
Math 301 Introduction to Proof Fall 24 Midterm 2

Name:

(1) (a) Prove that for all integers n, if n2 is even, then n is even.
(b) Prove that

√
2 is irrational. (You may use part (a).)

(2) Give examples of:
(a) a function f : R → R which is surjective but not injective.
(b) a function f : Z → N which is injective but not surjective.

(3) What do the following statements mean in ordinary language?
(a) (∃ x ∈ R)(∀ a ∈ A ⊆ R)(x > a)
(b) (∃ b ∈ N)(b|a and 1 < b < a)
(c) (∃ A ⊆ R)(∀ x ∈ R)(∃ a ∈ A)(x > a)

(4) State the negation of the following statements, using appropriate quantifiers:
(a) The function f : R → R is strictly decreasing.
(b) The set A ⊆ R is bounded above.

(5) Write out a careful proof or give a counterexample to the following statement:
Let f : R → R and g : R → R be increasing functions. Then f ◦ g is increasing.

(6) Write out a careful proof or give a counterexample to the following statement:
Let f : X → Y be a function, and let A,B ⊆ X. Then f(A) ∩ f(B) ⊆ f(A ∩B).

(7) Write out a careful proof or give a counterexample to the following statement:
If f ◦ g is surjective then f is surjective.

(8) Write out a careful proof or give a counterexample to the following statement:
If f ◦ g is injective then g is injective.

(9) Consider the statement:
If f : R → R is strictly decreasing then it is injective.

(a) State the contrapositive of the statement, and then prove or give a counterex-
ample.

(b) State the converse of the statement, and then prove or give a counterexample.

(10) Consider the statements (∀ x ∈ U)(p(x) or q(x)) and (∃ x ∈ U)(p(x) and q(x)).
(a) What do these statements mean in terms of the truth sets of p(x) and q(x)?
(b) What is the logical relation between the statements, i.e, are they equivalent,

does one imply the other, or are they inequivalent?
(c) Justify your answer above. In particular, if the statements are not equivalent,

give specific examples of statements p(x) and q(x) that show this.
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