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p-variation for families of local times on lines

Haya Kaspi* and Jay Rosen'

1 Introduction

The local time process (L?),es for a Markov process with values in S measures, in
a certain sense, the amount of time that the Markov process spends at each point
up till time ¢. (L¥)es is a family of continuous additive functionals which has been
the subject of intensive investigation. Not all Markov processes have local times. In
particular, Lévy processes can only have local times in one dimension since in higher
dimensions they do not hit points. Nevertheless, one can study other families of con-
tinuous additive functionals and try to see which properties of the local time process
(Lf)zes admit natural generalizations. The family of ‘local times on lines’ for the
two-dimensional symmetric stable process X;, which ‘measures’ the amount of time
that X spends on each line up till time ¢, is in some ways the most natural extension
of the family of local times at points. In this paper, the property of (L%) e which
we plan to generalize is that of quadratic variation, or more generally p-variation, in
the spatial variable. Aside from its intrinsic interest, we hope that this detailed study
will pave the way for generalizations, both of other properties and to other families
of continuous additive functionals.

The quadratic variation of the local time L? of 1-dimensional Brownian motion W,
was studied in Bouleau and Yor [2] and Perkins [6]. They show that for any sequence
of partitions m, of [a,b] with mesh size converging to zero,

]

(1 lim, 3 (23 = 277 =4 [ Nan(W) s,

with convergence in probability. Similar results were obtained in [7] and [5] for the
p-variation of the local times of 1-dimensional symmetric stable processes. The object
of this paper is to generalize such results to the ‘local times on lines’ of 2-dimensional
Brownian motion and symmetric stable processes. To better appreciate the results
we shall obtain, we first reformulate (1.1). Let ¢ : [0,1] = R! be a smooth curve, not
necessarily monotone, and let N(c|y) = card{z € [0,1]|c(z) = y}, the cardinality of
the pre-image ¢~!(y). Using (1.1) on each interval of the complement of {s|c/(s) = 0}
we see that for any sequence of partitions 7, of [0,1] with mesh size converging to
zero,

: i i-1)) 2 ¢
(1.2) lim 3 (L5 - Li)? = 4 /0 N(c|W,)ds,

n—o0o
8{€Mn

with convergence in probability.
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For any 0 < 0 < 2m, let e(f) = (cos(#),sin(f)) denote the unit vector with angle
6, and e(0*) = (sin(f), — cos(f)) denote the unit vector perpendicular to e(d). We
use l,9 = {ae(6) + ze(6+) |z € R'} to denote the line such that ae(f) is the foot of
the perpendicular from the origin to I, 9. If X; denotes the symmetric stable process
of index f in the plane, then X? = X - (), the component of X; in the direction
of e(#), is a real symmetric stable process of index § (just check the characteristic
function). Let L denote the local time of X? at a € R!.

Let 7, = (as,0;) be a simple smooth curve, v : [0,1] = R} x [0,27). For ease of
notation we will sometimes write (s) for ;.

Let @, : [0,1] x R! — R? be defined by ®,(s,z) = ase(6;) + ze(fy)) and let
N(®, |y) = card{(s,z) € [0,1] x R'|®,(s,z) = y}, the cardinality of the pre-image
®-'(y). Thus N(®,|y) is the number (possibly infinite) of parameter values s such
that y € [,,.

Let Q(0,1) denote the set of all partitions 7 = {0 = sp < 81--+ < 8, = 1} of
[0,1], and let |7| = sup;<j<x, (8i — Si—1) denote the length of the largest interval in .
(Jm| is called the mesh size of ).

Theorem 1 If X; is a planar Brownian motion, and Lf’o denotes the local time of
X - e(0), then

; o) _ pys-yz _ 4 [
(13) fm (@ - L2 =4 [ N@,|X,) ds.

si€m(n)
in L%, uniformly both in t € [0,T] and Q(0,1) as |r(n)| — 0.

Note that for the special case of y(s) = (c(s), ) with 6y fixed, this reduces to
(1.2) for the real Brownian motion X, - e(d). When ~(s) = (0, s), our theorem can
be obtained from (1.1) using the skew-product representation for planar Brownian
motion. However, already for the simple example v(s) = (1,s) our (1.3) is truly a
two-dimensional result, and the formal similarity between Theorem 1 and (1.2) is thus
rather striking.

Theorem 1 can essentially be proven using stochastic calculus and Tanaka’s for-
mula, and we will outline such a proof in section 4. However, we prefer to derive
Theorem 1 as a special case of the Theorem 2 below for symmetric stable processes.
We now introduce the notation needed for that Theorem. In what follows, X; will
denote the symmetric stable process in the plane of index 3.

For0<0<2m ac€ RL let 49 denote one-dimensional Lebesgue measure on I, 4.

"Equivalently, if h,g : R' — R? is defined by hoo(z) = ae(f) + ze(6+) then pqp is the
measure induced by hq g from Lebesgue measure A! on the line: y4,9(A) = A (h; 5(A)).

Thus
[ 1) ditasts) = [ F(ae(®) +ze(6*)) da.

We can easily check that p,p is the Revuz measure of the CAF L;”e defined above.
Let A7** denote the CAF with Revuz measure iq g s defined by

[ £@) dfiasslv) = [ Flase(®,) + ze(8}))la} + 26, da.
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We note that

(1.4) [ £@) dfiassl) = [ F@)la+y- e(61)8,°" duao(v)
so that ,
(15) A7 = ['lal+ X, (@R dLze

In Lemma 1 below we show that s — A7’ is continuous in L?*, and therefore
Jo(A7*)* ds is well defined in L.
Let &(8) = (2k)"(4c(B))* where

_cos(n(8=1)/2).,

c(B) = TB=1)

2-5)

for1 <8< 2, and ¢(2) =1.

Theorem 2 If X, is a symmetric stable process in the plane of index f =1+ 1/k
with k=1,2,..., and L:’a denotes the local time of X, - e(0) then

1
(1.6) lm 3 (@) - L) = (g [ (41 ds
s;€m(n)

in L2, uniformly both in t € [0,T] and Q(0,1) as |r(n)| — 0.

Remark 1. For the special case of v, = (s,0), with 0 fixed, so that L] =
L this reduces to Theorem 1 of [7] for the p-variation of the local time of the
1-dimensional symmetric stable process X}.

For the case of planar Brownian motion, Theorem 2 says that

1
1.7 lim 3 (L) - Ly =4 [ A7 ds.
n—0o0
8;€m(n) 0

In [1] it is shown that for planar Brownian motion we can choose an a.s. continuous
version of {L?; (8,t) € [0, 2m) x R} }, so that by (1.5) we can choose an a.s. continuous
version of {A7”’; (s,t) € [0,1] x R}}. We note that [j A7’ ds is the CAF with Revuz
measure v = [y fia,s ds. It is easily checked that |a’,+x8}| is |J(®,)(s, z)|, the absolute
value of the Jacobean of the map ®,. We have that

(18) [1@ vy
= [ [ 1) dieantw) ds
= [ ] f(ase(6.) +ze(6)d, + 26| o ds
= [ ] F(ase(6) + e(62)1(2,)(5,0)] o ds
= [ 1N, |y)dy

where the last step uses the Area Formula, see 3.2.3 of [3]. This shows that dv(y) =
N(®, |y) dy, which proves Theorem 1.
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2 AP

Lemma 1 If 3 =1+4+1/k withk =1,2,..., then for any s,t, we have A}* € L** and
s+ AY® is continuous in L2,

Proof of Lemma 1: We have

(2.1) E ({A7*}™*)
= (2k)! // / Hpt, Tio1, Z;)dt; Afiap s (7:)
E;—x t'<t

2k
<C / I v (zi-1, %) dftap,0(zi)
=1

e(0) + (v — i1)e(01)) le, + it

a,e(6,) + ze(6))) (1+|zi|2)dzg
) + zie(0))) (1+ |z?) dz

We claim that the one dimensional integral
(2.2) /Rl u! (ae(@) + ze(ﬂl)) (1+ |2*) dz < oo,

which would show that (2.1) is finite, establishing the first part of our Lemma. To

show (2.2) we first recall that each component of X; = (X{”,sz)) is a real-valued
symmentic stable process of index 3, and therefore has moments of order 3, for any
B < B, [4], p-578. Consequently,

(2.3) o € E(X:)”) < B(IXPP) + B(XPP) < co.

Since, by scaling, X; = t'/#X, in law, we have E(|X;|#) = t#/fc,. Therefore
g1 _ [% -t p

(2.4) /R |z| u! (z) dz = /0 etE(| X)) dt < 0.

u!(z) is spherically symmetric, and, by abuse of notation, we use u!(r) for the function
on R} whose value is u'(re(f)) for any 6. Using polar coordinates, we can now rewrite
(2.4) as
00 U
(2.5) / r[1+7 4l (r) dr < oo
0
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which implies (2.2). In fact, (2.5) together with the monotonicity of ul(r) implies
that for any 6 > 0
(2.6) sup/ ae(e + ze(GJ‘)) (1 + |2|**/%=%) dz < o0.

The fact that s — AJ*® is continuous in L?* now follows from these considerations,
using the bound (3.9) below with v > 0 small.

3 A Second Moment Proof

Proof of Theorem 2: We write, for 7 € Q(0,1)

E ({E(ﬂ) [y - 3 (210 - Lz"f-l’)”‘}z)

Ti€T

o [ [ o{u (oo
— 2¢(B) / ZE{ L;’('- B L;Y(Ti—l))Zk (A;r,r')"} »

E{ Ly — L) (L) _ - Zk}
* ; ( ¢ t ) ( t t )

(3.1) = A-2B.+C., where €=|1|

I

We will show that as € — 0, each of A, B, C, converge to

(3.2) (26! 2e(8)* 5 / Cdr / L
/ / Hpt. c,.(.l(z‘——li)v :('()z))dt H dl»‘aar )dﬂa,o,r'(z?)

i=1

Z <t

where the sum runs over all paths # : {1,...,2k} — {1,2} which visit 1,2 an equal
number of times (i.e. k times each), and ¢z (z) = [{j < i |7 (j) = 7(i)}]-

The fact that A equals (3.2) is straightforward, so we turn to B.. We will write
Ua,s fOT g, 0, We have

e(B)E {(L;r(rx) L’r(n 1) A’r, }

= (@@ T [ f l_I (i et i (a2 1)
T* <t

where the sum runs over all paths 7 : {1,...,3k} — {1,2} which visit 2 exactly k&
times, and

/"411,0 = Padr — Hafiriy
(33) /-1442;,0 = ﬁa,ﬂ,r'
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Fix such a w. We intend to rewrite

(3.4) / / Hpa (275 7oty ats S (z20))

i=1
t;<t

l—l

as a sum of many terms, most of which will make 0 contribution to (3.1) in the € — 0
limit. Eventually we will identify those terms that contribute to (3.1) in the ¢ — 0
limit, and show how they lead to (3.2). Our procedure involves three steps.
Step 1: Let ¢ : (ay,,0;,) — Uar,_,,0r,_,) be defined by
d(are(0r,) + xe(H )) = ar,_,e(6r,_,) + ze (0

Ti-1

With this notation we rewrite

(3.5) / Ps(2, )Py, 2) (o (V) = Aptapri, ()
= / {ps(z, Y)pe(y, 2) — ps(z, 6(¥))Pe(6(y), 2)} Aiap,r, (y)
= / {ps(z,y) — ps(2, 6(y))} Pe(y; 2) dpiao,r, (y)
+ [ 72, 60) (v, 2) = P9), 2)} dhaon(v)
= f Aops(z,y)pe(y, 2) dapr (y)
+ f Ps(, 8(y)) A1ps (Y, 2) dtap,r, (y)

where
Dogps(z,y) = ps(, ¥) — ps(z, 9(¥)),

A1ps(y, 2) = pi(y, 2) — po(B(y), 2)-

We proceed to rewrite the factors in (3.4), working with each factor in turn, in
order of decreasing i. For the largest ¢ with 7(:) = 1 we use (3.5) to replace

(36) /pt.' (x:,,('(i—_l;)yxcl:,(i))pti“ (lez,(i)’ ﬁ('(z+l)) dﬂ'u 9( c,,(z))

by a sum of two terms, which we then view as replacing (3.4) by two terms. In case
the largest such ¢ is 3k, we simply rewrite

(3.7 / Ptak(%,(sk 1) Tea(an) a0 (T2, 3k)
m(3k—1
= / Pty (zo,(:&k ;), ;,,(31:)) (d#a,a,n(z:l.-,,(ak)) - dﬂaﬂy"l—l(’ztl;,(ak)))
m(3k—1
= / A2Pt3k($o,(3k z): i,,(alc))d/l'a,o,fx(zi,,(:ik))'

We then proceed through decreasing i. At each stage that we find an 7 with 7 (i) =1,

we check to see if the previously handled factor, i.e. the factor involving (2 Te (i) T "cftm))
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is a p or a Ap. If it is a p, then we proceed as before using (3.5). If it is a Ap, we do
not use (3.5), but rather simply write out du; o(z;, ;). In other words we use

i—1 w(i+1
(38) / (@ T )Pt (Te iy ) duh o (Tt )

i—1 i+1
= / P (wZ,"(,-_iy T3, )Pt (Te ) w:',‘}.ti)) Aphapr (T2, 3))

i— w(i+1
o E G RGN N CCAM R ARRNE DRRICAEY

to generate two terms.

After we have proceeded in this manner for all 4, we will have replaced (3.4) by
many terms. Each term will have at least k factors of the form Ap. We claim that
any term with more that k factors of the form Ap will be o(Ary), hence such terms
will make 0 contribution to (3.1) in the ¢ — 0 limit. To see this, let uq(z) denote a
generic symmetric, positive, monotone decreasing (in |z|) function on R? such that
ua(z) < Cul(z/2) for |z| > 1 and ua(z) < Clz|™ for |z| < 1. We then have that
foTpt(x) dt < cuj_1/x(x) while for any 0 <y <1

(3.9) /(;T |pe(z + a) — pe(z)| dt < clal(ur1-1/k4 (T +a) + Ur—1/k4~(T))-

(Consider seperately |z| < 4|a| and |z| > 4|a|.) We then use these estimates to
bound the integrals in the term we are studying, once again proceeding in order of
decreasing i. (Note: our integration is always over lines.) If our term has j > k
factors of the form Ap, we choose v < 1/k, so that u;_1/k4-(z) will be integrable on
any line, but with 1 < jy < 1+ 1/k. Using the fact that |y — ¢(y)| < (1 +|z|)Ar, for
y = ane(6y,) + ze(8;}), we see that our term can be bounded by c|z[?Y|Ar Y which
establishes our claim. (The condition jy < 1+ 1/k guarantees that the factors of |z|
do not mount up sufficiently to destroy integrability; see the proof of Lemma 1).

We will say that a path 7 is even if its visits to 1 occur in even runs. A path will
be called odd if it is not even. It is easily seen that when our proceedure is applied to
any odd =, all the resulting terms will have > k factors of the form Ap, hence such
terms will make O contribution to (3.1) in the ¢ — 0 limit. Similarly, if 7 is even,
the only resulting terms with k factors of the form Ap, will be those terms in which
for each i such that (3) is an even-numbered visit to 1, we replace the factor p;, by
a Agpy,, while for each 7 such that 7(4) is an odd-numbered visit to 1, we retain the
factor p,, more precisely we use (3.8). We note that for such terms, the k factors of
the form A,p;, are seperated from each other by p factors

Step 2: Let 7 be a fixed even path, and consider one of the terms generated in
Step 1 which does make a contribution to (3.1) in the e — 0 limit. As described above,
such a term has precisely k factors of the form A,p and these k factors are seperated
from each other by p factors. Let us rewrite every pair of the form Agp,(z, y)p:(y, 2)
using

(3.10) A2ps(z, ¥)Pe(y, 2)
= Nops (7, Y)pe(, 2) + Aops(z,y) (0e(y, 2) — Pi(, 2)) -

Once more this allows us to rewrite our term as a sum of many terms. We now show
that any term which contains a pair of the form Asp,(z,y) (:(y, 2) — pe(z, 2)) will be
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o(Ary), hence such terms will make 0 contribution to (3.1) in the € — 0 limit. To see
this we proceed as above to bound our term by bounding the integrals, proceeding in
order of decreasing i. We use (3.9) to bound the contribution of the z,# integrals of
Ipe(y, 2) — pe(x, 2)| by |z — y|?, with ¥ = 3/(4k). We then use the bound

311) Jio ([t + ) - ntas)

T
= v +a) — ps(y)| ds | d
lyls2lallyl (/0 s (y + @) — ps(¥)] ) y

# " ([ 10+ = it d5) ay

< c|al” / _ _ d
<claf [, (v + ) +uaw) d'y
+cla "'/ Tuy d*
laf lyl>2al |y|"us 1/k+’y’(y) Y
< clal™ % + claf” [

ly|>2]al
< cf(af!/®9 + jaf/9)

Ur—1/k+y'— (y) dly

by taking ' = 3/(2k). It is easily seen that this verifies our claim.

Step 3: We are now reduced to considering terms with precisely k factors of the
form Agps(z,y;), with no other factors containing the variable y;. We now integrate
each such factor with respect to dy, g, (¥:)-

Note that

(3.12) / Ps(Y; 2) dpta0,1(2)

= [ 2y~ are(6)) — ze(6})) da
= g;(ar —y - e(6;))

where g¢;(z) denotes the density of the one dimensional symmetric stable process of
index f. Setting

(3'13) QS(y) = QS{art -y 6(0,-‘)} - qS{a"t—x -y 6(0"1—1)}
we see from (3.12) that
(3'14) /A2ps(x11n z:;)dll'a,e,rz (.’1:,{,) = Qs(x};)

In this manner we can see that the sum of all terms generated by (3.4) which
contribute to (3.1) in the € — 0 limit can be written as

2k » e
(3.15) ORI KR B | EACA N A
. AC{1....,k} i=1

0y Ay st

k
I1 @-; (] 4) dpta,p.r,(2}) diap,(25)
=1
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where 7 : {1,...,2k} — {1,2} is the path visiting both 1 and 2 exactly k times
induced by 7 as follows smce v1s1ts of m to 1 occur in pairs, we simply suppress one
visit from each pair, and 2%, = 2 while zia = ¢(z zj) if j € A and zj 4 = zj if
j ¢ A. The methods of Step 1 show that we can replace this, up to terms which will
contribute 0 to (3.1) in the € — 0 limit by

2k

-1
(3.16) > (- / / l:[lp (250 T oyt
AC{l....,k} OSZ?:I t;‘+2?=1 <t 1=

k
H Qr (x;’A) dpta9,r, (*'L';) dfia,9,r (""3)
j=1

Note that
(3.17) Qs(are(6y,) + ze(6;))
= q-‘!{o} - q-‘l{arl—l - afle(o ) 6(01'1 1) xe(O‘L) : ( 1'1-1)}
= ¢,{0} — gs{ar,_, — ar, cos(6r, — Or,_ ) —zsin(0r, —0r,_,)}
while
(3.18) Qs(ar,_,e(0r,_,) + xe(0,l, D)
= g;{ar, — ar,_,e(0r_,) - e(6r,) — xe(er‘ D e(6r,)} — ¢{0}
= ¢,{ay, — ar,_, c08(0y,_, — Or) — zsin(f,,_, — thy,)} — ¢,{0}
- QS{arl 1 COS(@,-, - 07‘( 1) — Gr, len( - 1‘1 1)} qs{o}
= —Qs(are(br,) + xe(0 ) + AQs(ane(O,,) + ze(0;, ))
where
(3.19) AQs(are(byr,) + ze(ﬁl))
= ¢,{ar,_, cos(br, — br,_,) — ar, — zsin(f,, — en D}
_qS{afx-l — O COS(on - 0"1-1) xsm( - 7‘1 1)}

We record here Lemma 1 of [7].

Lemma 2

6200 [ la@-a@ | d<c |l -y <do -y
and

321 [ a0 - atwra =@l +0 (7ir)
where

(3.22) e(8) = [ (@(0) — a(D)at < oo.

Actually, we need a slight refinement of (3.21). The error term O (IxIZ/Ta/ﬂ‘l)
comes from a bound on [7°(g;(0) — g:(z))dt. We can also bound this integral by
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2 [7° ¢:(0)dt = C/T*#-1. Interpolating these two bounds shows that for § > 0 suffi-
ciently small we have

|$‘ﬂ—1+5

(3.23) /OT :(0) — gi(z)dt = ¢(B)|z|*~* + O (m)

Using this we see that

T 1+ xﬂ—l+5 Ar,|B-1+6
020) [ 18Qr(ane(0,) + setoilar = 0 (CHLZTIEAT),

Thus, up to terms which will not contribute to (3.1) in the ¢ — 0 limit we can
replace Q, (z; 4) by (-1)'49Q,, (z7) in (3.16). Thus (3.16) can be replaced by

2k ]
(3.25) DI KR B | PG MmN T
Ag{l....,k} 0<ng t'+zk <t =1
S i it
H QTJ d/"'u on(T ;) Afla,9,r (.’173)
=gk / / 1] AN
0<2‘“_1 t.+2 . Tist =

H Q‘rj (.’L’;) dua,o,r,(x;-) dﬁaﬂ,r’ (l‘?)
j=1
Furthermore, (3.23) tells us that

RN " Qu(ane(6r) + ze(6L)) dr

T
= /0 q-,-{O} - Q‘r{afz—l — G, COS(QT‘ - 0'1—1) - .’L‘Sill(o,, - 0'1—1)} 7dT
= c(ﬂ)larz—l — G, COS(O,-, - 0'1—1) - xSin(aﬂ - erl—l)lﬂ—l
+0 ((1 + |x|ﬂ‘1+‘5)|Ar,|ﬂ'1+5)

T(3+8)/28-1/2
(1 + leﬂ—l+6)|A,’-l|ﬂ—l+ﬁ)

= Bk, +26, 0 (any- + 0 (LHEL A
Using Lemma 3 of [7] now completes the proof that B, converges to (3.2).
Finally, the fact that C. converges to (3.2) follows using the methods employed

above for B, together with the methods of [7]. This completes the proof of Theorem

1.

4 A Stochastic Calculus Proof

In this section we outline a proof of Theorem 1 using stochastic calculus. In fact, we
only deal with convergence in probability, and for a fixed sequence m(n) of partitions
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with |7(n)| = 0. To emphasize that we are dealing with planar Brownian motion we
use the notation By = (B!, B2) in place of X, and write B = B, - ¢(0), etc. By
Tanaka’s formula

1 + + t
(4.1) 5Lz“*’:(JEeS‘*’)—a(s)) ~ (B3 - a(s))” - /0 15003 00y 4B -

As we will explain below, the only term which will contribute to the quadratic variation
in the limit is the stochastic integeral term. Let

a1 _ [* 0
B —/0 (5405 4B

and consider . X 9
V, = Z (BZ(3i+l)_B;Y(3i)) )

si€m(n)

By Ito’s formula
(B — B;r(s.-))z

t o, . R
— 2/ Brsi+) _ Br(s)) 1 0(si) _ 1
0 ( u u ) [

{B:(s‘+’)>a(3i+1)}d v

t
+/0 du (1{Bﬁ(’i+l)>a(si+1)} + I{Bﬁ(ai)>“("’)})

¢
-9 /0 du - 1{83(,,-“)”(3{“)}1{35(.,-)”(5’_)} [cos O(si+1) cosO(s;) + sin O(si41) sinO(s;)] .

0(si)
(5209 >aoy B

(4.2)

As we explain below, the only contribution to lim,_,. V; will come from the last
two lines in (4.2) which we can rewrite as

t
/o (I{Bi“‘“’n(sm)} 105 ager))
-2 COS(0($i+1) bt 0(si))1{B:(a‘+l)>a(s;+1), :(“)>a(3g)}) du

t
- /0 (1{B3"‘+‘)>a(ss+x),B;‘,""<a(s.~)} + 1(33("5“(3-'),B:(“+l)<a(8i+1)}) du

+ O(S,’+1 - 85)2 .
Writing
Cromas = {7 € R?|z- €(8(s:41)) > a(si11), © - e(6(s:)) < a(s:)}
U {:c € R?|z-e(0(si41)) < a(siy1), z - e(0(s:)) > a(si)}

we then see that .
(4'3) 1}1)11(}0 Vo= JLH&O/O E ICGM.‘+1 (B“) du.

si€m(n)
Ci; 51, 18, in general, the cone contained between the lines ly(s,) and ly(s,,,). (If the

lines are parallel, C;, ., is the strip between them). C,;,,, is not quite the same
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as Cs,,s. +1 = Us;<s<s:4101(s), but a detailed trigonometric calculation shows that in the
n — oo limit we can replace Cj, ,,,, by Cs, .., in (4.4) to obtain

(4.4) lim V;, = lim / Y 15 (B)du

'8 l
si€m(n) i+

(It is mainly at this point that our proof is only an outline. We leave the trigonometric
details to the dedicated reader). Now, if N(®,|z) = k < oo, it is easily seen that

Jim - 160 (z) = N(®,|z),

s.Eﬂ(n)

and since the arguments of section 2 and the end of section 1 show that N(®,|B,) < co
for a.e. u a.s., we see that

t
lim V, = /0 N(®,|B,)ds.

Noting the factor 1/2 in (4.1) will complete our proof, once we explain why the terms
we have ignored do not contribute in the n — oo limit.
To show that the stochastic integral term in (4.2) converges to 0 we write it as

t Ca : Cal : S :
(4.5) /0 (BZ(3t+l) — B;r(&)) (I{Bﬁ("+‘)>a(a.-+,)}dB:( i+1) _ I{Bﬁ(“')>a(3g)}de(sz))

LN A
= /(; (BZ(5i+l) - B;Z(-’i)) 1 (de(85+1) _ de(s;))

0(s; .
{B,,(',‘+1)>a(s;+1), Bﬁ("‘)>a(si)}

+ /0 “(Byle) _ Bty q dB0G)

{Ba("+1)>a(s,+1), o(’;)<a(3 )}

RY(si) _ RY(si+1) o)
+ / (B2 B#+) 1 {BS*>a(si), B <a(siqn)) ¥

Summing over 7 in the first term, we get

./ Z B7("+1) B’r(s')) {Ba("+1)>a(s.+1) BIC)>50(s:)}

s;€n(n)
(cosO(si41) — cos 0(s;))dB,, + (sin O(s;y1) — sin 0(s;))dB? .

But, since s — BJ®) is continuous, it follows that

Rv(si+1) _ B(si) 1) — .
s'ez“%n) (B;’ +) _ Bt )1{33(,&,)”(3‘_“%Bz(,,.)x(si)}(cos0(s,+1) cos(6(s;))

< Y |Bres) — BIC| Jeos f(sisr) — cos(8(s:)]
si€m(n)
< supIB:{("“) — BYe)| 3" |cos B(si1) — cos(8(ss))]
i

which is bounded by

sup IB;I(&‘H) — Bz(si)
3

Variation of cosf(s)
a<s<b
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which converges to 0 as |m,| — 0. The same is true with (sinf(s;4+1) — siné(s;))
replacing the cosine. Thus, by the dominated convergence theorem for stochastic in-
tegrals (we may assume that B!, B% are bounded by localization) the above expression
converges to 0.
As to the remaining expression in (4.5), summing over i and writing B5¢+1) and
B2 explicitly we obtain
¢ Z (BZ("+‘) - BZ("))I

0(s; 50(s;
{(BLCH>a(si41), BV <a(si)}
si€m(n)

0

(COS 0(3,+1)dBtl‘ + sin 0(3,‘4_1)de)

t R A
+ Z (BZ(S‘) _ Bz(8i+1)) 1

. 0(s;
0 {BL*>a(s5), BE“HV <a(si11)}
s;€m(n)

(cos 0(s;)dB,, + sin 0(s;)dB2)
which by the dominated convergence theorem for stochastic integrals (by localization
if necessary to bound BS(:)| BS(si+1)) converges, as |m,| — 0, to
N (2(7)| Bu)

/ > (B - B}®) (cosO(yi(u))dB, + sin 0(y(u))dB2)
0 k=1

where i (u) is the k-th of the N(®(v) | B,) lines on which B, lies and 0(yx(u)) is its
angle. If v (u) = (s) for some s, then BJ*(®) is the limit of B)® for a sequence {¢,}
that converges to s. But since t — BY® is continuous, BJ®) = B¥®) and the whole
expression is equal to 0.

We now return to (4.1) to show that the only term which will contribute to the
quadratic variation in the limit is the stochastic integeral term. If

S + S +
Pi(s) = (Bf( ) — a(s)) - (Bg( ) a(s))
= (B} cos0(s) + B?sin8(s) — a(s))* — (B} cos8(s) + BZsinf(s) — a(s))*,
we note that s — 1(s) is Liptschitz 1 (by the smoothness of s — (s)) and therefore

Hm > (di(sivr) — i(s:))* =0.

n—00
s;€m(n)

Furthermore, since s — B;’(s) is continuous,

Jim 37 (B(sina) — dulsi)) (BYS+) — BY)) =0
s;€m(n)

This completes our outline.
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