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Abstract. We study four-dimensional boundary value problems for the nonhomogeneous wave
equation, which are analogues of Darboux problems on the plane. It is known that the unique
generalized solution may have a strong power-type singularity at only one point. This singularity is
isolated at the vertex O of the boundary light characteristic cone and does not propagate along the
cone. We find asymptotic expansion of the generalized solutions in negative powers of the distance
to O. Some necessary and sufficient conditions for existence of bounded solutions are derived and
additionally some a priori estimates for the singular solutions are given.
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INTRODUCTION

In the present paper, boundary value problems for the wave equation in R4

ux1x1 +ux2x2 +ux3x3−utt = f (x, t) (1)

with points (x, t) = (x1,x2,x3, t) are studied in the domain

Ω = {(x, t) : 0 < t < 1/2, t <
√

x2
1 + x2

2 + x2
3 < 1− t},

bounded by the two characteristic cones

Σ1 = {(x, t) : 0 < t < 1/2,
√

x2
1 + x2

2 + x2
3 = 1− t},

Σ2 = {(x, t) : 0 < t < 1/2,
√

x2
1 + x2

2 + x2
3 = t}

and the ball Σ0 = {t = 0,
√

x2
1 + x2

2 + x2
3 < 1}, centered at the origin O : x = 0, t = 0. The

following BVPs were proposed by M. Protter [24] as a multi-dimensional analogue of
the planar Darboux problems with boundary data prescribed on one characteristic and
on the noncharacteristic segment:
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Problem P1. Find a solution of the wave equation (1) in Ω which satisfies the boundary
conditions

P1 : u|Σ0 = 0, u|Σ1 = 0.

Problem P1∗. Find a solution of the wave equation (1) in Ω which satisfies the adjoint
boundary conditions

P1∗ : u|Σ0 = 0, u|Σ2 = 0.

Problems P2 and P2∗. Find a solution of the wave equation (1) in Ω which satisfies
the boundary conditions

P2 : ut |Σ0 = 0, u|Σ1 = 0

or the adjoint boundary conditions

P2∗ : ut |Σ0 = 0, u|Σ2 = 0,

respectively.
In 1952 at a AMS conference in New York, Protter [24] formulated and studied the

analogues of P1 and P1∗ in R3. Initially the expectation was that such BVPs are classical
solvable for very smooth right-hand side functions. Contrary to this traditional belief,
soon it became clear that unlike the plane Darboux problem, the Protter’s problems are
not well posed. The reason is that the adjoint homogeneous Problems P1∗ and P2∗ has
infinite number of nontrivial classical solutions (Tong Kwang-Chang [25], Popivanov
and Schneider [19], Khe Kan Cher [17]).

Throughout the last sixty years different authors adopted a variety of approaches to
Protter problems. Garabedian [8] proved the uniqueness of a classical solution of Prob-
lem P1, but generally, problems P1 and P2 are not classically solvable. A necessary
condition for the existence of a classical solution for Problem P1 or Problem P2 is the
orthogonality of the right-hand side function f to all solutions of the corresponding ho-
mogeneous adjoint Problem P1∗ or Problem P2∗. Instead, avoiding infinite number of
necessary conditions, Popivanov and Schneider [19] introduced the concept of gener-
alized solution that allows the solution to have singularity on the inner cone Σ2. Many
authors studied these problems using different methods, e.g., Wiener-Hopf method, spe-
cial Legendre functions, a priori estimates, nonlocal regularization, etc. (see [19] and
references there, further [2, 7, 13, 17, 20, 21]). On the other hand some different multi-
dimensional analogues of the classical Darboux problem are also known ([4, 5, 15]). The
existence of bounded or unbounded solutions for the wave equation in R3 and R4, as well
as for the Euler-Poisson-Darboux equation has been studied in [1, 2, 17, 13, 14, 10, 21].
Results on related multidimensional problems for mixed-type equations (also studied in
[24]) can be found in [3, 5, 7, 11, 16, 17]. Concerning the nonexistence principle for
nontrivial solution of semilinear mixed-type equations in multidimension case, we refer
to [18].

From [19] it is known that for each n ∈ N there exists a right-hand side function
f ∈Cn(Ω) of the wave equation, for which the uniquely determined generalized solution
has a strong power-type singularity like r−n at the origin. Necessary and sufficient
conditions for the existence of solutions with fixed order of singularity were derived
for Problem P1 in [22] and for Problem P2 in [21]. Similarly, for the R3-analogues of
Protter problems some results are presented in [20] (Problem P1) and [6] (Problem P2).
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For Problem P1 in the case when the right-hand function f is a harmonic polynomial,
formula for the asymptotic expansion of the singular solution could be found in [22].
The semi-Fredholm solvability of the Problem P1 is discussed in [23]. A comparison of
various recent results for Protter problems is made in [6].

Regarding the Protter problems with lower order terms see [9] and references therein.
Protter problems with more general boundary condition on Σ0 are studied in [9, 10].
Some possible regularization methods can be found in [2, 7, 9].

In this paper we examine the behavior of the singular solutions of Problem P2. We
give an exact asymptotic formula when the right-hand side function f is harmonic
polynomial. Then, for the general case of smooth enough f , the necessary and sufficient
condition for existence of bounded solutions is given.

GENERALIZED SOLUTIONS OF PROTTER PROBLEM

In order to construct the solutions of the homogenous Problem P2∗ we need the spherical
functions Y m

n in R3. They are defined usually on the unit sphere S2 := {(x1,x2,x3) :
x2

1+x2
2+x2

3 = 1} in spherical polar coordinates and form a complete orthonormal system
in L2(S2) (see [12]). Expressed in Cartesian coordinates here, one can define them by

Y 2m
n (x1,x2,x3) =Cm

n
dm

dxm
3

Pn(x3) Im{(x2 + ix1)
m} , for m = 1, ...,n (2)

and
Y 2m+1

n (x1,x2,x3) =Cm
n

dm

dxm
3

Pn(x3)Re{(x2 + ix1)
m} , for m = 0, ...,n, (3)

where Cm
n are constants and Pn are the Legendre polynomials. For convenience in the

discussions that follow, we extend the spherical functions out of S2 radially, keeping the
same notation Y m

n for the extended function, i.e. Y m
n (x) := Y m

n (x/|x|) for x ∈ R3\{O}.
Next, for n,k ∈ N∪{0} define the functions

En
k (x, t) =

k

∑
i=0

Bn
k,i
(|x|2− t2)n−k−i

|x|n−2i+1 , (4)

where the coefficients are

Bn
k,i := (−1)i (k− i+1)i(n+1− k− i)i

i!(n− i+ 1
2)i

, Bn
k,0 = 1,

with (a)i := a(a+1) · · ·(a+ i−1) and (a)0 := 1. Now we can construct the solutions of
the homogenous Problem P2∗ as follows.

Lemma 1 ([21]) The functions

W n
k,m(x, t) = En

k (x, t)Y
m
n (x)

are classical solutions of the homogeneous Problem P2∗ for k = 0,1, . . . , [n/2]−2.

Semi-Fredholm solvability and asymptotic expansions July 5, 2013 3



The corresponding solutions to W n
0,m for the three-dimensional case are known from

[19], while the functions En
k expressed in terms of the Gauss hypergeometric function

could be found in [17]. Naturally, a necessary condition for the existence of classical
solution for the Problem P2 is the orthogonality of the right-hand side function f to all
functions W n

k,m from Lemma 1. To avoid an infinite number of necessary conditions in
the frame of classical solvability, we introduce generalized solutions for the Problem P2
(similarly to [19]).

Definition 1 ([21]) A function u = u(x, t) is called a generalized solution of the Problem
P2 in Ω, if the following conditions are satisfied:

1) u ∈C1(Ω\O), ut |Σ0\O = 0,u|Σ1 = 0, and
2) the identity ∫

Ω

(utwt−ux1wx1−ux2wx2−ux3wx3− f w)dxdt = 0

holds for all w ∈C1(Ω) such that wt |Σ0 = 0 and w = 0 in a neighborhood of Σ2.

This definition allows the generalized solution to have singularity at the origin O : x =
0, t = 0. Further, our aim will be to study the behaviour at O of the generalized solutions
of Problem P2 in the domain Ω.

ASYMPTOTIC EXPANSION FORMULA

In this section we fix the right-hand side function f ∈ C1(Ω) of equation (1) as a
harmonic polynomial of order l with l ∈ N∪{0}, i.e., having the representation

f (x, t) =
l

∑
n=0

2n+1

∑
m=1

f m
n (|x|, t)Y m

n (x). (5)

According to the results from [21] it is known that without any additional conditions
imposed on f the corresponding generalized solution u(x, t) may have a power type
singularity at the origin. Here we will investigate more accurately the exact behaviour
of the solution of Problem P2. It is governed by the parameters

β
n
k,m :=

∫
Ω

W n
k,m(x, t) f (x, t) dxdt, (6)

where n = 0, . . . , l; k = 0, . . . ,
[n

2

]
and m = 1, . . . ,2n+1. We find the asymptotic formula

for the generalized solution of Problem P2.

Theorem 1 Suppose that the right-hand side function f ∈C1(Ω) has the form (5). Then
the unique generalized solution u(x, t) of Problem P2 belongs to C2(Ω\O) and has the
following asymptotic expansion at the singular point O

u(x, t) =
l+1

∑
p=1

(
|x|2 + t2)−p/2

Fp(x, t)+F(x, t),
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where:
(i) the function F ∈C2(Ω\O) and satisfies the a priori estimate

|F(x, t)| ≤C || f ||C1(Ω) , (x, t) ∈Ω

with constant C independent on f and || f ||Ck(Ω) = ∑
|α|≤k

max
Ω

|Dα f (x, t)|;

(ii) the functions Fp, p = 1, ..., l +1, satisfy the equalities

Fp(x, t) =
[(l−p+1)/2]

∑
k=0

2p+4k−1

∑
m=1

β
p+2k−1
k,m F p+2k−1

k,m (x, t) , (7)

with functions Fn
k,m ∈C2(Ω\O) bounded and independent on f ;

(iii) if at least one of the constants β
p+2k−1
k,m in (7) is different from zero, then for the

corresponding function Fp(x, t) there exists a direction (α,1) := (α1,α2,α3,1) with
(α,1)t ∈ Σ2 for 0 < t < 1/2, such that

lim
t→+0

Fp(αt, t) = cp = const 6= 0.

Using this asymptotic expansion formula we see that the generalized solution could
be bounded only if all parameters β n

k,m involved are zero.

Corollary 1 Suppose that the right-hand side function f ∈C1(Ω) has the form (5) and
satisfies the orthogonality conditions∫

Ω

W n
k,m(x, t) f (x, t) dxdt = 0 (8)

for all n = 0, . . . , l; k = 0, . . . ,
[n

2

]
and m = 1, . . . ,2n+ 1. Then the unique generalized

solution u(x, t) of Problem P2 belongs to C2(Ω\O), is bounded and fulfills the a priori
estimate

max
Ω

|u| ≤C || f ||C1(Ω) .

The cases (ii) and (iii) of Theorem 1 describe the influence of the orthogonality
conditions (8) on the exact behavior of the generalized solution. According to the case
(iii), for fixed indexes (n,k,m), the corresponding condition (8) ”controls” one power-
type singularity.

On the other hand, without any orthogonality conditions on f , the following result is
obtained as a consequence of Theorem 1.

Corollary 2 The generalized solution u of Problem P2 with a right-hand side function
f ∈C1(Ω) in the form (5) satisfies the a priori estimate

|u(x, t)| ≤C
(

max
Ω

| f |
)
(|x|2 + t2)−(l+1)/2. (9)
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The estimate (9) is similar to known estimates for Protter problems in R3 ([19]) and in
Rm ([1]). It is interesting that singularities of the generalized solutions are isolated at the
origin and do not propagate in the direction of the bicharacteristics on the characteristic
cone Σ2. Traditionally, it is assumed that the wave equation, with sufficiently smooth
right-hand side cannot have a solution with an isolated singular point (see Hörmander
[11, Chapter 24.5]).

Let us point out some differences between the results presented here and the ones
from [21] for Problem P2 in R4. First of all, the explicit asymptotic expansion here has
no analogue in [21], where we have only the behavior of the singularities. Secondly,
according to Corollary 1, if the orthogonality conditions are fulfilled, the generalized
solution is bounded, while for the solution in [21, Theorem 1.1] still some logarithmic
singularities are possible.

BOUNDED SOLUTIONS IN THE GENERAL CASE

Next, let us consider the more general case when the right-hand side function f is
smooth, but it can not be expanded simply as a harmonic polynomial (5). Now, Lemma 1
shows that the Problem P2 is not Fredholm solvable. To explain the situation, consider
the operator

T : u f 7−→ f ∈Ck(Ω),

where u f is the unique classical solution to Protter Problem P2 for the right-hand
side function f . According to Lemma 1 dimcoker(T ) = ∞. This means that T is not
Fredholm operator for example in Ck(Ω), but one could expect it to be semi-Fredholm
for appropriate k ∈ N. A semi-Fredholm operator is a bounded operator that has a finite
dimensional kernel or cokernel, and closed range. Here dimker(T ) = 0 since we have
uniqueness result for the generalized solution of Problem P2.

We find the necessary and sufficient conditions for existence of bounded solution.

Theorem 2 Let the function f (x, t) belong to C9(Ω). Then the necessary and sufficient
conditions for existence of bounded generalized solution u(x, t) of the Protter Problem
P2 are ∫

Ω

W n
k,m(x, t) f (x, t) dxdt = 0, (10)

for all n ∈ N, k = 0, . . . , [n/2], m = 1, . . . ,2n+1.
Moreover, this generalized solution u(x, t) ∈C1(Ω\O) and satisfies the a priori esti-

mates
|u(x, t)| ≤C‖ f‖C7(Ω) ;

3

∑
i=1
|uxi(x, t)|+ |ut(x, t)| ≤C(|x|2 + t2)−3/2 ‖ f‖C9(Ω)

where the constant C is independent of the function f (x, t).

Naturally, the necessary orthogonality conditions (10) include the classical solutions
of the homogenous Problem P2∗ given in Lemma 1. However, let us point out that there
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are also some other functions. For example, it is interesting that the conditions (10)
include the case of even n = 2k. Notice that the functions W 2k

k,m(x, t) are not classical so-
lutions of the homogenous adjoint Problem P2∗. Actually, they satisfy the homogenous
wave equation in Ω and (W 2k

k,m)t vanish on Σ0, but W 2k
k,m is not zero on Σ2. In addition,

they have a singularity at the origin O like |x|−1, however this singularity is integrable
in the domain Ω.

From another perspective, Theorem 2 suggests that there are no other nontrivial clas-
sical solution of the homogenous adjoint Problem P2∗ except those listed in Lemma 1.

Let us mention some differences between Theorem 2 and the results from [23] for
Problem P1. First, notice that in the case when right-hand side function f is harmonic
polynomial of order l the solution of Problem P2 may have worse singularity (like
(|x|2 + t2)−(l+1)/2, see Theorem 1) than the solution of Problem P1 (like (|x|2 + t2)−l/2,
see [22]). Despite that, here we assume f ∈C9(Ω) while in [23, Theorem 1.1] smoother
f ∈C10 is required. To achieve this, key role play the more accurate estimates found for
the special functions involved in the representation formulas for the solution.

ACKNOWLEDGMENTS

The research of N. Popivanov and T. Popov was partially supported by the Bulgarian
NSF under Grant DCVP 02/1 and by Sofia University Grant 158/2013. An essential part
of the present work was prepared while N. Popivanov was visiting the University of
Karlsruhe during 2012. N.P. would like to thank the DAAD for providing the Science
Fellowship and the University of Karlsruhe for the hospitality.

REFERENCES

1. S.A. Aldashev, Correctness of multi-dimensional Darboux problems for the wave equation, Ukr.
Math. J. 45 (1993) No.9, 1456–1464.

2. S.A. Aldashev, Spectral Darboux-Protter problems for a class of multi-dimensional hyperbolic equa-
tions, Ukrainian Math. J. 55 (2003) No.1, 126–135.

3. A.K. Aziz, M. Schneider, Frankl-Morawetz problems in R3, SIAM J. Math. Anal. 10 (1979) 913–921.
4. Ar. B. Bazarbekov and Ak. B. Bazarbekov, The Goursat and Darboux problems for the three-

dimensional wave equation, Differ. Equations 38 (2002) 695–701.
5. A.V. Bitsadze, Some classes of partial differential equations, Gordon and Breach Science Publishers,

New York, 1988
6. L. Dechevsky, N. Popivanov and T. Popov, Exact asymptotic expansion of singular solutions for

(2+1)-D Protter problem, Abstract and Applied Analysis, Volume 2012 (2012), Article ID 278542,
33 pages.

7. D.E. Edmunds, N.I. Popivanov, A nonlocal regularization of some over-determined boundary value
problems I, SIAM J. Math. Anal. 29 (1998) No.1, 85–105.

8. P.R. Garabedian, Partial differential equations with more than two variables in the complex domain,
J. Math. Mech. 9 (1960) 241–271.

9. M.K. Grammatikopoulos, T.D. Hristov, N.I. Popivanov, Singular solutions to Protter’s problem for
the 3-D wave equation involving lower order terms, Electron. J. Diff. Eqns. [online], Vol. 2003 (2003)
No.03 pp.1–31. Available from: http://ejde.math.swt.edu/volumes/2003/03/

10. M. K. Grammatikopoulos, N.I. Popivanov, T. P. Popov, New singular solutions of Protter’s problem
for the 3−D wave equation, Abstract and Applied Analysis 2004:4 (2004) 315–335.

Semi-Fredholm solvability and asymptotic expansions July 5, 2013 7



11. L. Hörmander, The Analysis of Linear Partial Differential Operators III. Springer-Verlag, Berlin-
Heidelberg-New York-Tokyo, 1985.

12. M. N. Jones, Spherical Harmonics and Tensors for Classical Field Theory, Research Studies Press,
Letchworth, 1986.

13. Jong Duek Jeon, Khe Kan Cher, Ji Hyun Park, Yong Hee Jeon, Jong Bae Choi, Protter’s conjugate
boundary value problems for the two dimensional wave equation, J. Korean. Math. Soc. 33 (1996)
857–863.

14. Jong Bae Choi, Jong Yeoul Park, On the conjugate Darboux-Protter problems for the two dimensional
wave equations in the special case, J. Korean Math. Soc. 39 (2002) No.5, 681–692.

15. S. Kharibegashvili, On the solvability of a spatial problem of Darboux type for the wave equation,
Georgian Math. J. 2 (1995) 385–394.

16. Khe Kan Cher, Darboux-Protter problems for the multidimensional wave equation in the class of
unbounded functions, Math. Notices of Jacutsk State Univ. 2 (1995) 105–109.

17. Khe Kan Cher, Nontrivial solutions of some homogeneous boundary value problems for a many-
dimentional hyperbolic Euler-Poisson-Darboux equation in an unbounded domain, Differ. Equations
34 (1998) No.1, 139–142.

18. D. Lupo, K. Payne and N. Popivanov, Nonexistence of nontrivial solutions for supercritical equations
of mixed elliptic-hyperbolic type, Contributions to nonlinear analysis, 371–390, ”Progress in Non-
Linear Differential Equations and Their Applications”, 66 Birkhauser, Basel, 2006.

19. N. Popivanov and M. Schneider, On M. H. Protter problems for the wave equation in R3 J. Math.
Anal. Appl. 194 (1995) 50–77.

20. N. Popivanov, T. Popov, Exact Behavior of Singularities of Protter’s Problem for the 3−D Wave
Equation, in: Herzberger, J.(ed), ”Inclusion Methods for Nonlinear Problems” with Applications in
Engineering, Economics and Physics, Computing [Suppl.], 16 (2002) 213–236.

21. N. Popivanov, T. Popov, Singular solutions of Protter’s problem for the 3 + 1-D wave equation,
Integral Transforms and Special Functions 15 No.1, February 2004, 73–91.

22. N. Popivanov, T. Popov, R. Scherer, Asymptotic expansions of singular solutions for (3 +1)-D Protter
problems, J. Math. Anal. Appl. 331 (2007) 1093–1112.

23. N. Popivanov, T. Popov, R. Scherer, Protter-Moravetz multidimensional problems, International
Conference on Differential Equations and Dinamical Systems, Proceedings of the Steklov Institute
of Mathematics, 278, Issue 1 (2012) 179–198.

24. M.H. Protter, New boundary value problems for the wave equation and equations of mixed type, J.
Rat. Mech. Anal. 3 (1954) 435–446.

25. Tong Kwang-Chang, On a boundary-value problem for the wave equation, Science Record, New
Series 1 (1957) No.1, 1–3.

Semi-Fredholm solvability and asymptotic expansions July 5, 2013 8


