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ON THE TAIL OF JONES POLYNOMIALS
OF CLOSED BRAIDS WITH A FULL TWIST

ABHIJIT CHAMPANERKAR AND ILYA KOFMAN

ABSTRACT. For a closed n—braid L with a full positive twist and with £ nega-
tive crossings, 0 < £ < n, we determine the first n — £ 4+ 1 terms of the Jones
polynomial V7, (t). We show that V7, (t) satisfies a braid index constraint, which
is a gap of length at least n — £ between the first two nonzero coefficients of
(1—t2)VL(t). For a closed positive n—braid with a full positive twist, we extend
our results to the colored Jones polynomials. For N > n —1, we determine the
first n(N — 1) 4+ 1 terms of the normalized N-th colored Jones polynomial.

1. INTRODUCTION

The tail (resp. head) of a polynomial will denote the sequence of its lowest
(resp. highest) degree terms, up to some specified length. In this note, we precisely
determine the tail of the Jones polynomial for a closed n—braid with a full positive
twist, and with up to n negative crossings. We also precisely determine the tails
of the colored Jones polynomials for a closed positive n—braid with a full positive
twist.

It is natural to consider quantum and geometric invariants of links that are closed
braids with a full twist. For example, Lorenz links, all of which are closed positive
braids with a full twist, dominate the census of the simplest hyperbolic knots, and
their Jones polynomials are relatively simple [2, 5]. The full twist arises as +1
Dehn surgery on the braid axis, considered as an augmented unknot in $3. Hence,
adding full twists is a natural geometric operation on links. On the other hand,
the full twist is in the center of the braid group, so its image in any irreducible
representation is a scalar. Most known closed formulas for Jones polynomials of
infinite link families essentially rely on this fact.

For any closed braid, we showed in [4] that after sufficiently many full twists on
a subset of strands, the coefficient vector for any colored Jones polynomial decom-
poses into fixed blocks, separated by blocks of zeros that increase by a constant
length for every twist. So once the non-zero blocks separate, they simply move
apart unchanged with every additional full twist. In Theorem 1.1 below, we com-
pletely determine the first block for full twists on all strands. In this case, the first
block separates after only one full twist.

Dasbach and Lin [6] showed that for alternating knots, and more generally A—
adequate knots, the first three coefficients in the tail of the normalized N-th colored
Jones polynomials are independent of the color for N > 3. In Corollary 1.4, for
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N > n — 1, we determine the tail of length n(N — 1) + 1 for the normalized N—th
colored Jones polynomial of closed positive braids with a full twist. More precisely,
these coefficients consist of (n — 1) blocks of length (N + 1), where each block is a
+1 followed by N zeros. Armond [1] proved related results about tails of colored
Jones polynomials for any closed positive braid.

Theorem 1.3 implies that given M > 2, for all colors N > M, the coefficients
of the tail of length M stabilize up to sign. Garoufalidis [10] proved that any
finite-depth coefficient of the colored Jones polynomial satisfies a linear recursion
with constant coefficients. From this point of view, Theorem 1.3 implies that these
particular colored Jones coefficients satisfy a trivial linear recursion with constant
coefficients.

Dasbach and Lin also showed that the second coefficients of the head and tail
together provide a linear bound for the hyperbolic volume of alternating knots.
Futer, Kalfagianni and Purcell [8, 9] showed this as well for hyperbolic closed 3-
braids and many classes of hyperbolic adequate links, but that it fails to hold for
other such classes (see [9]). In contrast, the coefficients of the tail of length N as in
Theorem 1.3 for closed positive braids with a full twist are all {—1,0,1}. Moreover,
the tail of length n(N — 1) as in Corollary 1.4, also has coefficients only {—1,0,1}.
These coefficients and the dependence on the braid index indicates that, for this
class of knots, these tails by themselves are unrelated to the hyperbolic volume of
the closed braid. For example, 3-braids have unbounded hyperbolic volume [9],
and the positive twisted torus knots T'(p, ¢, 2, s) with p, ¢ > 2, s > 0, have bounded
hyperbolic volume but unbounded braid index [3].

To state our main results, we adopt the following standard convention. Let V7, (t)
denote the Jones polynomial, such that

7V, V= (t1/2 - t—1/2) Vi, and V() =1.

Theorem 1.1. Let 3’ be a n-braid of length ¢ with ¢ negative crossings with
0<l<n and B = A% 3, where A2 is the positive full twist in the braid group
B,,. Then

2 n—~0+1 a.
i el jmnire-2e 14+t p(f; t)
Valt) = (-1 g (A
ndc+1 (n=1)2+4c—2¢ ((n=0)/2] 2 n—t0+1 /73
=(=1) T Yo T (B t)
=0

where p(B; t) and q(B; t) are polynomials in t.

The latter expression gives the tail of V(t) of length n — £+ 1. An interesting
consequence is that the Jones polynomial satisfies a braid index constraint, which
is a gap of length at least n — ¢ between the first two nonzero coefficients of (1 —
t?)- V5(t). If £ = 0 in Theorem 1.1, then f3 is a positive n-braid with a full twist. In
this case, the MFW inequality [14, 7] is sharp so the braid index of 3 is n. However,
the gap between the first two nonzero coefficients of (1 — tQ)VE(t) can be more than
n. For example, if 8/ = 030, € By then 3 = A23' and

Vo) =t® + 8+t +t? = (1 -)V5(t) =0 — '

Another consequence of Theorem 1.1 is related to a conjecture of V. Jones [12],
which remains open in general: The writhe w(3), which is the algebraic crossing
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number of 3, is a topological invariant of 3 whenever n is the minimal braid index
of (3 (see [15]). When the MFW inequality is sharp, the Jones conjecture is known
to hold, which is the case for positive braids, ¢ = 0. If £ = 1, 3 is conjugate to a
positive braid. For ¢ > 1, although we do not know when the MFW inequality is
sharp, we can prove the Jones conjecture:

Corollary 1.2. For 3 as in Theorem 1.1,
2mindeg(V5(t)) = w(B) —n + 1.

Thus, if n is the minimal braid index of B, then w(B) is a topological invariant of
G.
Proof. 2mindeg(V5(t)) = (n—1)%+c—20 = n(n—1)+c—20—n+1=w(B)—n+1. O

Let Jn(L;t) be the colored Jones polynomial of L, colored by the N-dimensional

irreducible representation of sly(C), with the normalization
1/2 1/2 /2 — =N/
Jo(Ly t) = (/2 + 72V (t) and (O t) = TE iz [N].

The colored Jones polynomials are weighted sums of Jones polynomials of cablings,
and the following formula is given in [13]. Let L(") be the 0-framed r-cable of L;
ie., if L is O-framed, then L(") is the link obtained by replacing L with r parallel
copies. (See below for a formula modified for other framings.)

(V/2]

(1.1) In1(L; t) = Z (-1)/ (ij) Jo(LWN=2D); 1)

j=0
The normalized colored Jones polynomial Jy (L; t) is defined by
In(L; 1)
[N]
Theorem 1.3. Let 8 be a positive n—braid of length ¢ and 8 = A% 3, where A2
is the positive full twist in the braid group B,,. Then

_ er 1), Nn=D24e) (14 NHLp G (35 1)
Ty (B 1) = ()N esern e (L0 o

Iy (L; t) = and Jy(O; t) = 1.

n—1
N((n=1)2+¢) i n —
= (1N lper S <Zt (V1) N g (5, t))

i=0
where p (B; t) and qn (B; t) are polynomials in t.

Corollary 1.4. If 3 is a positive n—braid of length ¢ and 3 = A2 ', then for
N>n-—2,

— n—1)24c nol .
‘]]/\/'-1-1(6; t) = (71)N(n+c+1)tN(( 2) e (Z tZ(NJrl) + {terms of degree Z nN + 1}) .
=0

Proof. In Theorem 1.3, Z?;(} t'WN+1) and t"N+lgn(B; t) can overlap only when
(n=1)(N+1)>nN+1,ie when N <n—2. O

For N > n — 1, Corollary 1.4 determines the tail of length n(N — 1) 4+ 1 for the
normalized N-th colored Jones polynomial.
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2. PROOF OF THEOREM 1.1

Generalizing the well-known formula for torus knots, the Jones polynomial of
any torus link T'(p, ¢) is given by the following sum, with d = ged(p, q) [11].

tp=D@-1/2 4 org\N oL ..
(2_1) VT(pyq)(t):(_l)dJrl — E (_)t3(1+31)(d1) (tz(d*Z)_tlJrEz)
— 1
=0

For n = 2, the claim follows from (2.1), which in this case simplifies to

Vi t 1 q+1t(q71)/2
T(2,q)( ) - (_ ) (1 — t2)
Henceforth, let n > 2. The Jones polynomial V,(t) is obtained from the Kauff-
man bracket (L) by substituting ¢ = A=* and multiplying by (—A3)~% to adjust for
the writhe w of L. We will show that the right-most part of the coefficient vector
of the Kauffman bracket ¢ = {c; | (L) = A*Y_ ¢; A% } has the following form:

(1 =% 4+ (=1)9(tH e — 219)),

*x01...01 if nis odd *x —10 —1...0 —1 if niseven
—_——
n+1 n+1

We will call this part of the Kauffman bracket the gap block. Multiplying by 1—t2 =
1 — A~8, the coefficient vector changes as follows:

Case: n odd Case: n even

(-1)™NL)) % **01...0101 * % x101...0101

()" 'A™%(L)) *0101...01 10101...01
(D" TT1—A%)(L)) ***00...0001 %% 00... 0001
——— —

When p = ¢ = n in (2.1), we obtain the Jones polynomial of (n,n) torus link,

which is the closure of the full twist in the braid group By; i.e., A2.

1 2

tz(n—1)% 2 _ . ) .

VAZ (t) — (_1)n+1 2 (TL) t(1+z)(n71) (tnfz _ t1+z)
=0

z 1-—1¢2 i
1 2
tz(n=1)
(2.2) = (71)”“217152 (1+ (n—2)t""" + {higher order terms})

The Kauffman bracket of A2 is obtained from (2.2) by substituing t = A~* and
to adjust for the writhe, multiplying by (—A)3"("=1 = 43n°=3n_ The first two
terms of (1 —t2) - V(t) change as follows:

A3n2—3n . A/4—2(n—1)2 (1 + (TL . 2)A—4(n+1)) _ An2+n—2 + (n . 2)An2—3n—6

After dividing by 1 — A~8 we obtain a sum that depends on the parity of n. We
see that the Kauffman bracket of the positive full twist on n-strands has a gap
block with top degree n? +n — 2, and its smallest non-zero coefficient has degree
n? — 3n + 2, according to whether n is even or odd. However, when n is odd, the
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zero “term” is the first one in the gap block, so we say that the gap block has
bottom degree n? — 3n — 2; i.e.

(23) (71)n+1<A_%> _ QQ(A) +ay An273n72 +An273n+2 +.”+An2+n72

where ¢2(A) is a Laurent polynomial with degree strictly less than n? — 3n — 2 and
an = (14 (=1)")/2. We will show that adding a sufficiently positive braid 3’ to
A2 does not affect the gap block.

The Temperley-Lieb algebra T'L,, is closely related to the Jones polynomial. In
usual notation, 7'L,, is the algebra over Z[A*!] with generators {1, e, €e2,...,€,_1}
and relations, with 6 = —A2 — 472,

2 P .
e; =de;, eieipie; =e;, ee; =eje;if |[i—j]>2

As a free Z[A*']-module, TL,, has a basis that consists of all diagrams with
no crossings and no closed curves, with dimension equal to the Catalan number
Cy = n+r1 (27:1) We will refer to this particular basis as the standard basis {h; |i =
0,...,Cp — 1} with hg = 1. Each h; can be expressed as a product of distinct
generators: h; =¢;, ...¢e;, .

Let A%~% be the contribution from any smoothing s of 3’ where a and b are the
number of A and B smoothings of ', respectively. Passing to the representation
of ' in TL,,

g = Z A%)=b6) - sl hics)
where h;(4) is the basis element obtained from a smoothing s, and |s| is the number
of loops in the smoothing of 5" (not the closure of 3’).

Let ¢ = length(8"). For 0 < ¢ < n, the (unique) state which gives ho has ¢

B-smoothings, for which a — b= (¢ — £) — £ = ¢ — 2£. We define ¢1(A) as follows:

(—1)""qu(A) = (AZF') — A *(AZho)
= Z A)=b6) (sl AZhis))
s with i(s)#0

= Z A)=bs)glsl¢ AZN5))
s with i(s)#0

By Lemma 2.3, which is proved below, for ¢ > 0 the highest power in ( A2h;) is
n? — 3n — 4. This implies the following:

Lemma 2.1. If0 < ¢ < n, the degree of q1(A) is at most c+n? —3n — 6 + 2(.

Proof. First, suppose £ = 0. We claim that to get k loops in any smoothing of
B we need at least (k + 1) B—smoothings. Since (' is a positive braid, every B—
smoothing adds at most one loop, but the first B-smoothing does not result in any
loops. Hence, (k + 1) B—smoothings (and the remaining A-smoothings) result in
at most k loops.

It follows that 1 < k+1<band a <c—k — 1. Hence, a — b < ¢c— 2k — 2 and
the highest power in 6% is 2k. Thus, for £ = 0, the highest power in A%(s)=b(s)glsl
isc—2k—2+2k=c—2.

If £ > 0, we claim that to get k loops in any smoothing of 3’ we need at least
(k+1—¢) B-smoothings. As for a positive braid, (k+ 1) smoothings that produce
a cup-cap give at most k loops. But now, some of these smoothings could be A—
smoothings at a negative crossing, so (k+ 1 —¢) B-smoothings (and the remaining
A-smoothings) result in at most k loops.
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It follows that b > k+1—fanda <c—k—1+¢. Hence, a —b < c—2k—2+2¢.
Since the highest power in 6 is 2k, the highest power in A%(*)=0()§lsl i5 ¢ — 2k —
2420+ 2k =c+ 20— 2.

By Lemma 2.3, the highest power in (AZh;()) is n? — 3n — 4, so the degree of
q1(A) is at most ¢ +n? — 3n — 6 + 2/. O

We now return to the equation, (—1)"+1q; (4) = (A2)—A°~2(A2). By Lemma
2.1, the degree of q;(A) is at most a; = ¢+ n? — 3n — 6 + 2¢. Hence by (2.3),

()" HBZE) = 1(4) + A7 ((4) +

(2.4) ) ) )
an An —3n—2 +An —3n+2 4. +An +n—2)

The highest power of A above is n?2 +n — 2+ ¢ — 2¢. Thus, the gap block starts
at the power ap = ¢ +n? — 3n — 2 — 2. Comparing with the maximum power of
q1(A), we see that ¢1(A) and the gap block can overlap in at most ¢ coefficients:
a1 — ag = 4(£ — 1). After multiplying by (1 — t?), we get a gap of (n — £) zeros.

Let us compute the highest power of A after adjusting for the writhe. The writhe
w=n(n—1)+(c—¥) — € =n?—n+c—20 So after multiplying by (—A43)~%, the
highest power of A is
(n71)22+C72E

(71)n+1An2+n—2+c—2é(71)n2—n+c—22A—3(n2—n+c—2€) _ (71)n+c+1(A—4)

To get the Jones polynomial, we substitute t = A~* and multiply by (—A43%)~".
n— 2 c—zk
O This completes

Hence we obtain the lowest power of ¢ to be (—1)"Tct1¢
the proof of the first statement of Theorem 1.1.
1+tp(t

T 7]1(2 )1y tq(t),
where ¢(t) is a polynomial. For simplicity, let £ = 0, but the proof is same in
the other case. Given the polynomial p(t) from the proof above, we obtain the

polynomial ¢(t) as follows:

To obtain the tail (without denominators), we note that

1+t p(t 1—¢ntl gl t
n odd +t"p(t) (1+p(t)

1—¢2 1—t2 1—¢2
[n/2]
= > 2 t(t)
=0
n+1 n n
 oven L+" T p(t) _ 1—t"  t"(1+1tp(t))
1—¢2 1—¢2 1—¢2
(n=2)/2
= Y "1+ tg(t)
=0
n/2

=S R g()
=0

This completes the proof of Theorem 1.1.

Lemma 2.2. Let h; be a standard basis element of T L. Let k = #cups in h;, and
m = F through strands in h;, so that 2k +m = n. If H; = h; with its m through
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12 i (i+1) (n-1) n 12 i (i+1) (n-1) n

I“.‘ ‘

Full Twist on (n-1) strands

T

F1cure 1. Full twist on n strands, with two consecutive strands
grouped together as one strand.

Q 27 rotation

\\
-6 -6
Full Twist on (n-1) strands [ = 2 Full Twist on (n-1) strands | = ZA Full Twist on (n-2) strands

FIGURE 2. A2e; = A7SE;

strands given a full right twist, then A2h; = A2 if i =0, and A2h; = A=S*H, if
1> 0.

Proof. Let B = {1,2,...,2n} denote the positions of the strands. Let cap(h) =
{u1,...,uz,} denote indices of strands of h which are caps; e.g., cap(e;) = {i,i+1}.
Let feet(h) = {v1,...,v} denote the bottom indices of strands of h which pass
through. Note that cap(h) U feet(h) = B.

We will prove the claim by induction on the length of h as a product of e;’s. For
the base case, h = e;. If E; denotes e; with its n — 2 through strands given a full
right twist, then from Figures 1 and 2 we see that A2e; = A=CF;.

Assuming the claim holds for b/ = ¢;, ...e;,_,, we must show that it holds for
h = h'e;,.. For the standard T'L,, basis, we have that i, is distinct from iy, ... 4.1,
so that cap(e;,) € cap(h’). This gives us two cases (see Figure 3):

Case 1: cap(e;.) C feet(h'). In this case, |cap(h)| = |cap(h’)| + 2. The full

twist on |feet(h’)| strands is paired with e;_ and results in A_6A\2feet(h’)|72' Hence,

A2h=ASF-DHe, = A=CFH.
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AN =R = AN =AY

Full Twist | =A | Full Twist | | Full Twist | = | Full Twist |
TR LT TR LT/
Fa o Fa Fay
Case 1 Case 2

FIGURE 3. Two cases for Lemma 2.2

Case 2: cap(e;,) € feet(h'). In this case, cap(e;,) is split between feet(h’) and
cap(h’). The number of caps and the number of through strands of h are both the
same as those in h/. Hence, A2h = A=*H'e; = A=S*H. O

Lemma 2.3. The highest power of A in (A2h;) for any i > 0 is less than or equal
ton? —3n — 4.

Proof. Following the notation in Lemma 2.2, kK = #cups in h;, so that 1 < k <
[n/2]. By Lemma 2.2, A2h; = A=S*H, if i > 0, where H; also has k cups. The
closure of H; will result in &’ cups paired with caps to produce loops, and k" cups
pulled through the full twist with a factor of A=6*" where 0 < k, k" < k. So H; will
have a full twist on m’ strands, where 0 < m’ < m. Thus, (A2h;) = A=F(H,) =
A—B(k+E") 5K <A—27n’>

The highest power of A is (—6k —6k"” +2k"+ (m')? +m’ —2), which is maximized
when k" =0, ¥’ = k and m’ = m. Since 2k + m = n, we have m? + m — 2 — 4k =
(n —2k)? + (n — 2k) — 2 — 4k. The function f(k) = (n — 2k)? + (n — 2k) — 2 — 4k
has an absolute minimum at k& = 5 + % and is decreasing for k < § + %. Since
1<k<n/2] <242 fk)<f(1)=n-2)24+(n-2)—2-4=n>-3n—-4. O

3. PROOF OF THEOREM 1.3

For any link diagram D, let D(") denote its blackboard framed r—cable. Let D,
denote the standard diagram of the closure of a full positive twist on n strands with
a positive kink on each strand.

Lemma 3.1. D,(f) =Dyr.

Proof. The belt trick (see, e.g., §2.2-2.4 of [16]) implies:

\(r) Full twist on

ﬁ _ r strands
Thus, D,, is planar isotopic to (*)(™. Hence DIV = ((0)™)") = (0)(r) =
Dy 0
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For N > 0, let Sy(x) be the Chebyshev polynomials defined by
(N/2] )
(N —J .
Sy (x) = —1J( . ),TN_2J.
(z) z_:o (=1) j
=
For a link diagram D, let Sn(D) be a linear combination of blackboard cablings of
D. We can define the colored Jones polynomial, as in equation (1.1), by a related
expression in terms of the blackboard framing for D (see, e.g., [6]):

w(D)

(81)  Inaa(Ds A7) = ((~)NAVEN) T N4 4 A72)(Sx (D)

As before, let 3’ be a positive n—braid with ¢ crossings, 3 = A2 3, and L = .
Let D be a diagram of L given by the closure of 8 with a positive kink on every
strand after the full twist. Note that the writhe of D, w(D) = n? 4+ ¢. By Lemma
3.1, D) is the closure of the braid Afwﬂ’(r) with a positive kink on every strand
following the full twist.

Let r(A) = (—=1)N@@)+D+1 g=(N*+2N)w(D) (A2 L A=2). By equation (3.1),

(3.2) (1—A)In (LA™ = (1 — A78) r(A) x
[N/2]

(N —j iy
Ol R [}
> (t)7)
[N/2] .
_ 1\ N—j A3 yn(N—27)
=r7(A) (-1) ) (=A%)
> (M) .

(1= AT3)(AZ ;) 3V =29))
By equation (2.4) with £ =0,
(1= A=) (BZF) = (~1)"* (g3(4) + (n — A" —3n-6te g gr¥in-2ie)
(33) — (_1)n+1 (q4(A)An2—3n—6+c + An2+n—2+c)

where ¢3(A) and q4(A) are Laurent polynomials such that maxdeg(qz(A)) < n? —
3n — 6 + ¢ and maxdeg(gs(A)) < 0.

Let d1(j) = (N —25)%(n*+¢) —6 and da(j) = (N —25)?(n? +c¢)+4n(N —2j) — 2.
Note that di(j) and da(j) are both quadratic functions of j. As j increases from 0
to [N/2], they decrease and da(j) > di(j).

Lemma 3.2. dy(j) > d2(j + 1) for 0 <j < [N/2]—1.
Proof. Note that n > 3 and N > 3.
di(j) = da(j+1) = ((N=25)°(n" +¢) = 6) —
(N =25 —2)%(n*+¢) +4n(N —2j — 2) — 2)
= 4(N —25)(n*+¢c)—4(n*+c) —4n(N —2j —2) — 4
= dn(n(N —2j) — (N —2j) —n) +4e(N — 2j — 1) + 8n — 4
dn(n —1)(N —2j — 1) +4¢(N - 2j — 1) +4(n—1)
> 0for0<j<[N/2]-1
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Let b; = (—1)7 (N;J) Continuing from (3.2), (1 — A=%)Jyy1(L; A7) =

[N/2]
_ T(A) Z bj(_A3)n(N—23) % (1 _ A_8)<A3(N_2j)ﬁ/(N_2j)>
=0
[N/2] _ _ _
= (=1)"™Vr(A4) Y (1) [y gy (A) AT D) 4 A%RD] using (3.3)
=0
[N/2] _ _
= —r(A) Z b [Adl(])ﬁNizj(A) + AdQ(J)]
§=0

= —r(A) [Adl(o)pzv (A) + AdQ(O)} using Lemma 3.2

where pn(A) and py_o;(A) are Laurent polynomials such that maxdegpy(4) <0
and max deg(pn—2;(A)) <0 for 0 < j < [N/2], respectively.
Substituting t = A=* and, in 7(4), w(D) = n? + ¢,
(1= 2)Ins1(L; ) = (—1) N e D E=2000 172 o172y o
(tfd2<o>/4 4 fd1<0>/4pN(t))

— (_1)—N(n2+c—1)(t1/2 +t_1/2) %

(tN(n2+c22n)+l n tN(TLZ;CHBpN(t))

N(n24c—2n)

(1 —t)Inga(Ls 1) = (~D)NOPHem D52 (1 N (1))

where py(t) is a polynomial. Now, the statement of Theorem 1.3 follows from

0 = B =

To obtain the tail (without denominators), we suppress 3 in the notation,

1 + tnN—‘,—le(t) 1— tnN-‘,—l tnN-‘,—l(l + pN(t))

1—¢ To1—t 1—¢

nN
_ th + tnNJrqu(t)
1=0

1+ tnNJrle(t) 1— tn(NJrl) tnNJrl(tnfl +pN(t))

1— N+ 1N+l 1 —¢N+!
n—1
— Z tz(N—i—l) + tnN-i—qu(t)
i=0

This completes the proof of Theorem 1.3.
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