −h

β
d(p−1) Aψ,p. (1.22)

This gives rise to the following LIL forIp,n.

Theorem 4.

lim sup
n→∞

n−pb

(
n

log logn

)d(p−1)

Ip,n = A
−(p−1)d/β
ψ,p a.s. (1.23)

2. Sobolev inequalities and Feynman–Kac formulae

Lemma 1. If p > 1 and β > d(p − 1)/p then Fψ ⊆ L2p(Rd), and for any δ > 0

‖f ‖2
2p � Cδ‖f ‖2

2 + δEψ(f,f ) (2.1)

for some Cδ < ∞. In particular for any λ > 0

Mψ,p(λ) =: sup
f ∈Fβ

(
λ‖f ‖2

2p − Eψ(f,f )
)
< ∞. (2.2)

Proof of Lemma 1. Whenψ(λ) = |λ|β we writeFβ,Eβ,Mβ,p,d for Fψ,Eψ,Mψ,p. Because of (1.1) we hav
Eψ � CEβ and hence it suffices to prove (2.1) whenψ(λ) = |λ|β . By the Hausdorff–Young inequality

‖f ‖2p � ‖f̂ ‖2p/(2p−1) (2.3)

wheref̂ denotes the Fourier transform off . We also have that for anyr > 0

‖f̂ ‖2p/(2p−1)

2p/(2p−1) =
∫
Rd

(r + |λ|β)p/(2p−1)

(r + |λ|β)p/(2p−1)

∣∣f̂ (λ)
∣∣2p/(2p−1) dλ

�
∥∥(r + |λ|β)−p/(2p−1)∥∥

(2p−1)/(p−1)

∥∥(r + |λ|β)p/(2p−1)∣∣f̂ (λ)
∣∣2p/(2p−1)∥∥

(2p−1)/p
. (2.4)

Now ∥∥(r + |λ|β)p/(2p−1)∣∣f̂ (λ)
∣∣2p/(2p−1)∥∥(2p−1)/p = r‖f ‖2 + E (f,f ) (2.5)
(2p−1)/p 2 β
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cr =: ∥∥(r + |λ|β)−p/(2p−1)∥∥(2p−1)/(p−1)

(2p−1)/(p−1)
=
∫
Rd

1

(r + |λ|β)p/(p−1)
dλ (2.6)

which is finite ifβ > d(p − 1)/p, in which case we also have that limr→∞ cr = 0. Summarizing,

‖f ‖2
2p � c

(p−1)/p
r

(
r‖f ‖2

2 + Eβ(f,f )
)
. (2.7)

This gives (2.1) on takingr sufficiently large. This completes the proof of our lemma.�
SetMψ,p = Mψ,p(1).

Lemma 2. If p > 1 and β > d(p − 1)/p then

κψ,p =: inf
{
C
∣∣ ‖f ‖2p � C‖f ‖1−d(p−1)/pβ

2

[
E1/2

ψ (f,f )
]d(p−1)/pβ

, ∀f ∈Fψ

}
< ∞ (2.8)

and

Mψ,p(1) = pβ − d(p − 1)

d(p − 1)

(
d(p − 1)κ2

ψ,p

pβ

)pβ/(pβ−d(p−1))

. (2.9)

For any λ > 0

Mψ,p(λ) = λpβ/(pβ−d(p−1))Mψ,p. (2.10)

Proof of Lemma 2. To see that (2.8) is finite, note that if we setf (x) = sd/2g(sx), then‖f ‖2 = ‖g‖2, ‖f ‖2
2p =

sd(p−1)/p‖g‖2
2p andEψ(f,f ) = sβEψ(g,g) so that from (2.1) we obtain

‖g‖2
2p � C

(‖g‖2
2 + sβEβ(g, g)

)
s−d(p−1)/p (2.11)

and the fact that (2.8) is finite follows on takingsβ = ‖g‖2
2/Eβ(g, g). The same scaling establishes (2.10). Fina

(2.9) follows as in the proof of Lemma 8.2 of [3]. This completes the proof of our lemma.�

3. Large deviations

In this section we show how to obtain our large deviation result for the intersection local time, Theorem
a large deviation result for an approximate intersection local time together with exponential approximation

Let X1(t), . . . ,Xp(t) be independentd-dimensional symmetric stable processes of indexβ. We assume
p(d − β) < d . Recall that the approximate intersection local time is defined by

αp,t,ε =
t∫

0

· · ·
t∫

0

[∫
Rd

p∏
j=1

hε

(
Xj(sj ) − x

)
dx

]
ds1 · · ·dsp (3.1)

and that

αp,t = lim
ε→0

αp,t,ε . (3.2)

The following large deviation result forα will be proven in Section 4.
p,t,ε
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Theorem 5. Assume that p(d − β) < d . Then for any λ > 0

lim
t→∞

1

t
logE exp{λα

1/p
ε,t } = sup

g∈Fψ

{
λ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p)1/p

− pEψ(g,g)

}
. (3.3)

The following theorem on exponential approximation will be proven in Section 6.

Theorem 6. Assume that p(d − β) < d . Then for any λ > 0,

lim sup
ε→0

lim sup
t→∞

1

t
logE exp

{
λ|αp,t,ε − αp,t |1/p

}= 0. (3.4)

Proof of Theorem 1. By Hölder’s inequality,

E exp{λa−1α
1/p
p,t,ε} �

(
E exp{λα

1/p
p,t })1/a(

E exp
{
ba−1λ|αp,t,ε − αp,t |1/p

})1/b (3.5)

wherea, b > 1 anda−1 + b−1 = 1. Hence by Theorem 5

sup
g∈Fβ

{
λa−1

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p)1/p

− pEβ(g, g)

}

� lim inf
t→∞

1

at
logE exp{λα

1/p
p,t } + lim sup

t→∞
1

bt
logE exp

{
ba−1λ|αp,t,ε − αp,t |1/p

}
. (3.6)

Letting ε → 0 and using Theorem 6 and (2.10)

lim inf
t→∞

1

t
logE exp{λα

1/p
p,t } � a sup

g∈Fψ

{
λa−1

(∫
Rd

∣∣g(x)
∣∣2p

dx

)1/p

− pEψ(g,g)

}

= ap
− d(p−1)

pβ−d(p−1) (λa−1)
pβ

pβ−d(p−1) Mψ,p. (3.7)

Lettinga → 1,

lim inf
t→∞

1

t
logE exp{λα

1/p
p,t } � p

− d(p−1)
pβ−d(p−1) λ

pβ
pβ−d(p−1) Mψ,p. (3.8)

On the other hand,

E exp{λα
1/p
p,t } �

(
E exp{aλα

1/p
p,t,ε}

)1/a(
E exp

{
bλ|αp,t,ε − αp,t |1/p

})1/b
. (3.9)

Therefore, using Theorem 5

lim sup
t→∞

1

t
logE exp{λα

1/p
p,t }

� a−1 sup
g∈Fψ

{
aλ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− pEψ(g,g)

}
+ lim sup

t→∞
1

bt
logE exp

{
bλ|αp,t,ε − αt |1/p

}

� a−1 sup
g∈Fψ

{
aλ

(∫
Rd

∣∣g(x)
∣∣2p dx

)1/p

− pEψ(g,g)

}
+ lim sup

t→∞
1

bt
logE exp

{
bλ|αp,t,ε − αp,t |1/p

}
. (3.10)

Letting ε → 0 and using Theorem 6 and (2.10)
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lim sup
t→∞

1

t
logE exp{λα

1/p
p,t } � a−1 sup

g∈Fψ

{
aλ

(∫
Rd

∣∣g(x)
∣∣2p dx

)1/p

− pEψ(g,g)

}

= a−1p
− d(p−1)

pβ−d(p−1) (λa)
pβ

pβ−d(p−1) Mψ,p. (3.11)

Lettinga → 1,

lim sup
t→∞

1

t
logE exp{λα

1/p
p,t } � p

− d(p−1)
pβ−d(p−1) λ

pβ
pβ−d(p−1) Mψ,p. (3.12)

Combining what we have,

lim
t→∞

1

t
logE exp{λα

1/p
p,t } = p

− d(p−1)
pβ−d(p−1) λ

pβ
pβ−d(p−1) Mψ,p, λ > 0. (3.13)

Finally, by the Gärtner–Ellis theorem, Theorem 2.3.6 of [6],

lim
t→∞

1

t
logP {α1/p

p,t � ht} = −sup
λ>0

{
λh − p

− d(p−1)
pβ−d(p−1) λ

pβ
pβ−d(p−1) Mψ,p

}
= −hpβ/d(p−1) d(p − 1)

β

(
βp − d(p − 1)

βpMψ,p

) βp−d(p−1)
d(p−1)

. � (3.14)

4. Exponential asymptotics for the approximate intersection local time

In this section, we fixε > 0 and write

L(t, x, ε) =
t∫

0

hε

(
X(s) − x

)
ds x ∈ R

d, t � 0. (4.1)

For each 1� j � p, let Lj (t, x, ε) be the analogues ofL(t, x, ε) with X(t) being replaced byXj(t).
For anyθ > 0, using∗ to denote convolution, write

Mψ,p,ε(θ) = sup
f ∈Fψ

{
θ

(∫
Rd

[
f 2 ∗ hε(x)

]p
dx

)1/p

− Eψ(f,f )

}
, (4.2)

Nψ,p,ε(θ) = sup
f ∈Fψ

{
θ

(∫
Rd

[
f 2 ∗ hε(x)

]p dx

)1/p

− pEψ(f,f )

}
. (4.3)

By the fact that‖f ‖2 = 1∫
Rd

[
f 2 ∗ hε(x)

]p dx � sup
x∈Rd

[
f 2 ∗ hε(x)

]p−1 �
(‖h‖∞

εd

)p−1

so that the functionsMψ,p,ε(·) andNψ,p,ε(·) are continuous for any fixedε > 0.

Theorem 7. For any θ > 0 and integers d � 1, p � 2,

lim
t→∞

1

t
logE exp

{
θ

(∫
Lp(t, x, ε)dx

)1/p}
= Mψ,p,ε(θ), (4.4)
Rd
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of
ds used
equality

n

at
and

lim
t→∞

1

t
logE exp

{
θ

(∫
Rd

p∏
j=1

Lj (t, x, ε)dx

)1/p}
= Nψ,p,ε(θ). (4.5)

Proof of Theorem 7. We start with the following result based on the Feynman–Kac formula:

lim
t→∞

1

t
logE exp

{ t∫
0

f
(
X(s)

)
ds

}
� sup

g∈Fψ

{∫
Rd

f (x)g2(x)dx − Eψ(g,g)

}
(4.6)

wheref can be any bounded, measurable functionf on R
d . This can be proven in a manner similar to our pro

of (4.2) in [5], which deals with the one-dimensional case. (Alternatively, (4.6) can be derived by the metho
in [7], which also deals with the one-dimensional case. Using those methods one can show that we have
in (4.6), although we will not need that.)

We begin by proving the lower bounds for (4.4) and (4.5). Notice that for anyr > 0, and any measurable functio
f onRd with |f |q = 1 andf (x) = 0 for |x| > r( ∫

{|x|�r}
Lp(t, x, ε)dx

)1/p

�
∫
Rd

f (x)L(t, x, ε)dx =
t∫

0

f ∗ hε

(
X(s)

)
ds. (4.7)

By (4.6) we have

lim inf
t→∞

1

t
logE exp

{
θ

( ∫
{|x|�r}

Lp(t, x, ε)dx

)1/p}

� sup
g∈Fψ

{
θ

∫
Rd

f ∗ hε(x)g2(x)dx − Eψ(g,g)

}

= sup
g∈Fψ

{
θ

∫
{|x|�r}

f (x)g2 ∗ hε(x)dx − Eψ(g,g)

}
. (4.8)

Taking the supremum overf on the right-hand side,

lim inf
t→∞

1

t
logE exp

{
θ

( ∫
{|x|�r}

Lp(t, x, ε)dx

)1/p}

� sup
g∈Fψ

{
θ

( ∫
{|x|�r}

∣∣g2 ∗ hε(x)
∣∣p dx

)1/p

− Eψ(g,g)

}
. (4.9)

In particular, lettingr = ∞ gives the lower bound for (4.4).
To prove the lower bound for (4.5), we letr > 0 be finite in (4.9). For any functionf (x), let Rrf (x) be the

restriction off (x) to Br , the closed ball of radiusr centered at the origin. It follows from the definition (4.1) th
‖L(t, ·, ε)‖∞ � ‖hε‖∞t and|L(t, x, ε) − L(t, y, ε)| � ‖∇hε‖∞ t |x − y| for all x, y. Hence if we set

Ar,ε = {f ∈ C(Br)
∣∣ ∣∣f (x)

∣∣� ‖hε‖∞, ∀x ∈ Br and
∣∣f (x) − f (y)

∣∣� ‖∇hε‖∞ |x − y|, ∀x, y ∈ Br

}
(4.10)

we have that
1R L(t, ·, ε) ∈ A . (4.11)

t

r r,ε
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Note that by Ascoli’s LemmaAr,ε is a precompact subset ofC(Br) in the uniform norm, and a fortioriAr,ε is a
precompact subset ofLp(Br). We useKr,ε to denote the closure ofAr,ε in Lp(Br).

Consider the continuous, non-negative functionalΨ defined on(Lp(Br))
p :

Ψ (f1, . . . , fp) = 1

p

p∑
j=1

( ∫
{|x|�r}

∣∣fj (x)
∣∣p dx

)1/p

−
( ∫

{|x|�r}

p∏
j=1

∣∣fj (x)
∣∣dx

)1/p

. (4.12)

Clearly,Ψ ≡ 0 on the diagonal{
(f1, . . . , fp); f1 = · · · = fp

}
.

Hence, for givenδ > 0 and anyg ∈ Lp(Br) there exists ab = b(g, δ) > 0 such that

Ψ (f1, . . . , fp) � δ if fj ∈ B(g,b) for ∀1� j � p (4.13)

whereB(g,b) stands for the open ball inLp(Br) with the centerg and the radiusb. Therefore,

E exp

{
θ

( ∫
{|x|�r}

p∏
j=1

Lj (t, x, ε)dx

)1/p}

� e−δtE

[
exp

{
θ

p

p∑
j=1

( ∫
{|x|�r}

L
p
j (t, x, ε)dx

)1/p
}

; 1

t
RrLj (t, ·, ε) ∈ B(g,b), ∀1� j � p

]

= e−δt

(
E

[
exp

{
θ

p

( ∫
{|x|�r}

Lp(t, x, ε)dx

)1/p}
; 1

t
RrL(t, ·, ε) ∈ B(g,b)

])p

. (4.14)

Let {B(g1, b1), . . . ,B(gN ,bN)} be a finite sub-family of the open sets{
B
(
g,b(g, δ)

); g ∈ Kr,ε

}
which coversKr,ε . Then by (4.11)

E

[
exp

{
θ

p

( ∫
{|x|�r}

Lp(t, x, ε)dx

)1/p}]

�
N∑

i=1

E

[
exp

{
θ

p

(∫
Br

Lp(t, x, ε)dx

)1/p}
; 1

t
RrL(t, ·, ε) ∈ B(gi, bi)

]
. (4.15)

Therefore,

lim inf
t→∞

1

t
log max

1�i�N
E

[
exp

{
θ

p

( ∫
{|x|�r}

Lp(t, x, ε)dx

)1/p}
; 1

t
RrL(t, ·, ε) ∈ B(gi, bi)

]

� lim inf
t→∞

1

t
logE

[
exp

{
θ

p

∫
{|x|�r}

Lp(t, x, ε)dx

)1/p}]
. (4.16)

Combining this with (4.9), (withθ being replaced byp−1θ ), and with (4.14) we have
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er

we can
lim inf
t→∞

1

t
logE exp

{
θ

( ∫
{|x|�r}

p∏
j=1

Lj (t, x, ε)dx

)1/p}

� −δ + p sup
g∈Fψ

{
θ

p

( ∫
{|x|�r}

∣∣g2 ∗ hε(x)
∣∣p dx

)1/p

− Eψ(g,g)

}
. (4.17)

Letting δ → 0+ andr → ∞ we obtain the lower bound for (4.5):

lim inf
t→∞

1

t
logE exp

{
θ

( ∫
Rd

p∏
j=1

Lj (t, x, ε)dx

)1/p}
� Nψ,p,ε(θ). (4.18)

We now prove the upper bound for (4.4). We may lett → ∞ along the integers. Letm > 0 be fixed and letGm

be the discrete subgroup ofRd consisting of vectors whose coordinates are integer multiples ofm. Let T d
m be the

quotient ofRd moduloGm and letι :Rd → T d
m be the canonical map. Then theT d

m-valued processX∗(t) = ι
(
X(t)

)
is Markov process, the symmetric stable process on the torusT d

m . Notice thatT d
m becomes a compact group und

the induced distanced(x∗, y∗) = |x −y|, wherex andy satisfyι(x) = x∗, ι(y) = y∗ andx, y ∈ [0,m)d . Letλ(dx∗)
be the Lebesgue (Haar) measure onT d

m and write

L∗(t, x∗, ε) =
∑

k∈Zd

L(t, x + mk, ε) =
t∫

0

hε∗
(
X∗(s) − x∗

)
ds, t � 0, x∗ ∈ T d

m (4.19)

wherehε∗ is a function onT d
m defined by

hε∗(x∗) =
∑

k∈Zd

hε(x + mk). (4.20)

Notice that∫
Rd

Lp(t, x, ε)dx =
∑

k∈Zd

∫
[0,m]d

Lp(t, x + mk, ε)dx

�
∫

[0,m]d

[ ∑
k∈Zd

L(t, x + mk, ε)

]p

dx =
∫

Td
m

[
L∗(t, x∗, ε)

]p
λ(dx∗). (4.21)

Using the methods we used in the proof of Lemma 6 of [5], which deals with the one-dimensional case,
show that for any bounded, measurable functionf onT d

m

lim
t→∞

1

t
logE exp

{ t∫
0

f
(
X∗(s)

)
ds

}
= sup

g∈F
ψ,T d

m

{∫
T d

m

f (x)g2(x)λ(dx) − Eψ,T d
m
(g, g)

}
. (4.22)

Here

Eψ,T d
m
(g, g) =:

∑
λ∈( 2π

m
)Zd

ψ(λ)
∣∣ĝ(λ)

∣∣2 1

md
(4.23)

whereĝ(λ) denotes the Fourier transform ofg ∈ L2(T d
m), and

F = {g ∈ L2(T d) | ‖g‖ = 1, E (g, g) < ∞}. (4.24)
ψ,T d
m m 2,T d

m ψ,T d
m
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i

many
We will use the notationf ∗m g(x) = ∫
T d

m
f (x − y)g(y)λ(dy) for convolution of functions onT d

m . By (4.22),

lim
t→∞

1

t
logE exp

{∫
T d

m

f (x∗)L∗(t, x∗, ε)λ(dx∗)
}

= lim
t→∞

1

t
logE exp

{ t∫
0

f ∗m hε,∗
(
X∗(s)

)
ds

}

= sup
g∈F

ψ,T d
m

{∫
T d

m

f ∗m hε,∗(x)g2(x)λ(dx) − Eψ,T d
m
(g, g)

}

= sup
g∈F

ψ,T d
m

{∫
T d

m

f (x)g2 ∗m hε,∗(x)λ(dx) − Eψ,T d
m
(g, g)

}
. (4.25)

From (4.20) and the fact thathε ∈ S(Rd) we see that‖hε∗‖∞ and‖∇hε∗‖∞ are both finite. It follows from the
definitions (4.19) that‖L∗(t, ·, ε)‖∞ � ‖hε∗‖∞t and |L∗(t, x, ε) − L∗(t, y, ε)| � ‖∇hε∗‖∞t |x − y| for all x, y.
Hence if we set

A∗,r,ε = {f ∈ C(T d
m)
∣∣ ∣∣f (x)

∣∣� ‖hε∗‖∞, ∀x ∈ T d
m and

∣∣f (x) − f (y)
∣∣� ‖∇hε∗‖∞|x − y|},

∀x, y ∈ T d
m (4.26)

we have that
1

t
L∗(t, ·, ε) ∈ A∗,r,ε . (4.27)

Note as before that by Ascoli’s LemmaA∗,r,ε is a precompact subset ofC(T d
m) in the uniform norm, and a fortior

A∗,r,ε is a precompact subset ofLp(T d
m). We useK∗,r,ε to denote the closure ofA∗,r,ε in Lp(T d

m). Let q > 1 be
the conjugate ofp and letδ > 0 be fixed. By the Hahn–Banach Theorem and compactness, there are finitely
bounded functionsf1, . . . , fN in the unit sphere ofLq(TM) such that(∫

T d
m

∣∣h(x)
∣∣pλ(dx)

)1/p

< max
1�i�N

∫
T d

m

fi(x)h(x)λ(dx) + δ ∀h ∈ K∗,r,ε . (4.28)

In particular, using (4.27)

E

(
exp

{
θ

(∫
T d

m

[
L∗(t, x, ε)

]p
λ(dx)

)1/p})
� eδt

N∑
i=1

E exp

{
θ

∫
T d

m

fi(x)L∗(t, x, ε)λ(dx)

}
. (4.29)

Hence by (4.25),

lim sup
t→∞

1

t
logE exp

{
θ

(∫
T d

m

[
L∗(t, x, ε)

]p
λ(dx)

)1/p}

� δ + max
1�i�N

sup
g∈F

ψ,T d
m

{
θ

∫
T d

m

fi(x)g2 ∗m hε,∗(x)λ(dx) − Eψ,T d
m
(g, g)

}

� δ + sup
g∈F

ψ,T d

{
θ

(∫ (
g2 ∗m hε,∗(x)

)p
dx

)1/p

− Eψ,T d
m
(g, g)

}
. (4.30)
m T d
m
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d

hine

or
In view of the relation (4.21) and Lemma 3 below, lettingδ → 0 and thenm → ∞ we obtain the upper boun
for (4.4):

lim sup
t→∞

1

t
logE exp

{
θ

(∫
Rd

Lp(t, x, ε)dx

)1/p}
� Mψ,p,ε(θ). (4.31)

By the inequality( ∫
Rd

p∏
j=1

Lj (t, x, ε)dx

)1/p

� 1

p

p∑
j=1

(∫
Rd

L
p
j (t, x, ε)dx

)1/p

(4.32)

we have

E exp

{
θ

( ∫
Rd

p∏
j=1

Lj(t, x, ε)dx

)1/p}
�
[
E exp

{
θ

p

(∫
Rd

Lp(t, x, ε)dx

)1/p}]p

. (4.33)

From (4.31), (withθ being replaced byp−1θ ), we have the upper bound for (4.5):

lim sup
t→∞

1

t
logE exp

{
θ

( ∫
Rd

p∏
j=1

Lj (t, x, ε)dx

)1/p}
� Nψ,p,ε(θ). � (4.34)

5. Localization

In this section we assumeβ < 2. The case of Brownian motion was developed in [3]. By the Lévy–Khintc
formula

ψ(λ) = 2
∫
Rd

1− cos(λ · y)

Jd+β(y)
dy (5.1)

whereJd+β(y) � 0 is a symmetric positively homogeneous function of degreed + β and we may assume that f
some 0< c < C < ∞

c|y|d+β � Jd+β(y) � C|y|d+β. (5.2)

Using Parseval’s formula we find that

Eψ(f,f ) =
∫
Rd

∫
Rd

|f (y) − f (x)|2
Jd+β(y − x)

dy dx. (5.3)

Recall that for a functionh(x) on R
d we seth∗(x) =∑k∈Zd h(x + mk).

Lemma 3. Let p > 1 and let h be any non-negative measurable function satisfying∣∣h(x)
∣∣� C

1+ |x|d+ζ
(5.4)

for some ζ > 0. Then for any θ > 0
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lim sup
m→∞

sup
ḡ∈F

ψ,T d
m

{
θ

(∫
T d

m

(
ḡ2 ∗m h∗(x)

)p dx

)1/p

− Eψ,T d
m
(ḡ, ḡ)

}

� sup
g∈Fψ

{
θ

(∫
Rd

(
g2 ∗ h(x)

)p dx

)1/p

− Eψ(g,g)

}
. (5.5)

Proof of Lemma 3. Let ḡ ∈Fψ,T d
m

be fixed. We may consider̄g to be extended toRd by periodicity. Then∫
[0,m]d

ḡ2(x)dx = 1. (5.6)

and

ḡ2 ∗m h∗(x) =
∫

[0,m]d
ḡ2(x − y)

∑
k∈Zd

h(y + mk)dy = ḡ2 ∗ h(x). (5.7)

Hence

sup
x∈[0,m]d

ḡ2 ∗ h(x) = sup
x∈[0,m]d

∫
[0,m]d

ḡ2(y)
∑

k∈Zd

h(x − y − mk)dy � c

∫
[0,m]d

ḡ2(y)dy � c (5.8)

using (5.4) and (5.6).
We also have

Eψ,T d
m
(ḡ, ḡ) =

∫
[0,m]d

∫
Rd

|ḡ(x + y) − ḡ(x)|2
Jd+β(y)

dy dx (5.9)

where the last equality follows as in the proof of (5.3).
Note that by (5.6) we have∫

[0,m]d
ḡ2 ∗ h(x)dx =

∫
Rd

h(x)dx < ∞. (5.10)

Throughout,c will denote a constant which may depend onh. Write

E =
d⋃

i=1

({0� xi � 2
√

m} ∪ {m − 2
√

m � xi � m}).
By Lemma 3.4 in Donsker–Varadhan [7], there is ana ∈ R

d such that∫
E

ḡ2 ∗ h(x + a)dx � c√
m

.

We may assumea = 0, i.e.,∫
ḡ2 ∗ h(x)dx � c√

m
(5.11)
E
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for otherwise we may replaceg(·) by g(a + ·). Define the functionφ on R
1 by

φ(x) =


xm−1/2, 0� x � m1/2,

1, m1/2 � x � m − m1/2,

m1/2 − xm−1/2, m − m1/2 � x � m,

0, otherwise

and write

ϕ(x) = φ(x1) · · ·φ(xd), x = (x1, . . . , xd) ∈ R
d

f (x) = ḡ(x)ϕ(x)
/√√√√∫

Rd

ḡ2(y)ϕ2(y)dy = ḡ(x)ϕ(x)/
√

A (say).

Then|ϕ| � 1, |∇ϕ| � √
d/m andf ∈Fβ .

Note that∣∣ḡ(y)ϕ(y) − ḡ(x)ϕ(x)
∣∣2 = ∣∣(ḡ(y) − ḡ(x)

)
ϕ(y) + ḡ(x)

(
ϕ(y) − ϕ(x)

)∣∣2
= ∣∣ḡ(y) − ḡ(x)

∣∣2ϕ2(y) + ḡ2(x)
∣∣ϕ(y) − ϕ(x)

∣∣2
+ 2
∣∣ḡ(y) − ḡ(x)

∣∣ϕ(y)ḡ(x)
∣∣ϕ(y) − ϕ(x)

∣∣. (5.12)

Using

ḡ2(x)
∣∣ϕ(y) − ϕ(x)

∣∣2 � ḡ2(x)
∣∣ϕ(y) − ϕ(x)

∣∣2(1[0,m]d (x) + 1[0,m]d (y)
)

� 2dm−1/2ḡ2(x)
(
1[0,m]d (x) + 1[0,m]d (y)

)(|y − x| ∧ |y − x|2) (5.13)

we find, exactly as in (4.13)–(4.18) of [5] that

AEψ(f,f ) =
∫
Rd

∫
Rd

|ḡ(y)ϕ(y) − ḡ(x)ϕ(x)|2
Jd+β(y − x)

dy dx � Ēψ(ḡ, ḡ) + cm−1/4Ē1/2
ψ (ḡ, ḡ) + cm−1/2

� (1+ cm−1/8)Ēψ(ḡ, ḡ) + cm−1/4. (5.14)

On the other hand, recalling (5.7)(∫
T d

m

(
ḡ2 ∗m h∗(x)

)p dx

)1/p

=
( ∫

[0,m]d

∣∣ḡ2 ∗ h(x)
∣∣pdx

)1/p

�
( ∫

[0,m]d\E

∣∣ḡ2 ∗ h(x)
∣∣p dx

)1/p

+
(∫

E

∣∣ḡ2 ∗ h(x)
∣∣p dx

)1/p

. (5.15)

By (5.11) and (5.8)(∫
E

∣∣ḡ2 ∗ h(x)
∣∣p dx

)1/p

�
(

c√
m

)1/p(
sup
x∈E

ḡ2 ∗ h(x)
) p−1

p �
(

c√
m

)1/p

. (5.16)

Now( ∫ ∣∣ḡ2 ∗ h(x)
∣∣p dx

)1/p
[0,m]d\E
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ro
� A

(∫
Rd

∣∣f 2 ∗ h(x)
∣∣p dx

)1/p

+
( ∫

[0,m]d\E

∣∣(Af 2 − ḡ2) ∗ h(x)
∣∣p dx

)1/p

. (5.17)

Using the fact that|Af 2 − ḡ2| � ḡ2 and (5.10)( ∫
[0,m]d\E

∣∣(Af 2 − ḡ2) ∗ h(x)
∣∣p dx

)1/p

�
( ∫

[0,m]d
ḡ2 ∗ h(x)dx

)1/p(
sup

x∈[0,m]d\E

∣∣(Af 2 − ḡ2) ∗ h(x)
∣∣) p−1

p

� c
(

sup
x∈[0,m]d\E

∣∣(Af 2 − ḡ2) ∗ h(x)
∣∣) p−1

p
. (5.18)

Also

sup
x∈[0,m]d\E

∣∣(Af 2 − ḡ2) ∗ h(x)
∣∣= sup

x∈[0,m]d\E

∣∣∣∣ ∫
Rd

(Af 2 − ḡ2)(y)h(x − y)dy

∣∣∣∣. (5.19)

Since(Af 2 − ḡ2)(y) = 0 for all y ∈ [m1/2,m − m1/2]d , if also x ∈ [0,m]d \ E we see that the only non-ze
contribution to our last integral is for|x − y| � m1/2. Hence, using (5.4)

sup
x∈[0,m]d\E

∣∣∣∣ ∫
Rd

(Af 2 − ḡ2)(y)h(x − y)dy

∣∣∣∣
� c sup

x∈[0,m]d

∫
{|x−y|�m1/2}

ḡ2(y)
1

1+ |x − y|d+ζ
dy

� cm−ζ/2 sup
x∈[0,m]d

∫
{|x−y|�m1/2}

ḡ2(y)
1

1+ |x − y|d+ζ/2
dy

� cm−ζ/2 (5.20)

where the last inequality follows as in (5.8).
Combining (5.14)–(5.20) and noticing thatA � 1 we obtain

θ

(∫
T d

m

(
ḡ2 ∗m h∗(x)

)p dx

)1/p

− Eψ,T d
m
(ḡ, ḡ)

� A

(
1+ c

m1/8

)−1{
θ

(
1+ c

m1/8

)(∫
Rd

∣∣f 2 ∗ h(x)
∣∣p dx

)1/p

− Eψ(f,f )

}

+ θ

(
c√
m

)1/p

+ θcm−ζ/2 + c

m1/4

� Mψ,h

(
θ

(
1+ c

m1/8

))
+ θ

(
c√
m

)1/p

+ θcm−ζ/2 + c

m1/4
(5.21)

whereMψ,h(θ) denotes the right-hand side of (5.5). Taking the supremum on the left-hand side overḡ ∈ Fψ,T d
m

and then lettingm → ∞ on both sides we have (5.5).�
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a that
6. Exponential approximation

Given ȳ = (y1, . . . , yp) ∈ R
pd let

αp,t,ε(ȳ) =
t∫

0

· · ·
t∫

0

[ ∫
Rd

p∏
l=1

hε

(
Xl(sl) + yl − x

)
dx

]
ds1 · · ·dsp

where, as before,hε(x) = ε−dh(x/ε), h is a positive symmetric function in the Schwartz spaceS(Rd) with∫
hdx = 1, andX1(t), . . . ,Xp(t) are independentd-dimensional symmetric stable processes of indexβ. We have

αp,t,ε = αp,t,ε(0).
Sincehε(x) = (2π)−d

∫
Rd eiλ·xĥ(ελ)dλ whereĥ is the Fourier transform ofh, we have

αp,t,ε(ȳ) = (2π)−dp

∫
[0,t]p

[∫
Rd

( ∫
Rdp

ei
∑p

l=1 λl ·(Xl(sl )+yl−x)

p∏
l=1

ĥ(ελl)dλl

)
dx

] p∏
l=1

dsl

= (2π)−dp

∫
[0,t]p

[∫
Rd

e−i
∑p

l=1 λl ·x
( ∫

Rdp

ei
∑p

l=1 λl ·(Xl(sl )+yl)

p∏
l=1

ĥ(ελl)dλl

)
dx

] p∏
l=1

dsl . (6.1)

Using the Fourier inversion formula in the form

(2π)−d

∫
Rd

e−i(
∑p−1

l=1 λl)x

∫
Rd

e−iλpxF (λp)dλp dx = F

(
−

p−1∑
l=1

λl

)
(6.2)

we have that

αp,t,ε(ȳ) = (2π)−d(p−1)

∫
[0,t]p

( ∫
Rd(p−1)

ei
∑p

l=1 λl ·(Xl(sl )+yl)

p∏
l=1

ĥ(ελl)

p−1∏
l=1

dλl

) p∏
l=1

dsl (6.3)

where from now on we haveλp = −(
∑p−1

l=1 λl).

Theorem 8. Let p(d − β) < d . Then for some ρ, θ > 0

sup
ε,ε′,t>0

E

(
exp

{
θ

|αp,t,ε − αp,t,ε′ |β/(d(p−1)+ρ)

|ε − ε′|ρβ/(d(p−1)+ρ)tpβ/(d(p−1)+ρ)−1

})
< ∞ (6.4)

and

sup
ε,t>0, ȳ �=0

E

(
exp

{
θ

|αp,t,ε − αp,t,ε(ȳ)|β/(d(p−1)+ρ)

|ȳ|ρβ/(d(p−1)+ρ)tpβ/(d(p−1)+ρ)−1

})
< ∞. (6.5)

We will prove this theorem shortly, but first note that it follows from our theorem and Kolmogorov’s lemm
for any ȳ

αp,t (ȳ) =: lim
ε→0

αp,t,ε(ȳ) (6.6)

exists a.s and in allLq spaces.
It then follows that for someρ, θ > 0

sup E

(
exp

{
θ
|αp,t (ȳ) − αp,t,ε(ȳ)|β/(d(p−1)+ρ)

ρβ/(d(p−1)+ρ) pβ/(d(p−1)+ρ)−1

})
< ∞ (6.7)
ε,t>0, ȳ |ε| t
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and

sup
t>0, ȳ �=0

E

(
exp

{
θ

|αp,t − αp,t (ȳ)|β/(d(p−1)+ρ)

|ȳ|ρβ/(d(p−1)+ρ)tpβ/(d(p−1)+ρ)−1

})
< ∞. (6.8)

Let us first show how (6.7) leads to Theorem 6.

Proof of Theorem 6. By (6.7) for someθ > 0

sup
ε,t>0

E exp

{
θ
|αp,t,ε − αp,t |ζ

ερζ tpζ−1

}
< ∞ (6.9)

where

ζ = β

d(p − 1) + ρ
>

1

p
.

By the estimate

E exp
{
λ|αp,t,ε − αp,t |1/p

}
� eλδt + E exp

{
λ|αp,t,ε − αp,t |1/p

}
1{|αp,t,ε−αp,t |�δptp}

� eλδt + E exp

{
λ

δpζ−1

|αp,t,ε − αp,t |ζ
tpζ−1

}
(6.10)

we conclude that for anyλ > 0,

lim sup
ε→0

lim sup
t→∞

1

t
logE exp

{
λ|αp,t,ε − αp,t |1/p

}= 0 (6.11)

which completes the proof of Theorem 6.�
Proof of Theorem 8. Using (6.2) with the convention thatλp = −(

∑p−1
l=1 λl) we have

αp,t,ε(ȳ) − αp,t,ε′(ȳ)

= (2π)−d(p−1)

∫
[0,t]p

( ∫
Rd(p−1)

ei
∑p

l=1 λl ·(Xl(sl )+yl)

{
p∏

l=1

ĥ(ελl) −
p∏

l=1

ĥ(ε′λl)

}
p−1∏
l=1

dλl

)
p∏

l=1

dsl . (6.12)

Consequently, using the notation̂H(ελ·,j ) =∏p

l=1 ĥ(ελl,j )

E
({

αp,t,ε(ȳ) − αp,t,ε′(ȳ)
}m)= (2π)−dm(p−1)

∫
[0,t]mp

∫
Rd(p−1)m

E

(
p∏

l=1

ei
∑m

j=1 λl,j ·(Xl(sl,j )+yl)

)

×
m∏

j=1

(
Ĥ (ελ·,j ) − Ĥ (ε′λ·,j )

)(p−1∏
l=1

dλl,j

)(
p∏

l=1

dsl,j

)
(6.13)

where from now on

λp,j = −
(

p−1∑
l=1

λl,j

)
, ∀j = 1, . . . ,m. (6.14)

Since we can write

[0, t]mp =
⋃

Dm(π1, . . . , πp) (6.15)

π1,...,πp
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where the union goes over allp-tuples of permutationsπ1, . . . , πp of {1. . . . ,m}, and Dm(π1, . . . , πp) =
{{sl,j }|0� sl,πl(1) � · · · � sl,πl(m) � t, ∀l}, we can write (6.13) as

E
({

αp,t,ε(ȳ) − αp,t,ε′(ȳ)
}m)= (2π)−dm(p−1)

∑
π1,...,πp

∫
Dm(π1,...,πp)

∫
Rd(p−1)m

E

(
p∏

l=1

ei
∑m

j=1 λl,j ·(Xl(sl,j )+yl)

)

×
m∏

j=1

(
Ĥ (ελ·,j ) − Ĥ (ε′λ·,j )

)(p−1∏
l=1

dλl,j

)(
p∏

l=1

dsl,j

)
. (6.16)

OnDm(π1, . . . , πp) we can write

m∑
j=1

λl,j · Xl(sl,j ) =
m∑

j=1

ul,πl ,j

(
Xl(sl,πl(j)) − Xl(sl,πl(j−1))

)
(6.17)

where

ul,πl ,j =
m∑

i=j

λl,πl(i). (6.18)

Hence onDm(π1, . . . , πp)

E

(
p∏

l=1

ei
∑m

j=1 pl,j ·Xl(sl,j )

)
=

p∏
l=1

Fl (6.19)

where

Fl = e−∑m
j=1 ψ(ul,πl ,j

)(sl,πl (j)−sl,πl (j−1)). (6.20)

If we set

Gr =
p∏

l=1
l �=r

F
1/(p−1)
l (6.21)

then

E

(
p∏

l=1

ei
∑m

j=1 λl,j ·Xl(sl,j )

)
=

p∏
r=1

Gr. (6.22)

Since|ĥ(ελl,j ) − ĥ(ε′λl,j )| � C|ε − ε′|ρ |λl,j |ρ for anyρ � 1, we have the bound

∣∣Ĥ (ελ·,j ) − Ĥ (ε′λ·,j )
∣∣� C|ε − ε′|ρ

k∑
l=1

|λl,j |ρ. (6.23)

Using Hölder’s inequality we have∣∣∣∣∣
∫

Rd(p−1)m

E

(
p∏

l=1

ei
∑m

j=1 λl,j ·(Xl(sl,j )+yl)

)
m∏

j=1

(
Ĥ (ελ·,j ) − Ĥ (ε′λ·,j )

)p−1∏
l=1

dλl,j

∣∣∣∣∣
� Cm|ε − ε′|ρm

∫ p∏
Gr

m∏(
p∑

|λi,j |ρ
)

p−1∏
dλl,j
Rd(p−1)m r=1 j=1 i=1 l=1
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or
� Cm|ε − ε′|ρm

p∏
r=1

(
p∑

i1,...,im=1

∫
Rd(p−1)m

G
p
r

m∏
j=1

|λij ,j |ρ
p−1∏
l=1

dλl,j

)1/p

. (6.24)

Absorbing the inner sum in the constantCm, we consider

max
i1,...,im

∫
Rd(k−1)m

G
p
r

m∏
j=1

|λij ,j |ρ
p−1∏
l=1

dλl,j . (6.25)

If i �= r , then using (6.18) we can bound each|λi,j |ρ by a sum of two|ul,πl ,j |ρ ’s and we can be sure that no fact
|ul,πl ,j |ρ appears more than twice. Ifi = r then we first use (6.14) to bound each|λr,j |ρ by a sum of|λi,j |ρ ’s with
i �= r , and then proceed as in the last sentence. Thus we can bound (6.25) by

max
hr

Cm

∫
Rd(p−1)m

G
p
r

m∏
j=1

∏
l �=r

|ul,πl ,j |ρhr (l,j) dul,πl ,j

� max
hr

Cm

p∏
l=1
l �=r

m∏
j=1

(sl,πl (j) − sl,πl (j−1))
−(d+ρhr (l,j))/β (6.26)

where the max runs over the set of functionshr(l, j) taking values 0,1,2,3,4 such thathr(r, j) = 0 and∑
l,j hr (l, j) = m. Hence∣∣∣∣∣

∫
Rd(p−1)m

E

(
p∏

l=1

ei
∑m

j=1 λl,j ·(Xl(sl,j )+yl)

)
m∏

j=1

(
Ĥ (ελ·,j ) − Ĥ (ε′λ·,j )

)p−1∏
l=1

dλl,j

∣∣∣∣∣
� Cm|ε − ε′|ρm

p∏
r=1

max
hr

(
p∏

l=1
l �=r

m∏
j=1

(sl,πl (j) − sl,πl(j−1))
−(d+ρhr (l,j))/β

)1/p

= Cm|ε − ε′|ρm max
h1,...,hp

p∏
l=1

m∏
j=1

(sl,πl (j) − sl,πl(j−1))
−(d(p−1)+∑p

r=1 hr (l,j)ρ)/kβ . (6.27)

Recalling thatp(d −β) < d so thatd(p−1)/pβ < 1, hence forρ > 0 sufficiently smalld(p−1)/pβ +4ρ/β < 1,
we see that∣∣∣∣E({ |αp,t,ε(ȳ) − αp,t,ε′(ȳ)|

|ε − ε′|ρ
}m)∣∣∣∣

� Cm(m!)p max
h1,...,hp

p∏
l=1

( ∫
0�r1<···<rm�t

m∏
j=1

(rj − rj−1)
−(d(p−1)+∑p

r=1 hr (l,j)ρ)/pβ drj

)

� Cm max
h1,...,hp

p∏
l=1

(
t
m(1−d(p−1)/pβ)−∑p

r=1
∑m

j=1 hr (l,j)ρ/pβ
m!

�(m(1− d(p − 1)/pβ) −∑p

r=1

∑m
j=1 hr(l, j)ρ/pβ)

)
� Cmtm(p−(d(p−1)+ρ)/β)(m!)(d(p−1)+ρ)/β . (6.28)

Writing η = (d(p − 1) + ρ)/β > 1 we then have∣∣∣∣E({ |αp,t,ε(ȳ) − αp,t,ε′(ȳ)|}m)∣∣∣∣� Cm(m!)η. (6.29)
|ε − ε′|ρtp−η
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By Holder’s inequality∣∣∣∣E({ |αp,t,ε(ȳ) − αp,t,ε′(ȳ)|
|ε − ε′|ρtp−η

}m/η)∣∣∣∣� Cm(m!). (6.30)

(6.4) follows from this.
To prove (6.5), we note that just as in (6.16) we have

E
({

αp,t,ε − αp,t,ε(ȳ)
}m)= (2π)−dm(p−1)

∑
π1,...,πp

∫
Dm(π1,...,πk)

∫
Rd(p−1)m

E

(
p∏

l=1

ei
∑m

j=1 λl,j ·Xl(sl,j )

)

×
m∏

j=1

(
1− ei(

∑p
l=1 λl,j ·yl)

)
Ĥ (ελ·,j )

(
p−1∏
l=1

dλl,j

)(
p∏

l=1

dsl,j

)
. (6.31)

We then proceed as before, but instead of (6.23) we now use the fact that‖Ĥ (·)‖∞ � C and for anyρ � 1, we have
the bound

|1− ei(
∑p

l=1 λl,j ·yl)| � C|ȳ|ρ
p∑

l=1

|λl,j |ρ. (6.32)

The rest of the proof of (6.5) is completed as before. This completes the proof of Theorem 8.�
Theorem 9. Let p(d − β) < d . Then a.s. αp,t,ε converges as ε → 0 locally uniformly in t . Hence, a.s. αp,t =
limε→0 αp,t,ε is continuous in t .

Proof of Theorem 9. Fix M < ∞. We will show that for someζ > 0 and any even integern

E
({

αp,t,ε − αp,t ′,ε′
}n)� Cn

∣∣(t, ε) − (t ′, ε′)
∣∣ζn (6.33)

uniformly in t, t ′ ∈ [0,M] andε, ε′ ∈ (0,1]. It will then follow from Kolmogorov’s Lemma and the fact thatαp,t,ε

is continuous int andε > 0 that for someζ ′ > 0 andcω < ∞ a.s.

|αp,t,ε − αp,t ′,ε′ | � cω

∣∣(t, ε) − (t ′, ε′)
∣∣ζ ′

, ∀t, t ′ ∈ [0,M], ε, ε′ ∈ (0,1] (6.34)

which implies our theorem.
It thus remains to prove (6.33). We begin with

E
({αp,t,ε − αp,t ′,ε′ }n)� 2nE

({αp,t,ε − αp,t ′,ε}n
)+ 2nE

({αp,t ′,ε − αp,t ′,ε′ }n). (6.35)

From (6.28) we obtain that uniformly int ′ ∈ [0,M] andε, ε′ ∈ (0,1]
E
({αp,t ′,ε − αp,t ′,ε′ }n)� Cn|ε − ε′|ρn. (6.36)

We may assume thatt ′ < t . As in (6.16) we have

E
({αp,t,ε − αp,t ′,ε}n

)= (2π)−dp(n−1)
∑

π1,...,πp

∫
Dn(π1,...,πp)∩([0,t]p−[0,t ′]p)n

∫
Rdp(n−1)

E

(
p∏

l=1

ei
∑n

j=1 λl,j ·Xl(sl,j )

)

×
n∏

j=1

Ĥ (ελ·,j )
p−1∏
l=1

dλl,j

p∏
l=1

dsl,j . (6.37)

Following through the estimates used in the proof of the last theorem we find that
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t

ve
E
({αp,t,ε − αp,t ′,ε}n

)
�
∑

π1,...,πp

∫
Dn(π1,...,πp)∩([0,t]p−[0,t ′]p)n

p∏
l=1

n∏
j=1

(sl,πl (j) − sl,πl(j−1))
−d(k−1)/pβ dsl,j

� ‖1{([0,t]p−[0,t ′]p)n}‖r

∑
π1,...,πp

{ ∫
Dn(π1,...,πp)

p∏
l=1

n∏
j=1

(sl,πl (j) − sl,πl (j−1))
−r ′d(p−1)/kβ dsl,j

}1/r ′

(6.38)

where the last step used Holder’s inequality with1
r

+ 1
r

= 1. Takeq > 1 sufficiently close to 1 so thatqd(p −
1)/kβ < 1 and therefore the last integral in (6.38) is bounded. Then we see from (6.38) that for someρ′ > 0

E
({αp,t,ε − αp,t ′,ε}n

)
� Cn|t − t ′|ρ′n (6.39)

uniformly in t, t ′ ∈ [0,M] andε ∈ (0,1]. This completes the proof of (6.33) and hence of Theorem 9.�

7. The law of the iterated logarithm

In this section we will prove Theorem 2. We start with some preparatory material. Givenȳ = (y1, . . . , yp) ∈
R

pd , we use the notationP ȳ andEȳ to denote probabilities and expectations with respect to thep independen
symmetric stable processesX1(t), . . . ,Xp(t) in R

d of indexβ, where now eachXj(0) = yj . Note thatP ȳ{α1/p
p,t �

ht} = P {αp,t (ȳ)1/p � ht} hence

sup
|ȳ|�ε

P
{∣∣αp,t (ȳ) − αp,t

∣∣1/p � δt
}+ inf|ȳ|�ε

P ȳ{α1/p
p,t � ht} � P

{
α

1/p
p,t � (h + δ)t

}
. (7.1)

Using this we see from (1.12) that

max

{
lim sup
t→∞

1

t
log sup

|ȳ|�ε

P
{∣∣αp,t (ȳ) − αp,t

∣∣1/p � δt
}
, lim inf

t→∞
1

t
log inf|ȳ|�ε

P ȳ{α1/p
p,t � ht}

}
� −(h + δ)pβ/d(p−1)Aψ,p. (7.2)

Now, from (6.8), as in the proof of (6.11) we find that for anyλ > 0,

lim sup
ε→0

lim sup
t→∞

1

t
log sup

|ȳ|�ε

E exp
{
λ
∣∣αp,t (ȳ) − αp,t

∣∣1/p}= 0 (7.3)

so that by Chebyshev,

lim sup
ε→0

lim sup
t→∞

1

t
log sup

|ȳ|�ε

P
{∣∣αp,t (ȳ) − αp,t

∣∣1/p � δt
}= −∞. (7.4)

Using this to first letε → 0 in (7.2) and thenδ → 0 we have

lim inf
ε→0

lim inf
t→∞

1

t
log inf|ȳ|�ε

P ȳ{αp,t � htp} � −hβ/d(p−1)Aψ,p. (7.5)

By the scaling property{X(ts); s � 0} d= t1/β{X(s); s � 0} of the stable process which led to (1.7) we ha
also that

Lȳ (αp,st ) = Lȳ/t1/β

(t
βp−d(p−1)

β αp,s). (7.6)

Hence,
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e now

ss,
lim inf
ε→0

lim inf
t→∞

1

log logt
log inf

|ȳ|�ε(t/ log logt)1/β
P ȳ
{
αp,t � ht

βp−d(p−1)
β (log logt)

d(p−1)
β
}

= lim inf
ε→0

lim inf
t→∞

1

log logt
log inf|ȳ|�ε

P ȳ
{
αp,log logt � h(log logt)p

}
= −hβ/d(p−1)Aψ,p. (7.7)

Proof of Theorem 2. The upper bound follows from (7.7) and a standard use of Borel–Cantelli lemma. W
prove the lower bound. Lettk = k2k and let

h < A
− d(p−1)

β

ψ,p . (7.8)

We first prove that

lim sup
k→∞

t
− βp−d(p−1)

β

k+1 (log logtk+1)
−d(p−1)

β αp

(
(tk, tk+1]p

)
� h a.s. (7.9)

By Markov property and Lévy’s Borel–Cantelli lemma, we need only show that∑
k

P X̃tk

{
αp,tk+1−tk � ht

βp−d(p−1)
β

k+1 (log logtk+1)
d(p−1)

β
}= ∞ a.s. (7.10)

where

X̃t = (X1(t), . . . ,Xp(t)
)
.

However, it is easy to see thattk+1 − tk > nkk
2 ask → ∞ so that by the scaling property of the stable proce

for anyδ > 0

P

(
|Xtk | >

δ(tk+1 − tk)
1/β

log log(tk+1 − tk)

)
� P

(
|X1| > δk2/β

logk

)
� C/k2−2ε

for anyε > 0, sinceX1 hasβ − ε moments. By the Borel–Cantelli lemma, with probability 1 the events{
|X̃tk | �

δ(tk+1 − tk)
1/β

log log(tk+1 − tk)

}
, k = 1,2, . . . ,

eventually hold. Hence

lim
k→∞

(
log logtk+1

tk+1

)1/β

|X̃tk | = 0 a.s. (7.11)

On the other hand, by (7.7), ifε > 0 is small enough,

lim inf
k→∞

1

log logtk+1
log inf

|ȳ|�ε(tk+1/ log logtk+1)
1/β

P ȳ
{
αp,tk+1−tk � ht

βp−d(p−1)
β

k+1 (log logtk+1)
d(p−1)

β
}

> −1. (7.12)

Finally the lower bound follows from the relation

αp,tk+1 � αp

(
(tk, tk+1]p

)
(7.13)

and the fact thath can be arbitrarily close toA
− d(p−1)

β

ψ,p . This completes the proof of Theorem 2.�
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attrac-
8. Moderate deviations for random walks

Set

l(n, x, ε) =
n∑

k=1

b(nν−1
n )−dhε

(
S(k) − x

b(nν−1
n )

)
(8.1)

and definelj (x, n, ε) analogously.

Theorem 10. For each θ > 0,

lim
n→∞

1

νn

logE exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

lp(n, x, ε)

)1/p}

= sup
g∈Fψ

{
θ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− Eψ(g,g)

}
(8.2)

and

lim
n→∞

1

νn

logE exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

p∏
j=1

lj (n, x, ε)

)1/p}

= sup
g∈Fψ

{
θ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− pEψ(g,g)

}
. (8.3)

Proof of Theorem 10. Given t > 0, write tn = [tn/νn] andγn = [n/tn]. Thenn � tn(γn + 1). By independence
and the triangle inequality,

E exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

lp(n, x, ε)

)1/p}

�
(

E exp

{
θ
νn

n
b(nν−1

n )−d/p

(∑
x∈Zd

{
tn∑

k=1

hε

(
S(k) − x

b(nν−1
n )

)}p)1/p})γn+1

=
(

E exp

{
θ

( ∫
Rd

{
νn

n

tn∑
k=1

hε

(
S(k) − [b(nν−1

n )x]
b(nν−1

n )

)}p

dx

)1/p})γn+1

. (8.4)

Let

ϕn(f ) =
∫
Rd

( t∫
0

hε

(
f (s) − [b(nν−1

n )x]
b(nν−1

n )

)
ds

)p

dx. (8.5)

Applying by Skorohod’s generalization of Donsker’s invariance principle for random walks in the domain of
tion of a stable process, [9], to the continuous, uniformly bounded and uniformly convergent functionals{ϕn(f )}
onC([0, t]; R

d) we have

lim
n→∞E exp

{
θ

( ∫ {
νn

n

tn∑
hε

(
S(k) − [b(nν−1

n )x]
b(nν−1

n )

)}p

dx

)1/p}

Rd k=1
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= E exp

{
θ

(∫
Rd

Lp(t, x, ε)dx

)1/p}
(8.6)

where

L(t, x, ε) =
t∫

0

hε

(
X(t) − x

)
ds. (8.7)

Therefore,

lim sup
n→∞

1

νn

logE exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

lp(n, x, ε)

)1/p}

� 1

t
logE exp

{
θ

(∫
Rd

Lp(t, x, ε)dx

)1/p}
. (8.8)

Let t → ∞. By Theorem 7 we have the upper bound,

lim sup
n→∞

1

νn

logE exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

lp(n, x, ε)

)1/p}

� sup
g∈Fψ

{
θ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− Eψ(g,g)

}
. (8.9)

By the inequality( ∑
x∈Zd

p∏
j=1

lj (n, x, ε)

)1/p

� 1

p

p∑
j=1

( ∑
x∈Zd

l
p
j (n, x, ε)

)1/p

(8.10)

and independence,

lim sup
n→∞

1

νn

logE exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

p∏
j=1

lj (n, x, ε)

)1/p}

� sup
g∈Fψ

{
θ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− pEψ(g,g)

}
. (8.11)

On the other hand, for any nice functionf on R
d with ‖f ‖q = 1,( ∑

x∈Zd

lp(n, x, ε)

)1/p

= b(nν−1
n )d/p

(∫
Rd

lp
(
n,
[
b(nv−1

n )x
]
, ε
)
dx

)1/p

� b(nν−1
n )d/p

∫
Rd

f (x)l
(
n,
[
b(nv−1

n )x
]
, ε
)
dx

= b(nν−1
n )

− d(p−1)
p

n∑∫
f (x)hε

(
S(k) − [b(nν−1

n )x]
b(nν−1

n )

)
dx
k=1
Rd
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= b(nν−1
n )

− d(p−1)
p

{
o(n) +

n∑
k=1

∫
Rd

f (x)hε

(
S(k)

b(nν−1
n )

− x

)
dx

}

= b(nν−1
n )

− d(p−1)
p

{
o(n) +

n∑
k=1

(f ∗ hε)

(
S(k)

b(nν−1
n )

)}
. (8.12)

By the same argument as in Theorem 4.1 of [4],

lim inf
n→∞

1

νn

logE exp

{
θ
νn

n

n∑
k=1

(f ∗ hε)

(
S(k)

b(nν−1
n )

)}

� sup
g∈Fψ

{
θ

∫
Rd

(f ∗ hε)(x)g2(x)dx − Eψ(g,g)

}

= sup
g∈Fψ

{
θ

∫
Rd

f (x)(g2 ∗ hε)(x)dx − Eψ(g,g)

}
. (8.13)

This gives

lim inf
n→∞

1

νn

logE exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

lp(n, x, ε)

)1/p}

� sup
g∈Fβ

{
θ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− Eψ(g,g)

}
. (8.14)

Taker > 0 and writeBr = {x | |x| � r}. Define

l̂(n, x, ε) = 1

n

n∑
k=1

hε

(
S(k)

b(nν−1
n )

− x

)
, x ∈ Br. (8.15)

Taking the functionf to be supported onBr = {x||x| � r} in the above argument also gives

lim inf
n→∞

1

νn

logE exp

{
θνn

(∫
Br

l̂p(t, x, ε)dx

)1/p}

� sup
g∈Fψ

{
θ

(∫
Br

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− Eψ(g,g)

}
. (8.16)

Then, as in (4.11), there is a compact setK in Lp(Br) such that

l̂(n, ·, ε) ∈ K a.s.n � 1. (8.17)

Then the argument used in Section 4 gives

lim inf
n→∞

1

νn

logE exp

{
θνn

(∫
Br

p∏
j=1

l̂j (t, x, ε)dx

)1/p}

� sup
g∈Fψ

{
θ

(∫ ∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− pEψ(g,g)

}
. (8.18)
Br
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his and
Letting r → ∞ gives

lim inf
n→∞

1

νn

logE exp

{
θνn

( ∫
Rd

p∏
j=1

l̂j (t, x, ε)dx

)1/p}

� sup
g∈Fψ

{
θ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− pEψ(g,g)

}
. (8.19)

Notice that∫
Rd

p∏
j=1

l̂j (t, x, ε)dx = 1

np

∫
Rd

p∏
j=1

n∑
k=1

hε

(
Sj (k)

b(nν−1
n )

− x

)
dx

= 1

np
b(nν−1

n )−d

∫
Rd

p∏
j=1

n∑
k=1

hε

(
Sj (k) − x

b(nν−1
n )

)
dx

= (1+ o(1n))

np
b(nν−1

n )−d
∑
x∈Zd

p∏
j=1

n∑
k=1

hε

(
Sj (k) − x

b(nν−1
n )

)
dx

= (1+ o(1n))

np
b(nν−1

n )d(p−1)
∑
x∈Zd

p∏
j=1

lj (t, x, ε)dx. (8.20)

Thus

lim inf
n→∞

1

νn

logE exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p

( ∑
x∈Zd

p∏
j=1

lj (n, x, ε)

)1/p}

� sup
g∈Fβ

{
θ

(∫
Rd

∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− pEψ(g,g)

}
. (8.21)

This completes the proof of Theorem 10.�
Proof of Theorem 3. We need only prove the first statement, since the second is the consequence of t
Cramer’s theorem. For the upper bound we follow some ideas given in [3, Section 5]. For this we need

n−pb(n)d(p−1)Ip,n
d−→ αp,1. (8.22)

This is proven in [8] whend = 2, and the case ofd = 1 is similar. Lettn = [tn/νn] andγn = [n/tn] + 1. By [3,
Theorem 5.1],

∞∑
m=0

θm

m!
(

νn

n

)m

b

(
n

νn

) d(p−1)
p

m(
E(Im

p,n)
)1/p �

( ∞∑
m=0

θm

m!
(

νn

n

)m

b

(
n

νn

) d(p−1)
p

m(
E(Im

p,tn
)
)1/p

)γn

. (8.23)

As in [3, Lemma 5.2], there is a positive sequence{Cm} such that

sup

(
νn

)m

b

(
n
) d(p−1)

p
m(

E(Im
p,t )

)1/p � Cm, m = 0,1, . . . , (8.24)

n n νn

n
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nd:

e above

can then
and
∞∑

m=0

θm

m! Cm < ∞. (8.25)

By the weak law and dominated convergence theorem,

∞∑
m=0

θm

m!
(

νn

n

)m

b

(
n

νn

) d(p−1)
p

m(
E(Im

p,tn
)
)1/p −→

∞∑
m=0

θm

m!
(
E(αm

p,t )
)1/p

. (8.26)

Hence,

lim sup
n→∞

1

νn

log
∞∑

m=0

θm

m!
(

νn

n

)m

b

(
n

νn

) d(p−1)
p

m(
E(Im

p,n)
)1/p � 1

t
log

∞∑
m=0

θm

m!
(
E(αm

p,t )
)1/p

. (8.27)

Let t → ∞ on the right-hand side of (8.27). By [3, Lemma 5.3] and Theorem 1,

lim sup
n→∞

1

νn

log
∞∑

m=0

θm

m!
(

νn

n

)m

b

(
n

νn

) d(p−1)
p

m(
E(Im

p,n)
)1/p � sup

λ>0
{θλ1/p − p−1Aβ,p.dλβ/d(p−1)}. (8.28)

By [3, Lemma 5.3] again, we have the desired upper bound,

lim sup
n→∞

1

νn

logP
{
Ip,n � λnpb(nν−1

n )d(p−1)
}

� −Aβ,p.dλβ/d(p−1). (8.29)

Recalling (1.13) and the notationP x̄ introduced at the beginning of Section 7 we now prove the lower bou

lim inf
n→∞

1

νn

log inf|x̄|�Cb(n)
P x̄
{
Ip,n � λnpb(nν−1

n )d(p−1)
}

� −d(p − 1)

β

(
βp − d(p − 1)

βpMψ

) βp−d(p−1)
d(p−1)

λβ/d(p−1). (8.30)

Since the basic idea is given in the proof of [3, Theorem 6.1], we only sketch the argument. To prove th
lower bound, we need only show that

lim inf
n→∞

1

νn

log inf|x̄|�Cb(n)
Ex̄ exp

{
θ
νn

n
b(nνn)

d(p−1)
p I

1/p
p,n

}
� p

− d(p−1)
pβ−d(p−1) θ

pβ
pβ−d(p−1) Mψ. (8.31)

As in the argument used in [3, Theorem 6.1], we may assume aperiodicity of the random walks and we
prove, that for any smallu > 0 andε > 0, there is aδ > 0 andK > 0 such that

inf|x̄|�Cb(n)
Ex̄(Im

p,n+[un]) � δν−K
n E

( ∑
x∈Zd

p∏
j=1

lj (n, x, ε)

)m

(8.32)

for all non-negative integersm. This, together with Theorem 10, gives

lim inf
n→∞

1

νn

log inf|x̄|�Cb(n)
Ex̄

(
exp

{
θ
νn

n
b(nν−1

n )
d(p−1)

p I
1/p
p,n+[un]

})
� sup

g∈Fβ

{
θ

(∫ ∣∣(g2 ∗ hε)(x)
∣∣p dx

)1/p

− pEψ(g,g)

}
. (8.33)
Rd



928 X. Chen, J. Rosen / Ann. I. H. Poincaré – PR 41 (2005) 901–928

pletes

2 (2004)

press.
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As ε → 0, the right-hand side approaches

sup
g∈Fβ

{
θ

(∫
Rd

∣∣g(x)
∣∣2pdx

)1/p

− pEψ(g,g)

}
= p

− d(p−1)
pβ−d(p−1) θ

pβ
pβ−d(p−1) Mψ.

Notice thatu > 0 can be arbitrarily small. (8.31) then follows by a suitable change of parameters. This com
the proof of Theorem 3. �
Proof of Theorem 4. As in the continuous case, Theorem 4 will follow once we establish

lim
ε→0

lim inf
n→∞

1

νn

log inf
|y|�εb(nν−1

n )

P y
{
Ip,n � λnpb(nν−1

n )−d(p−1)
}

� −d(p − 1)

β

(
βp − d(p − 1)

βpMψ,p

) βp−d(p−1)
d(p−1)

λ
β

d(p−1) . (8.34)

This follows from (8.30). �
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