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Abstract

We study large deviations for intersection local timeg @idependent-dimensional symmetric stable processes of inglex

under the conditionp(d — B) < d. Our approach is based on Feynman—Kac type large deviations, moment computations and
some techniques from probability in Banach spaces.
0 2005 Elsevier SAS. All rights reserved.

Résumé
On étudie les temps locaux d'intersection geprocessusB-stablesd-dimensionnels indépendants, sous I'hypothése

p(d — B) <d. Notre approche est fondée sur les grandes déviations type Feynman Kac, des calculs de moments et quelques
techniques de probabilités dans les espaces de Banach.
0 2005 Elsevier SAS. All rights reserved.

1. Introduction

Let X (r) be a non-degeneratedimensional stable processes of inggxXWe assume thaX (¢) is symmetric,
i.e. X(@) 4 —X (1), but we do not assume it is spherically symmetric. Thus

E(@F X0y — g 1v0) (1.1)
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wherey (1) > 0 is continuous, positively homogeneous of degtgiee. v (rA) = rfy (1) for eachr > 0,9 (—1) =
¥ (A), and forsome G ¢ < C < o0

clalf <y < ClnP. (1.2)

Let X1(r), ..., X, (¢) be independent copies &f(r). Their ranges will have a point in common aside from the
initial point if and only if p(d — B) < d, see [10]. Wherp(d — B) < d there is a random measurg (dsy, ..., dsp)
supported on

[, ... 1)) e ®RNP; X1(r) ==X, (1p) ). (1.3)
ap(dsy, ..., ds,) is called the intersection local time &f, (#1), ..., X ,(¢,). Formally it can be written as

p
ap(dsy, ..., dsp) = |:/ HSO(Xj(sj) — x) dx:|ds1~~dsp (1.4)

Rd j=1

whereédp(x) is the Dirac delta-‘function’ at 0.

In the casel/ = 1 andg > 1, the intersection local time can be represented in terms of the spatial) norms
of the local timesL; of the symmetric stable processes. In this case the large deviations and law of the iterated
logarithm have been established fotg(-) in recent work [4] for Brownian motion and [5] for the symmetric
stable processes.

Whend =1 andg < 1, or whend > 1 for all 8, local time do not exist and we define the intersection local time
ap(dsy, ..., ds,) as alimit. Leth be a positive symmetric function in the Schwartz spaca?) with Jhdx=1.
Givene > 0, leth.(x) = e ?h(x/¢), and define the random measarg. () on (R”)T by

p
Olp,e(dS]_, ey dSp) = |:/ th(Xj(Sj) —x) dx:| dsl-.-dsp, (15)

R4 Jj=1
It can be shown that ip(d — B) < d the limit
ap(B)= lim a,(B) (1.6)
e—0t

exists a.s. and in alL™-norms for anym > 1 and any Borel seB C (R”)", andw,(-) is a measure supported
on (1.3). We setr, ; = ([0, 117), ap.r.e = ap ([0, ¢17). For the convenience of the reader we show in Theo-

rem 9 that a.su), ; = lim._, o+ ap ;o €Xists and is continuous in Using the scaling propertyX (ts); s > 0} 4
1YB{X (s); s > 0} of the stable process it is easy to check that
opt = t”_(”_l)d/ﬂotp,l. .7

We note that in the casg > d, where local times exist, we can also consider the analogue of (1.4) where we
use a single process rather thaindependent processes. Once again this is dealt with in [5]. However, in the case
B < d considered in this paper, where local times do not exist, if in (1.5) we use a single process rather than
independent processes, the limit blows up. To get a non-trivial limit we must ‘renormalize’. Large deviations for
the resulting limit in the casg = 2 are discussed in [1,2].

To describe our results we need some further notation. For any fungtioh?(R?) set

£y (f. )= (2m) 42 / Y| F 0P (1.8)
Rd

Wheref(k) denotes the Fourier transform ¢f £, (f, f) is the Dirichlet form of{ X (r); ¢+ > 0}. Let
Fy={feL’®R) | flla=1. Ey(f. f) <oo}. (1.9)
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and

My = sup{(/mx)yz"dx) ~& .0} (1.10)

In the next section we show thad,, , < co whenp(d — 8) < d, and thatMy, , can be expressed in terms of the
best possible constant in a Gagliardo—Nirenberg type inequality.
We can now present our theorem describing the exponential asymptotics and large deviatigns for

Theorem 1. Assumethat p(d — B) < d. Thenfor any A > 0

d(p—1)

Jlim ¢ “Liog E@4! ) = 175 #m 5 p~ P00 My, . (1.11)
Equivalently for any 2 > 0
lim 1~*log Play/? > hty = —hPPlA=D 4, (1.12)
where
[— b}
dip—1 d 1)\ a0
Ayp= (r—1 (ﬁp (p— )) 7 (1.13)
B BrMy p
Using the scaling (1.7) our theorem is equivalent to the fact that fohany
; -1 B/d(p—1)
Jlim 1~ log P’y P=2 > hty=—hAy, . (1.14)
Thus
Lo Par-b | <00 if A < A71
E(e"%r1 1 (1.15)
=00 ifA> Ay -
We next describe the law of the iterated logarithmdgr; .
Theorem 2. Assumethat p(d — B) < d. Then
lim sups~(P=(P=D4/B) (joglogr) =P~ DI/bg , , = A;’(ﬁ*l)d/ﬁ a.s. (1.16)

—>0o0

For the case of Brownian motion, i.8.= 2, these results were obtained by the first author in [3]. The methods
of that paper depended heavily on the continuity of the Brownian path and the fact that the generator of Brownian
motion, the Laplacian, is a local operator. In the course of overcoming the various problems associated with the
stable process we have developed a new approach which greatly simplifies the proofs even for the case of Brownian
motion.

We have also developed analogous results for random walks. Thus, coSigidgr. .., S,(n) independent
copies of ad-dimensional symmetric random waskn). We will assume that our random walks are in the domain
of attraction of our nondegenerate symmetric stable prokéssof index g, i.e.

S(n)
b(n)
with b(x) a function of regular variaton of index/ g. Set

Ipn= Z:o[ > ]‘[ (Sj(nj),x } (1.18)

- X(1) (1.17)
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where

(1 ifx=y,
3y, %) = {0 otherwise (1.19)

is the usual Kroenecker delta.
Let {v,} represents a positive sequence satisfying

v, > o0 and v,/n— 0. (1.20)

Here is our analogue of Theorem 1 describing the exponential asymptotics and moderate deviafjpns for

Theorem 3. For any A > 0

= 1Yy 2 A
lim —IogEex PR b(nu ) = APF~dp=D p= pF=dp=D M, , (1.21)

n—oo Y

andforany 2 > 0

1 _B
lim —log P{I, > hn?b(nv,; Y™ 4P~D} = —p@TD A, . (1.22)

n—o0 \}n
This gives rise to the following LIL fo#,, ..

Theorem 4.

n d(p— l) d
Iimsupn"’b( ) pn=Ay (” P as. (1.23)
n—00 loglogn

2. Sobolev inequalities and Feynman—K ac for mulae

Lemmal. If p>1and 8 >d(p—1)/p then Fy, C L2 (R?), and for any § > 0

115, < Csll fI5+ 8Ey (f. ) 2.1)
for some Cs < oco. In particular for any A > 0
My, () =: sup(kllfllzp Ey ([, f)) < oo. (2.2)
feFp

Proof of Lemma 1. Wheny (1) = |A|? we write Fg, Eg, Mg , 4 for Fy, Ey, My, ,. Because of (1.1) we have
&y = CE&p and hence it suffices to prove (2.1) whg) = [A|#. By the Hausdorff—Young inequality

1 llzp < 1l Fll2p/2p—1) 2.3)

where f denotes the Fourier transform ¢f We also have that for any> 0

sn2p/@p-1 [ (r+ |a|Byp/@p=1 2p/(2p—1)
||f||2p/(2p—1) - (r + |)\'|/3)17/(2[7—1) ()\,)‘ d)\.
Rd
-p/(2p-1) /@2p=1)| 2 2p/(2p-1)
<[+ PP gy o N+ IRPYEE TR F OO ) e (28)
Now
|+ 012) PR F oo PP | SO =l £ 1B+ E(f, f) (2.5)
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and

¢ =: H (r + |A|ﬂ)—ﬁ/(2P—1) H(Zp—l)/(p—l)

1
@p-D/(p-1) — f de (2.6)
R4

which is finite if 8 > d(p — 1)/ p, in which case we also have that Jim, ¢, = 0. Summarizing,

1713, <P PP (rILFIB+ 5 (. £)). 2.7)

This gives (2.1) on taking sufficiently large. This completes the proof of our lemma
SetMy p =My (D).

Lemma2.If p>1land g >d(p—1)/p then

- —d(p— d(p—1
kpp = H{C | I fllzp < CIFIE P21 IV v e Fy) <00 (2.8)
and
_pp—d(p—1) (d(p— 1)’25;,1; PB/(pp—d(p—1))
My (1) = : (2.9)
d(p—-1 PB
Forany» >0
My () = APP/PB=dp=10 g (2.10)

Proof of Lemma 2. To see that (2.8) is finite, note that if we sétr) = s4/2g(sx), then| fll2 = llgll2, ||f||§p =
s"(P—l)/P||g||§p and&, (f, f) =sP&y (g, g) so that from (2.1) we obtain

lgllz, < C(lgl5+ s Ep(g. g))s~ 4P~ IP (2.11)

and the fact that (2.8) is finite follows on taking = ||g||§/£,g (g, ). The same scaling establishes (2.10). Finally,
(2.9) follows as in the proof of Lemma 8.2 of [3]. This completes the proof of our lemma.

3. Largedeviations
In this section we show how to obtain our large deviation result for the intersection local time, Theorem 1, from
a large deviation result for an approximate intersection local time together with exponential approximation.

Let X1(¢),..., X, () be independent-dimensional symmetric stable processes of ingexWe assume
p(d — B) < d. Recall that the approximate intersection local time is defined by

! t
p
oz,,,,’e:/-~~/[/l_[he(Xj(sj)—x)dx]dsl--~ds,, 3.1
0 0 pa /=1
and that

O{p,[ = I|m Olp’tyg. (32)
e—0

The following large deviation result far, ; . will be proven in Section 4.



906 X. Chen, J. Rosen/ Ann. |. H. Poincaré — PR 41 (2005) 901-928
Theorem 5. Assumethat p(d — B) <d. Thenfor any A > 0

1/p
Jim > IogEexp{m””}—sup{ ( / !(gz*he>(x>|”) —pgw(g,g)}. (3.3)
R4

ge]—',/,

The following theorem on exponential approximation will be proven in Section 6.
Theorem 6. Assumethat p(d — B) < d. Then for any A > 0,

Ilmsuphmsup log E exp{Alap, e —opl /1’} 0. (3.4)
e—>0 (=00
Proof of Theorem 1. By Holder’s inequality,

1/b

Eexpira o)/’ ) < (E expire?)) " (E explbaMap.rc —api V7)) (3.5)

p te
wherea, b > 1 anda—! + b~! = 1. Hence by Theorem 5

1/p
Sup{ka_l(/|(g2*he)(x)|p) —pc‘:ﬁ(gag)}
R4

g€.7'—;3
e 1 1/p i 1 -1 1/
< liminf p” log E exp{ra}, ] }+“[1igp5 log E exp{ba " Alap, e —ap/P}. (3.6)

Lettinge — 0 and using Theorem 6 and (2.10)

1/p
I|m|nf—logEexp{Aa PY>a Sup{ka_l</|g(x)|2pdx> —p&p(g,g)}

t—0o0 ge]_-w

d(p-1)

0B
=ap” PP-00-D (\a L) 7= =T My p. (3.7)

Lettinga — 1,
liminf - —IogEexp{ml/f’} > p D ) D My, (3.8)
—00

On the other hand,

1 1/b
Eexpirayl) < (E explaray? )Y (E explbrlay. e —ap P}’ (3.9)

Therefore, using Theorem 5

limsup= - Iog E exp[kal/p}

—>00

1/p
<al sup{ak(/\(gz*hé)(x)\”dx) — p&y g, g)} +I|msup IogEexp{bMaPte — a7}
ge]-',/,
Rd

1/p
<at Sup{ak</|g(x)|2pdx) — p&y (g, g)} +I|msup IogEexp{bMoz,,,é —ap Y7} (3.10)
g€.7:11,
R4

Lettinge — 0 and using Theorem 6 and (2.10)
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/p
Ilmsup IogEexp[Aal/p} <a~ ! sup {ak(/}g(x)| ”dx) —pgw(g,g)}

t—00 ge v

=a1lp~ D (Aa) A= My p.
Lettinga — 1,
1/p __dp-1 B
limsup— IogEexp{Aa < p PO APE-A-D My,
t—oo I
Combining what we have,
. 1/p __dp=bH - pp
lim = IogEexp{Aa }=p WD AFAG-D My ,, A>0.
t—>00
Finally, by the Gartner—Ellis theorem, Theorem 2.3.6 of [6],

| 1/ ~ D 3 D
lim — Iog Pla,/; > ht} = —sup{Ah — p~ a0 )\ 7-d=D My, |

I—00 t >0

Bp-d(p-1)
_poprdp-ndP =1 (ﬂp —d(p— 1)) =0
p BrMy.p

4. Exponential asymptoticsfor the approximate inter section local time

In this section, we fix > 0 and write

t
L(t,x,e):/hg(X(s)—x)ds xeRY 1>0.
0

Foreach I< j < p, let L;(z, x, €) be the analogues df(z, x, €) with X (r) being replaced by ; (¢).

For anyé > 0, using* to denote convolution, write

1/p
My p.c(6) = sup {9( f [2 *he(x)]de> _e(f, f)},
d

feFy

fe]-',/,

1/p
Ny, p.e(6) = sup {0( / [£2%he()]” dx) — pEy(f, f)}.
d
By the fact that| f|lo =1

/[fz*hem]” < sup[f2#he()]"” <”he'g',°°)

xeRd
R4

so that the functiond/y, , .(-) andNy_, () are continuous for any fixee> 0.

Theorem 7. For any 0 > O and integersd > 1, p > 2,

1 1/p
tlim ﬂogEexp{@(/U’(t,x,e)dx) }:MW,M(@),
—00

R4

907

(3.11)

(3.12)

(3.13)

(3.14)

(4.1)

4.2)

(4.3)

4.4
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and
1 4 1/p
tI_l)rTgoylogEexp{9</HLj(t,x,e)dx> }:Nlp,p,e(e). (4.5)
Rd /=1
Proof of Theorem 7. We start with the following result based on the Feynman—Kac formula:
t
.1
thr;();IogEexp!/f(X(s)) ds} > Sup{/f(x)gz(x)dx—&/,(g,g)} (4.6)
g gEfl/,
0 R4

where f can be any bounded, measurable functfoan R?. This can be proven in a manner similar to our proof
of (4.2) in [5], which deals with the one-dimensional case. (Alternatively, (4.6) can be derived by the methods used
in [7], which also deals with the one-dimensional case. Using those methods one can show that we have equality
in (4.6), although we will not need that.)

We begin by proving the lower bounds for (4.4) and (4.5). Notice that forany, and any measurable function
fon R with | f|, =1 andf(x) =0 for x| > r

1/p ;
( / L”(t,x,e)dx) 2/f(x)L(t,x,e)dx=/f*h€(X(s))ds. 4.7)
{lxI<r} R4 0

By (4.6) we have

1 1/p
Iiminf—logEexp{@( / Lp(t,x,e)dx> }
t—oo t

{IxI<r}
> SUP{G/f*he(x)gz(x)dx—Ew(g,g)}
gefw
R
= SUIO{@ / f(X)gz*he(x)dx—5¢(g,g)}. (4.8)
SV (i)

Taking the supremum ovef on the right-hand side,

1 1/p
Iiminf—logEexp{O( / L”(t,x,e)dx) }
t—oo f

{lxI<r}

1/p
>sup{9(/ ’gz*he(x)|pdx> —5¢(g,g)}. (4.9)

f
$E T ign)

In particular, letting- = oo gives the lower bound for (4.4).

To prove the lower bound for (4.5), we let> 0 be finite in (4.9). For any functiorf (x), let R, f (x) be the
restriction of f (x) to B,, the closed ball of radius centered at the origin. It follows from the definition (4.1) that
IL(, -, €)oo < llhelloot @Nd|L(t, x,€) — L(t,y,€)| < |Vhelloo t|x — y| for all x, y. Hence if we set

Are={f€CB) || f)] < lhellos, Yx € By and|f(x) — fF()| < I Vhelloo Ix — ¥, Vx,y € B,} (4.10)
we have that

1
TRL(t . €) € Are. (4.11)
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Note that by Ascoli's Lemma, . is a precompact subset 6f(B,) in the uniform norm, and a fortiotd, . is a
precompact subset @f” (B, ). We usekK, . to denote the closure of, . in L”(B,).
Consider the continuous, non-negative functiobadefined on(L? (B, ))?:

17 1/p 4 1/p
vt =2 ([ Anwlad) = ([ TTiseola) (4.12)

I=1 ixign) (xi<ry /=1
Clearly,¥ = 0 on the diagonal
{(fr...o fp): fa== 1}
Hence, for givers > 0 and anyg € L?(B,) there exists & = b(g, §) > 0 such that
Y(fr,....fp)<d if fjeB(g,b)forVl<j<p (4.13)

whereB(g, b) stands for the open ball ih” (B,) with the centeg and the radiu$. Therefore,

P 1/p
Eexp{e( / HLj(l,)C,é)dX) }

{lxl<ry /=1

9 L 1/p 1
>e_‘”E exp —Z( / Lf(t,x,e)dx) ; ;R,Lj(t,.,e) € B(g,b), V1< j<p
p

=1 ki<

s 0 1/p 1 P
=€ (E exp ;( / Lp(t,x,e)dx) ; ?T\’,rL(t,-,e)eB(g,b) ) . (4.14)

{lxI<r}

Let{B(g1,b1),..., B(gn,bn)} be afinite sub-family of the open sets

{B(g, b(g, 6))2 g€ Kr,e}
which coversk,. .. Then by (4.11)

elooff( [ rrenom) ]

{IxI<r}

N ) yry 1
gZE expy — /L”(t,x,e)dx i —R,L(t,-,€) € B(gi,b;) |. (4.15)
i=1 p !

r

Therefore,

1 0 Yry 1
I|m|nf ;Iog max E|:exp{ ( / L”(t,x,e)dx) }; ;R,L(r, -, €) € B(gi,bi)]
p

1<i<N
{lx|<r}
1/p
I|Im|nf—logE[exp{ / LP(,x, e)dx) ” (4.16)
— 00
{|x|<r}

Combining this with (4.9), (witl9 being replaced by —16), and with (4.14) we have
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1 P 1/p
Iiminf—logEexp{@( / HL,(t,x,e)dx) }

t—o00 f 1
{lxl<ry /=1
6 2 p Yr
>-6+p sup{—( / |82 % he (x)] dx) —Ew(g,g)}. (4.17)
<P PN i
x|<r

Letting 6 — O* andr — oo we obtain the lower bound for (4.5):

p 1/p
liminf % log E exp{@( / []Lit.x.0 dx) } > Ny p.e(6). (4.18)
R4 Jj=1

We now prove the upper bound for (4.4). We mayrlet oo along the integers. Let > O be fixed and leG,,
be the discrete subgroup &f consisting of vectors whose coordinates are integer multiples akt 7¢ be the
quotient ofRY moduloG,, and let: : R — T¢ be the canonical map. Then tiig-valued proces¥..(t) = (X (1))
is Markov process, the symmetric stable process on the EﬁuNotice thatT,ff becomes a compact group under
the induced distanaé(x,., y«) = |x — y|, wherex andy satisfyi(x) = x4, t(y) = ys andx, y € [0, m)¢. Let A(dx,)
be the Lebesgue (Haar) measureftfhand write

t

Ly (t,x4,€) = Z L(t,x +mkK,¢e) = f he*(X*(s) — x*) ds, >0, x4 € T,Z (4.19)
kezd 0

whereh,, is a function orr’¢ defined by

hes(Xy) = Z he(x + mk). (4-20)
kezd
Notice that
/L”(t,x,e)dx: Z LP(t,x +mk,e)dx
R keZ0 1
p
< / [Z L(t,x+mk,e)i| dx:/[L*(t,x*,e)]pA(dx*). (4.21)
[0,m]4 kezd

m

Using the methods we used in the proof of Lemma 6 of [5], which deals with the one-dimensional case, we can
show that for any bounded, measurable functfoon 7¢

t

o1

tl_l)rr;o;logEexp{/f(X*(s)) dS} = sup {/f(X)gz(x))\(dX)—5¢,T;{(g,g)}. (4.22)
0 gE]:WTrﬁ Trz

Here
. 1
Eprage)= Y. VMO (4.23)
re(Z)yzd

whereg (1) denotes the Fourier transform g L2(T,ﬁ), and

Fyrs={g € LATm) | Igllpzs =1, &g 1a(g, 8) < 00}, (4.24)
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We will use the notatioryf x,, g(x) = de f(x —y)g(y)A(dy) for convolution of functions 0|T,ff. By (4.22),
.1
t“m 7 IogEexp{ / S o) L (2, x4, e)k(dx*)}
— 00
Td

t

.1
=t|l)f207|09EeXp{/f*m heg*(X*(s))ds}

0
= Sup { / f *m he,*(x)gz(x))h(dx) - gl//,T,f{ (g, g)}
geF, d
v, T T,ﬂ
= sup { / f(x)gz *m he s (X)A(dx) — glp,Tr;{ (g, g)} (4.25)
gef‘/’vTr% Td

From (4.20) and the fact that € S(R?) we see thali/ic«|loo and|| Vi |« are both finite. It follows from the
definitions (4.19) thati L. (¢, -, €)llco < |eslloot @NA Ly (t, x,€) — Li(t,y,€)| < [|Vheslloot|x — y| for all x, y.
Hence if we set

Asre ={f €CTH || f )] < lhesllos, Yx € T and| £ (x) — £ ()] < Vhexlloolx — yl},
Vx,yeT? (4.26)
we have that

1
Ll €) € Avre. (4.27)

Note as before that by Ascoli's Lemmag, .. is a precompact subset 6%7,¢) in the uniform norm, and a fortiori

Ay rc iS a precompact subset ﬂF’(T,,‘f). We usekK, ;. to denote the closure of, . in LP(Tn‘f). Letg > 1 be

the conjugate op and lets > O be fixed. By the Hahn—Banach Theorem and compactness, there are finitely many
bounded functiongi, ..., fy in the unit sphere of.7(T,) such that

1/p
(/|h(x)|pk(dx)) < max /ﬁ(x)h(x)k(dx)+8 Vhe Ky pe. (4.28)
1<i<N
Td Td

m

In particular, using (4.27)

1/p N
E(exp{@(/[L*(t,x,e)]”)\(dx)) }) <e‘”ZEeXp{Q/ﬁ(x)L*(t,x,e)A(dx)}. (4.29)
d i=1 Tn‘f

m

Hence by (4.25),

1 1/p
Iimsup;IogEexp{Q(/[L*(t,x,e)]’%(dx)) }

1—00
T

<8+ max su 0 ; 2 s%m h A(dx) — & ,
+1<i<Ngef:)rd{ [fl(x)g o e (OME) = Ey 1y (8 g)}
tm T

1/p
<8+ sup {9</(g2 *m he,*(x))PdX> —5¢,Tnz(g,g)}- (4.30)
ge}—z//,T,‘,{

m
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In view of the relation (4.21) and Lemma 3 below, lettifig> 0 and thenn — co we obtain the upper bound
for (4.4):

1/p
limsup- IogEexp{ (/Lp(t,x,e)dx> }gMI,,,,,,G(e). (4.31)

t—00
R4

By the inequality

/p p 1/
(/HL (t, x, e)dx) EZ</Lf(t,x,e)dx> ! (4.32)

RrRd J 1 j=1 R4

we have

P p 9 1/pyp
Eexp{@(/nLj(t,x,e)dx) }< [Eexp{-(/y’(t,x,e)dx> ” . (4.33)
Rd Jj=1 p Rd

From (4.31), (with9 being replaced by—16), we have the upper bound for (4.5):

—>0o0

p 1/p
lim sup- IogEexp{ (/HLj(t,x,e)dx) }gNw,,,,e(e). O (4.34)

R4 Jj=1

5. Localization

In this section we assumg < 2. The case of Brownian motion was developed in [3]. By the Lévy—Khintchine
formula

VO = 2/ Wd)} (5.1)
) d+p(Y)

whereJyg(y) > 0 is a symmetric positively homogeneous function of degrae and we may assume that for
somelO<c<C <o

1P < Jagp(y) < Cly[*TF. (5.2)

Using Parseval’s formula we find that

() — f0)I?

Go(f. )= / Jarp(y —x)

RIR4

dy dx. (5.3)

Recall that for a functio (x) on R we seth,(x) = Y kezd h(x +mK).

Lemma 3. Let p > 1 and let 4 be any non-negative measurable function satisfying

C
1+ |x]dt¢

for some ¢ > 0. Thenfor any 6 > 0

(0] < (5.4)
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1/p
limsup sup {9(/(;,72 s e (x))7 dx) -& Td(g,g)}
maa)ﬁf%% o

m

1/p
< sup{@(/(gz*h(x))pdx> —51//(8,8)}.
d

geFy

Proof of Lemma 3. Letg e Fy.1d be fixed. We may considgrto be extended t&? by periodicity. Then

/ g2 dx = 1.
[0,m]4
and
o= [ =) Y b mkody =g oo,
[0,m]4 kezd

Hence

sup g2enn= swp [ 7200 Y b —y-mody<e [ @mdy<e
xe[0,m]d xE[O,m]"[O"n]d kezd Om

using (5.4) and (5.6).
We also have

n@d= [

[0,m]4 Rd

1g(x +y) — §(x)[2
Ja+p(y)

dy dx

where the last equality follows as in the proof of (5.3).
Note that by (5.6) we have
g2 # h(x)dx =/h(x)dx < o0.
[0,m]4 R4

Throughout¢ will denote a constant which may depend/inrite

E={J{0<x <2V/m}U{m —2J/m <x; <m}).

-

i=1

By Lemma 3.4 in Donsker—Varadhan [7], there issa@R? such that

c

/gz*h(x+a)dx<

T
E

We may assume =0, i.e.,
/gz*h(x)dx < %

E

913

(5.5)

(5.6)

(5.7

(5.8)

(5.9)

(5.10)

(5.11)
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for otherwise we may replagg(-) by g(a + -). Define the functioy onR* by

xm_l/z, 0<x <m1/2,

b(x) = 1, ml/zéxgm—ml/z,
ml/z—xm_l/z, m—ml/zéxém,
0, otherwise

and write
P =¢(x1)---p(xa), x=(x1,...,x5) €R?

fx) =§(x)<p(x)/J /éz(y)wz(y)dy =g(x)p(x)/VA (say)

R4

Thenlgp| <1,|Vyp| < /d/mandf € Fp.
Note that

2P — §e@|* = |30 — §0))e() +Z) (9 — 9 (0)|?
=120 — 2@[*0?() + 2@ e () — e[
+2[3(») —2@)|e(ME@)|p(y) —px)|.
Using
ZMe() — 9> <22W|e() — 9|2 (Lompe () + Ligme )
< 2dm™ 2% (x) (10 gt () + Ly e M) (Iy — x| A ly — x1?)
we find, exactly as in (4.13)—(4.18) of [5] that

18N () — g(x)p(x)]?
Ja+p(y —x)

AE,(f. )= / dydr < &y (7. &) +om YAEY2(G, §) + om~1/2

RIR4

<A+ cmfl/g)é’_w (3,8) +cm™ Y4,
On the other hand, recalling (5.7)

(/(gz*mh*(x))pdx)l/p:( / |g2*h(x)|”dx)1/p

T4 [0,m]4

1/p 1/p
g( / |g2*h(x)|pdx) + </|g2*h(x)’pdx> .
E

[0,m]I\E
By (5.11) and (5.8)

S » 1/p ¢ \Vp = 1_;1 ¢ \Yp
([l enorar) "< () (apetnco) "< ()

Now

-2 P Yr
|g% % h(x)|” dx

[0.m]I\E

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)



X. Chen, J. Rosen/ Ann. |. H. Poincaré— PR 41 (2005) 901-928 915

1/p 1/p
<A</|f2*h<x>|pdx> +< / |(Af2—§2)*h(x)|”dx) : (5.17)
R4

[0,m]\E

Using the fact thatA f2 — g2| < g2 and (5.10)

1/]7 1/17 p—1
( / |<Af2—g2)*h<x)|de) <</g2*h<x)dx> (sw JArr-genwl)

d

[0,m]4\E [0,m]4 *el0mI\E

p-1
gc( sup |(Af2—§2)*h(x)|> " (5.18)

xe[0,m]9\E
Also
sup  |(Af2—g%) xh(x)|= sup / (Af2=gH(h(x —y)dy'. (5.19)
xe[0,m)9\E xe[0,m)9\E Rd

Since (Af? — g% (y) =0 for all y € [mY?,m —m1/?)?, if also x € [0,m]? \ E we see that the only non-zero
contribution to our last integral is fax — y| > m*/2. Hence, using (5.4)

sup
xe[0,m)9\E

/ (Af2 = F)(Mh(x — y) dy'

R4

<c sup / 22(y) ! d

¢ 8 W) ae W

b xe[0,m)d 1+x— Y|d+{
{lx=y|Zm?2)

1
<cm7§/2 Su / _2( )—d
h xe[OnF:]‘l T ™

T {la—yIzm

<em=t2 (5.20)

1/2}

where the last inequality follows as in (5.8).
Combining (5.14)—(5.20) and noticing that< 1 we obtain

1/p
9( f (8% #m h*<x>)”dx) — &y 14(8,3)

Td

m

c -1 c 5 » 1/p
<A<1+m> {9(1+m)</|f £ h(o)] dx) —&p(f,f)}

R4
1/p
+9<L> +0cm™t? 4 c

Jm i/
1

ey (o1t - V) vo(-) " +oemcrzy < (5.21)

<My 178 T cm v )

where My ; () denotes the right-hand side of (5.5). Taking the supremum on the left-hand sidg eva;”
and then lettingn — oo on both sides we have (5.5)0
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6. Exponential approximation

Giveny = (y1,...,yp) € RP? et

apre(¥) = f /|:/1_[h (Xi(s) + y1 — x) j|dsl...dsp

0 pa =1

where, as beforei (x) = e ?h(x/¢€), h is a positive symmetric function in the Schwartz spa&i@®?) with
Jhdx=1,andX1(r), ..., X,(¢) are independent-dimensional symmetric stable processes of infle¥e have
Apte = ap,t,e(o)-

Sinceh, (x) = (27) ¢ fRd &4 fi(er) dr wheref is the Fourier transform of, we have

@pr.e () = (2m) ™ / [ / ( f ¢ Xz Gt ”Hh(m)dx,) dxh_[dsz

0117 RI Rdp =1

p p
= (2m)~ f |:/ e_izzll)hl'x< / g Xl ke (Xisp)+y) Hﬁ(ekl) dA]) dxi| l_[ ds;. (6.1)
=1 =1

[0.1]7 Rd RIP
Using the Fourier inversion formula in the form

(271)d/e'(le=1lmx/e'AI’XF()»p)dApdsz(—ZM) (6.2)
R4 R4 =1
we have that
p—1
Up.1.e(§) = (2m) 4P~ f ( / dZintr (X’(‘””’)l_[h(exl) I1 dAz)l_[ ds; (6.3)
I=1 I=1 I=1

[0,¢]7 RdA(p-1)

-1
where from now on we have, = —(Zle AD.

Theorem 8. Let p(d — B) <d. Thenfor some p,0 >0

|ap te — ap t €,|ﬁ/(d(l7*l)+p)
Sup E<eXp{9 € — ¢/ |PB/@(p—1+) pBI(p—D+ 7)1 D = ©4)

€, t>0
and
lotp,ie — Oé[,,,’é()‘;)|/3/(d(p—l)+p)
€ zfoul;#OE(eXp{@ |3|PB/(d(p=D+p) tpB/(d(p—D+p)—1 < 00. (6.5)

We will prove this theorem shortly, but first note that it follows from our theorem and Kolmogorov’s lemma that
foranyy

O5p,t(y) ::!ii)noap,l,e()_]) (66)

exists a.s and in allY spaces.
It then follows that for some, 6 > 0

lap,: (¥) — Olp,tyé(y)|ﬁ/(d(pfl)+p)
€ ),‘S>u0p}_ E<exp{0 |€|pﬂ/(d([)—l)‘ho)[[Jﬁ/(d(p—l)+p)_l <0 (67)
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and

lap s — ap’t()—,)|ﬁ/(d(1?*l)+ﬂ)
zjuvgéoE(eXp{e 5178/ Dty B D1 | ) =%

Let us first show how (6.7) leads to Theorem 6.
Proof of Theorem 6. By (6.7) for some& > 0

¢
o o
supEexp{ei| pite ~ 9.l }<oo

€10 erspt—1
where
B 1
(=— > —.

= >
dip—D+p p
By the estimate

1 ) 1
Eexp{ilapre —ap YP) <€ + EexplMap e — ap il oy, c—ay 15000}
P )2

|Olp,t,5 - Olp,t|§ }

5t
<é ~|—Eexp{8p£_l Py}

we conclude that for any > 0,

. . 1
lim suplimsup= log E exp{Ala ;e — a7} =0

e—0 t—oo I

which completes the proof of Theorem 60

Proof of Theorem 8. Using (6.2) with the convention that, = —(Zfz_ll A) we have

Upre(V) = pre(Y)

— (2m)—d(r=D / (

(0,117 “Rd(p-D) =1

=1 =1

Consequently, using the notati(ﬁ?l(ek.,j) = ]'[,”:lﬁ(e)»l,j)

P m
E({ap.c(3) —apre®}") = @)~ mr=D f f E l_le'Zf=1ku-(X1(Av,f>+m>
=1

[0,2)"P Rd(p—Lym =

m p-1 P
< [ [(Her. j) - H(Er ) ( I d)»z,j> (]_[ dsz,j)
=1 =1

j=1
where from now on

p—1
Apj = —<Z)»1,j>, Vi=1,...,m.
=1
Since we can write
[0, 1™ = U Dy (1, ..., 7p)

1. TTp

14 14 p-1 14
eiZ;;l)‘l'(Xl(sl)+yl) {Hﬁ(f)kl) _ Hﬁ(e/)\l)} 1_[ d)»]) l_[ ds;.
=1

917

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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where the union goes over afi-tuples of permutationsry,...,m, of {1....,m}, and D, (m,..., 7)) =
{{si, ;HO< 81,70 <+ < SLm(my S 8, VI, we can write (6.13) as

LA m
E({epe() = apre®}") =@~ "0=D 5 f / E(]_[e'Zj=mf~<Xz<sz,,'>+yl>)

JTpo (71,0, 7Tp) Rd(p—Lym =1

m p—1 P
X l_[(ﬁ(é)\]) — f]\(el)».’j)) ( 1—[ d)x]J) (H dS[gj). (6.16)
j =1 =1

j=1 I
On Dy, (w1, ..., ) We can write
m m
Z A Xi(sy ) = Z i, j (X1(51.7()) — X1(51,7(j—-1))) (6.17)
j=1 j=1
where

m

Ui j = D M- (6.18)
i=j

Hence onD,, (w1, ..., 7))

4 p
E(l_[eiz;nlpl.j'xl(sl,j)> :l—[Fl (6.19)
=1

=1
where
Fi=¢e Y Yy, St () =S1m (-1) (6.20)
If we set
P
G =[]F/""" (6.21)
=1
l#r
then

P P
E(nei ZT;;m.fstz.») _[Te. 6.22)

=1 =1
Sincelii(er, ;) — h(e'a, ;)| < Cle — €'|P|A1 ;|7 for any p < 1, we have the bound

k
|H(er.j) = H(Er )| <Cle —€'1P> " 1n 17 (6.23)
=1
Using Holder’s inequality we have

P " m R R p—1
E(l_[el Zle.j'(Xl(Sl.j)“‘)’l)) l_[(H(e)\,j) _ H(E/)\.’j)) 1_[ d)\'l,j

=1 j=1 1=1

RA(p—Lym

p m p p—1
<C"e—€|P" / []e- ]‘[( |Ai,j|ﬂ> [ ] dr;
1 =1

RA(p—Dm r=1 j=1\i=
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p 14 m p—1 1/p
<CMe —€'|Pm ]"[( > / GI [T i T] d,\,,j) . (6.24)
i1 j=1 =1

r=1 \iq,..., im:le(P—l)m

Absorbing the inner sum in the constart, we consider

max / G”HM, JlP ]_[dx,] (6.25)

RA(k—Dym j=1

If i # r, then using (6.18) we can bound edgh;|” by a sum of twdu; , ;|”’s and we can be sure that no factor
lui,z, ;|7 appears more than twice.il= r then we first use (6.14) to bound egah ;| by a sum ofi; ;|°’s with
i #r, and then proceed as in the last sentence. Thus we can bound (6.25) by

m
he
maxC"” / GP TTT T wm 179 s .
r

Rd(p=Dm J=11#r
P m

—(d+ph, (1,
< maxC™ [T T TGumay = staq-p) G0 (6.26)
=1 j=1
l#r

where the max runs over the set of functiolngl, j) taking values 01,2, 3,4 such thath, (r, j) = 0 and
Zl,j hy(, j) =m. Hence

14 p—1
E(He'Zj:l)\l,j'(xl(sl,j)‘Fyl)) H(H(E)\. j) _ H(E A ]) l_[ d)n[ i

Rd(p=L)m =1 j=1 =1
p m 1/p
<CMe—€'|P™ l_[ma <1_[ l—[ L (j) — Sz,n,(j1))_(d+ph’(l’j))/ﬁ)
r=1 hy =1 j=1
r
=C"|e —¢ |Pm max l_[l_[(sl I @d(p=D+X7_ 1 hr(L.))p)/ kB (6.27)
""" "rio1j=1

Recalling thatp(d — B) < d sothatd(p — 1)/ pB < 1, hence fop > 0 sufficiently smalkd(p —1)/pB8+4p/8 < 1,
we see that

E<{ |05]),t,€()—’) - O(p,t,e/()_))| }m>
c—ep

< C"(m)? max _ d(p=D+3]_1 hr(L.J)P)/PB
(m!) ,ma Pl_[( H(r] ri—1)” i
=1 O<ry<ee <y <t j=1
tm(l—d(p—l)/pﬁ)—zi’:lZ’}‘:lhr(z,j)p/pﬁ !
<em max H( >
----- hp \Tm@—d(p=1/pB) =X F_1 > 71 he (s o/ pB)
< (= @(p=1+p)/B) (1) d(p=D+p)/B (6.28)

Writing n = (d(p — 1) 4+ p)/B > 1 we then have

’E({ lap,r,e(¥) —ap e (V)] }m>
le —¢€’|PtP—n

< C™(m)". (6.29)
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By Holder’s inequality

g 120 @ = p e @ m/
|€ — €/|pt17777

(6.4) follows from this.
To prove (6.5), we note that just as in (6.16) we have

p H m
E({O!p,t,e - Oép,t,e(y)}m) = (27)mP=D Z / / E(l_[ e Zi=1k’*-f'X’(‘Y’*-f)>

=1

< C™(m)). (6.30)

0D, (1., k) RAp—Lim

m p—1 )4
x [T - e&mr) e, ,-)( []dn. ,-) <]‘[ ds, ,-). (6.31)
i =1

j=1 =1

We then proceed as before, but instead of (6.23) we now use the fagfikat o < C and for anyp < 1, we have
the bound

14
|1_el(Z1]:1A1,j'yl)| <C|)_’|p2|)»l,j|p- (6.32)
=1

The rest of the proof of (6.5) is completed as before. This completes the proof of Theorem 8.

Theorem 9. Let p(d — B) <d. Then as. «p ;. converges as ¢ — 0 locally uniformly in ¢. Hence, a.s. «p; =
lime_oap ;e iscontinuousinz.

Proof of Theorem 9. Fix M < co. We will show that for some > 0 and any even integer

E({apic—apre}") <Caltt.) = @ )" (6.33)

uniformly in¢, " € [0, M] ande, €’ € (O, 1]. It will then follow from Kolmogorov's Lemma and the fact thay ; .
is continuous i ande > 0 that for some’ > 0 andc,, < oo a.s.

|05p,t,€ _ap,t/,€/| <Cw‘(t» E)_(t/7€,)‘{/7 VI,[/E [Oa M]a€’6/€(05 1] (634)

which implies our theorem.
It thus remains to prove (6.33). We begin with

E({O‘p,t,é - ap,t/,e/}n) < 2nE({ap,t,s - Ofp,t’,e}n) + ZnE({O(p,t’,e - (xp,t/,e’}n)- (635)
From (6.28) we obtain that uniformly iri € [0, M] ande, €’ € (0, 1]
E({apy.e —oppe)') < Cule — €7 (6.36)

We may assume that < ¢. As in (6.16) we have

P
E(lapre —op ') = (2m) =D Z / / E(He'zjl’\l»f'xl(sl»ﬂ>

TP D (1, p)N([0,£1P —[0,17]P) RAP(I—D) =1

n p—1 P
< [THEr )] dhy [ dstj- (6.37)
j=1 =1 =1

Following through the estimates used in the proof of the last theorem we find that
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E({ap,t,e —Up.te }n)
p

n
<2 / TTT Gt = stme—2) " D/PP ds

m,...,npDn(nl ,,,,, 7p)N([0,117—[0,1/]7)" 1=1j=1

p 1/r
< M yqo,np—10,e17)73 M1 Z [ / HH(SI n() — Sim(-1) rd(p= l)/k‘gdsl (6.38)

Dy (1,

where the last step used Holder’s inequality w}thr % = 1. Takeq > 1 sufficiently close to 1 so thatd(p —

1)/ kB < 1 and therefore the last integral in (6.38) is bounded. Then we see from (6.38) that fop’sere
E({op.c —apre)") < Calt =117 (6.39)

uniformly inz, ¢’ € [0, M] ande € (0, 1]. This completes the proof of (6.33) and hence of Theoremr®.

7. Thelaw of theiterated logarithm

In this section we will prove Theorem 2. We start with some preparatory material. @ively1,...,y,) €
RP4, we use the notatio®* and E¥ to denote probabilities and expectations with respect toptivedependent
symmetric stable processgs(t), ..., X, (¢) in R? of index 8, where now eacly;(0) = y;. Note thath{al/” >
ht} = P{a,(7)Y/? > ht} hence

sup P{|ap.(5) —ap |77 =8t} + + inf. P¥ay/? > hit) > Plall > (h+8)1). (7.1)
[yI<e RIS
Using this we see from (1.12) that
max{llmsup log supP{|apt(y)—apt| ”>8t} I|m|nf—log inf PY{a,] Yr s ht}}
—00 t | —00 t | |\
> —(h + §)PP/A(r— 1)A1/f,p' (7.2)
Now, from (6.8), as in the proof of (6.11) we find that for any 0,
1
lim suplim sup= log sup E exp{i|a, ;(5) — oz,,,t|1/”} =0 (7.3)
e»0 =00 I ji<e
so that by Chebyshev
Ilmsuphmsup log sup P{|ap. (F) —ap | p > 8t} = —oo0. (7.4)
e—0 1—oo I 1y]<e

Using this to first lek — 0 in (7.2) and thed — 0 we have

liminf I|m|nf—log inf PV, > ht?) > —hPlAP=Dy, (7.5)

e—>0 t—o0 ft 1yI<e

By the scaling propertyX (rs); s > 0} < tY/#{X (s); s > 0} of the stable process which led to (1.7) we have
also that

Bp=d(p=1)

L) =L 07 apy). (7.6)

Hence,
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- Bp—d(p—1 1(p—1)
B

Pap, =ht 7 )(Ioglogt)( }

liminf liminf log inf
e—~0 =00 loglogr ™ |5<e(/loglogn i/t

= liminfliminf log inf PY > h(loglogr)?
e—~>0 (=00 |Og|Ogt g|§|<5 {ap’bglogt ( g g) }
= —hﬂ/d(”‘l)Aw)p, o

Proof of Theorem 2. The upper bound follows from (7.7) and a standard use of Borel-Cantelli lemma. We now
prove the lower bound. Let = k% and let

_dp=1
h<A,,” . (7.8)
We first prove that

. 7ﬁl’*dél7*1) —d(p—1)
limsupr,_ (loglogtit1) ™ 7 ap((tk, i+1l?) > h  as. (7.9)

k— 00
By Markov property and Lévy’s Borel-Cantelli lemma, we need only show that

Bp=d(p=1)

~ (=1
X P

§ PYfap oy 2 hty !

k

(Ioglogtk+1)d }=00 as. (7.10)

where
X = (X1(), ..., X (D).

However, it is easy to see that.1 — #, > nik? ask — oo so that by the scaling property of the stable process,
foranys > 0

S(txy1 — 1) YR Sk>/B

p(1xy) > SB =8 ) p s <C/KF*
loglog(tx+1 — ) logk

for anye > 0, sinceX1 hasg — e moments. By the Borel-Cantelli lemma, with probability 1 the events

o 8(trsr — te) /P
{I&KM}, k=12,...,
loglog(tx+1 — )
eventually hold. Hence
. (loglogt ve
lim (79 gk“) |X;|=0 as. (7.11)
k—o00 tet1

On the other hand, by (7.7),éf> 0 is small enough,

liminf — = | int P’ Shi 17 (log] LS 1 (712

min |Og |ogtk+l Og F(<etturn/ |Og|ogtk+l)l/ﬁ {Olp,thFlftk = tk+l (Og Ogtk+1) } > —1. ( . )
Finally the lower bound follows from the relation

Ap.pq = Olp((tk, tk+1]p) (7.13)

_dp-)
and the fact thak can be arbitrarily close td , , P . This completes the proof of Theorem 20
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8. Moderate deviationsfor random walks

Set

I(n,x, €)= Zb(nv,;l)—%(m) (8.1)

= b(nv; )

and defin€; (x, n, €) analogously.

Theorem 10. For each 6 > 0,

1/p
il -1 p
lim - IogEexp{G b(nv, ) (Zz (n, x, e)) }

xezd
1/p
= sup{e(ﬂ(gz*he)(x)!”dx) —5¢<g,g)} (82)
gEf@ d
and
1/p
lim —IogEexp[@ b(nv p (Z Hl (n, x, e)) ]
oo b xezd j=1
1/p
= sup{e(/Mgz*he)(x)f”dx) —p&p(g,g)}. (8.3)
gef@ Rd

Proof of Theorem 10. Givent > 0, writet, = [tn/v,] andy, = [n/t,]. Thenn < t,(y, + 1). By independence
and the triangle inequality,

1/p
) _1.4p=D
Eexp{@;"b(nvnl) g (Zl”(n,x,e)) }
xezd

v I S(k) — x P\ Y/py\ vatl
<|E 0-Lb(nv H=d/p h€< — )
( exp{ w ) (Z{kzl b D } ) D

xeZd

R R T I T Y P i A
—(Eexplo( [1223 h. n d . 8.4
( exp{ (/{n kzl < b(nvn_l) ) (64)
Rd =
( e Yy L\
W (f) = he( £s) — 2 X g ) e 8.5
wh=[ ( / (f(s) e ) s> x (85)

RS VO

Let

Applying by Skorohod’s generalization of Donsker’s invariance principle for random walks in the domain of attrac-
tion of a stable process, [9], to the continuous, uniformly bounded and uniformly convergent functigrigls
on C([0, t]; R?) we have

1 _ 1 p 1/p
lim Eexp{9</{v—"2he(s(k) L, )x])} dx) }
n—00 n b(nv;

Rd k=1
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1/p
:Eexp{@(/LP(t,x,e)dx) }

R4

where

t
L(t,x, €)= / he (X(t) — x) ds
0
Therefore,

1/p
lim sup— IogEexp{@ b(nv‘l) (Z 1P (n, x, e)) }

n—oo Vn
xeZd

1 1/p
g;logEexp{O(/L”(t,x,e)dx> }
R4

Letr — oco. By Theorem 7 we have the upper bound,

d(p=1) 1/p
Ilmsup IogEexp{@ A <Z 1P (n, x, e)) }

n—0o0 n
xezd

1/p
< SUD{H(/|(82*he)(x)}pdx> —&p(g,g)}-
8eFy d

By the inequality

P Yp
(Z Hlj(n,x,€)>

xezd j=1

p

Y
Z( Z lj?(n,x,e)> !

J=1 "xezd

“cll—\

and independence,

1/p
lim sup— IogEexp{@ b(n n_l) (Z [Tum.x e)) }

n—o0 Vn xezd j=1

1/p
< sup{e(fl(gz*he)(x)}”dx> - p&p(g,g>}.
geFy d

On the other hand, for any nice functighon R¢ with Ifllg =1,
1/p 1/p
( > ll’(me)) =b(nv, )"/P( / 17 (n, [b(nvn1>x],e)dx)
xezd R4

>b(nu;1)d/f’/f(x)z(n, [b(nv, Hx], €) dx

R4

-1
—b(nv_l <p )Z/f( )he(S(k) b([b(nv )x])dx

)

(8.6)

8.7)

(8.8)

(8.9)

(8.10)

(8.11)
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o o2 e
= b(nu;l)‘@ {O(n) + Z(f *he) (&> }

k=1

b(nvn_l)
By the same argument as in Theorem 4.1 of [4],

Sk)
Ilnn_1>|orlfv—nlogEexp{9—Z(f * h )< >}

b(nv;h)

> Sup{Gf(f*he)(x)gz(x)dx —&p(g,g)}

g€.7:1/,

= SUP{G/f(x)(gz*he)(X)dx—Ew(g,g)}-

g€.7:1/,
This gives

1 v d(p-1) Yp
liminf —IogEexp{@—"b(nv » ( Z 17(n, x, e)) }
n—>00 yy, n

xeZd

1/p
> Sup{é’(/\(gz*hg)(x)}”dx> —&p(g,g)}.
geFp Rd

Taker > 0 and writeB, = {x | |x| <r}. Define
. 1w S(k
l(n,x,e):—Zhe( ()l —x), X € B,.
n4 b(nv, 7)
Taking the functionf to be supported oB, = {x||x| < r} in the above argument also gives

1 . 1/p
Iiminf—|0gEeXp{0vn</lp(t,x,e)dx) }

n—00 v,

r

1/p
> sup{9</|(g2*he)(x>|’)dx> —£¢<g,g>}.
geFy 5

Then, as in (4.11), there is a compact &ein L? (B, ) such that
(n,,e)e K asn>1

Then the argument used in Section 4 gives

4 1/p
I!m)mfv—logEexpi@v,,(/1_[11j(t,x,e)dx> }
I‘ j:

1/p
> Sup{é’(/\(gz*hg)(x)}pdx> —p&p(g,g)}.
ge]:z// B,

925

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)
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Lettingr — oo gives

1 P 1/p
Iiminf—logEexp{Gvn<fl_[ (t, x, e)dx) }
n—0o0o vy, =

i

1/p
> Sup{9</|(gz*he)(x)|de> —p&/f(g,g)}- (8.19)
g€.7:1/,
]Rd
Notice that
S; (k)
/1_[11 (t, x, e)dx— /l_llkzl <b(rivn_l —x) dx
R4 J J
_ S;k) —
:—b(nv h- / < J )dx
Jl_ll]; b(nv
1+ o1, B " S;(k
(+0( ))b( 1,121—12 < ()_1 )dx
rezd j=lk=1 \ b(wn
_ (:I-_Z#b(nvn_l)d(p_l) » Hlj(t,x,e)dx. (8.20)
xezd j=1

Thus

1/p
- 1
Ilnnyorlf o IogEexp{e b(nv, ) (Z 1_[1 (n, x, e)) }

xezd j=1

geFp

1/p
> sup{9</|<g2*he)(x)}”dx> —p&p(g,g)}. (8.21)
]Rd

This completes the proof of Theorem 100

Proof of Theorem 3. We need only prove the first statement, since the second is the consequence of this and
Cramer’s theorem. For the upper bound we follow some ideas given in [3, Section 5]. For this we need

n_pb(n)d(p_l)lp,n 4, op 1. (8.22)

This is proven in [8] when! = 2, and the case af = 1 is similar. Lets, = [tn/v,] andy, = [n/t,] + 1. By [3,
Theorem 5.1],

00 m d(p=-1 00 m =, ”
gmn Vn n P 1/p pm Vn n > 1p

2 il ) el E(y))"" < —\—) b= E . (8.23

m:Om!(n) (Vn) ( ( ) Zm! n Vn ( { t)) ( )

m=0

Asin [3, Lemma 5.2], there is a positive sequefi€g } such that

d(p-1)

Sur<v_n> b(£> p (E( Ptl))l/p <Cm» m:O, 17"'7 (824)

n n Vn
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and

o0 em
> — Cp < 00. (8.25)
m=0 m:

By the weak law and dominated convergence theorem,

00 d(p—l)m

o™ (v, \" n P 1/ X gm 1/
n p m P
) ﬁ(;) ”(,7) By, )" — —(E@ )" (8.26)
m=0 " m=0"
Hence,
lim sup— IogZ mb n e (Ey ) )P < Iogz E(a )7 (8.27)
n—oo Vn Vn pt .
Letr — oo on the right-hand side of (8.27). By [3, Lemma 5.3] and Theorem 1,
d(p=1
1 0™ (v, n\ » " 1y _ _
lims lo b( — EUI™ )P <suport? — ptag , qaP/4p=Dy, 8.28
imsup~ gZ (n) (U) (E) 7" < sup P Appa b (8.28)
By [3, Lemma 5.3] again, we have the desired upper bound,
limsup— IogP{ Iy = anPb(vy HIP=DY < —Ag |, g2 P1AP7D), (8.29)

n—oo Vn

Recalling (1.13) and the notatid®* introduced at the beginning of Section 7 we now prove the lower bound:

1 ,
liminf —log _inf  P¥{1,, > AnPb(nv, H4r-D
mBe b, O 51<Chm) U ) }

—d(p-1)
d(P-D(ﬂP d(p — 1)) EG 2 Bld(p=1).

B BpMy

Since the basic idea is given in the proof of [3, Theorem 6.1], we only sketch the argument. To prove the above
lower bound, we need only show that

/_

(8.30)

.. 1 . /[, __dp=y _ pB
liminf —log inf E*exp pn b(nv,,) g I > p PPdG-D G PEdr=D My, (8.31)
n—00 vy [X]<Ch(n)

As in the argument used in [3, Theorem 6.1], we may assume aperiodicity of the random walks and we can then
prove, that for any small > 0 ande > 0, there is & > 0 andK > 0 such that

[) m
\;|<iréfh<n) EXU ) 2 (Svn—KE< Z nzj(n,x, e)) (8.32)

xezd j=1

for all non-negative integers. This, together with Theorem 10, gives

.1 . 3 ~1y 2 1/p
Ikrg'orlfﬂlogmgl@;(n)E (exp{@ b ) ot

geFp

1/p
> SUD{G(/MgZ*hg)(x)}pdx) —pSw(g,g)}. (8.33)
Rd
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As ¢ — 0, the right-hand side approaches

2 \ P _dpD  pp
sup46 ‘g(x)| dx — pEy(g,8){ =p PPIr-DOP=dr=D M,
geFp #

Notice thatu > 0 can be arbitrarily small. (8.31) then follows by a suitable change of parameters. This completes
the proof of Theorem 3. O

Proof of Theorem 4. As in the continuous case, Theorem 4 will follow once we establish

1
lim liminf —log  inf  PY{l,, >anPb(nv, )=V}

e—>0 n—o00 p, lyl<eb(rvyh)
. (p— )</3P_ (p — )) L =g (8.34)
B BrMy p

This follows from (8.30). O
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