Math 505 Introduction to Proofs Spring 19 Final

Name:

Sluions

e You may use a 3 X 5 index card of notes, and a calculator.

e ] will count your best 10 of the following 12 questions.
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1. Write out a detailed proof of the fact that the sum of any two odd numbers is
cvell.
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2. (a) Show that for any integer n, if n? is even, then n is even.
(b) Use this to show that /2 is irrational.
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3. Consider the statement:
If A and B are infinite subsets of N, then AN B is infinite.

Which, if any, of the following substitutions is a counterexample?

(a) A= odd numbers, B = prime numbers.
(b=l B . kB =t + 1, .0 T

(¢) A = prime numbers, B = even numbers.
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4. Indicate which of the following statements are true, vacuously true, or false.

(a) (AnB)UC=(AUC)N(BUCQ).
(b) If z is a real solution to £ + 2z + 2 = 0 then = < 0.
(c) If P(A) # @, then A +# @.
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5. Write out the following statements using quantifiers. Then write out their
negations.

(a) The function f: R — R is strictly decreasing.
(b) The set A C N is bounded above.
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6. (a) Write out what it means for a function f: A — B to be injective.

(b) Show that the composition of two injective functions is injective.
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7. State the converse of “The composition of surjective functions is surjective”,
then prove or give a counterexample to the converse.
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8. State the contrapositive of “If f is injective and f o g is surjective then g is
surjective. Proof or give a counterexample.
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9. Use induction to show that 2+ 4 +6 + -+ 2n = n(n + 1),
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10. Use induction to show that + iy
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11. Show that if z is a real number and z + 3:1- is an integer, then z" + = is an

integer.
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12. Consider the relation R on N given by a ~ b if there is a prime number p such
that p | @ and p | b. Is R an equivalence relation on N7 Explain.
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