Math 301 Introduction to Proof Fall 19 Final
Name: gd“ﬁws

o Start each question on a fresh sheet of paper. Staple together in numerical
order at the end of the exam.
e You may use a 3x5 index card of notes.

(1) Write out a detailed proof of the fact that the sum of any integer with its square is
even.

(2) Prove that v/2 is irrational.

(3) Consider the statement:
If z >y then 22 > 42
Which, if any, of the following substitutions give a counterexample?
(8) =2 =1 (b} m= l;y= =2 (c) 2 =—2;y=-1

(4) Indicate which of the following statements are true, vacuously true, or false.
(a) (AnB) =A'NnB".
(b) If p is a natural number which is both prlme and a square, then p is equal to 1.
(c) If P(A) = {@} then A = @.

(5) Write out the following statements using quantifiers. Then write out their negations.
(a) The function f: A — B is injective.
(b) There is an injective function f: A — B.

(6) Prove or give a counterexample: If g o f is surjective and f is surjective, then g is
surjective. ‘

(7) Let f: X — Y be a function, and let A C X. Prove or give a counterexample to the
following statements:

(a) F7H(f(A)) € A.
(b) A C fH(£(4)).

(8) State the contrapositive of “If f: R — R is strictly increasing, then it is injective.”
Prove or give a counterexample.

(9) Show that 1+3+5+4 -+ (2n— 1) =
(10) Show that n® < 2" for all n > 4.
(11) Show that if z is a real number and z + is an integer, then z™ + = is an integer.

(12) Define an equivalence relation on N x N by (a, b) ~ (c d) if ad = be. Show that ~ is
an equivalence relation. What are the equivalence classes?
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