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ABSTRACT. For the four-dimensional nonhomogeneous wave equation bound-
ary value problems that are multi-dimensional analogues of Darboux prob-
lems in the plane are studied. It is known that for smooth right-hand side
functions the unique generalized solution may have a strong power-type sin-
gularity at only one point. This singularity is isolated at the vertex O of
the boundary light characteristic cone and does not propagate along the
bicharacteristics. The present paper describes asymptotic expansions of the
generalized solutions in negative powers of the distance to O. Some necessary
and sufficient conditions for existence of bounded solutions are proven and
additionally a priori estimates for the singular solutions are obtained.

1. INTRODUCTION
In the present paper, boundary value problems for the wave equation in R*

(11) Uy zq + Ugozy + Ugzpy — Ut = f(l’, t)

with points (x,t) = (21, e, x3,t) are studied in the domain

Q={(z,t): 0<t <1/2,t < /a2 +2i+2<1—1t}

bounded by the two characteristic cones

Yo={(z,t): 0<t <1/2,\/a? + a5+ 23 =1-t},
Yo ={(z,t): 0<t<1/2,\/2?+ 2+ 22 =1t}

and the ball ¥y = {t = 0,/2} + 23 + 23 < 1}, centered at the origin O : z =
0,t = 0. The following BVPs were proposed by M. Protter [33]:
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Problem P2. Find a solution of the wave equation (1.1) in Q which satisfies
the boundary conditions

P2 : ut]go = 0, U’El = O;

and its the adjoint problem:
Problem P2*. Find a solution of the wave equation (1.1) in 2 which satisfies
the adjoint boundary conditions

P2 : wlg, =0, uly, =0.

Protter [33] formulated in 1952 some versions of P2 and P2* in R? (i.e., in
(24+1)-D case) as a multi-dimensional analogue of the planar Darboux problems
with boundary data prescribed on one characteristic and on the noncharac-
teristic segment. Initially the expectation was that such BVPs are classical
solvable for very smooth right-hand side functions. However, soon it became
clear that contrary to this traditional belief, unlike the plane Darboux problem,
Protter’s problems are not well posed. The reason is that the homogeneous ad-
joint Problem P2* has an infinite number of nontrivial classical solutions (Tong
Kwang-Chang [36], Popivanov and Schneider [26], Khe Kan Cher [19]). It is
known from [27] that for each n € N there exists a right-hand side function
f € C™(Q) of the wave equation, for which the uniquely determined general-
ized solution of Problem P2 has a strong power-type singularity like =" at the
origin O.

In the present paper we examine the exact behavior of the singular solutions
of Problem P2. In the case when the right-hand side function f is harmonic
polynomial, the Problem P2 is Fredholm and we find the asymptotic expansion
at O of the unique generalized solution. On the other hand, in the general
case when f € C'(Q) the problem is not Fredholm because it has an infinite
dimensional cokernel. We show that there are an infinite number of necessary
conditions for the existence of bounded solutions. We discuss the semi-Fredholm
solvability of Problem P2 and for f € C%Q) we prove that the necessary
conditions for the existence of bounded solutions are also sufficient.

In a historical perspective, Protter studied Problems P2 and P2* in con-
nection with BVPs for mixed type equations that model transonic flow phe-
nomena. In fact, in [33] he also proposes a multidimensional analogue to
the two-dimensional Guderley-Morawetz problem for the Gellerstedt equation
of hyperbolic-elliptic type. The Guderley-Morawetz problem describes flows
around airfoils and is well studied. The existence of a weak solutions and the
uniqueness of the strong ones were first established by Morawetz [23] by re-
ducing the problem to a first-order system. Lax and Phillips [20] established
that these weak solutions are strong. A survey for the classical 2-D mixed-
type BVPs and their transonic background can be found in [24]. The domain
of Protter’s analogue could be constructed by rotation in R* of a symmetric
planar domain for Guderley-Morawetz problem around the axis of symmetry.
As a result the set ) forms the hyperbolic part of the domain. Although it
was expected the multidimensional mixed-type problems to be similar to the
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two-dimensional BVPs, for the Protter hyperbolic-elliptic problems a general
understanding of the situation is still not at hand. Even the question of well
posedness is surprisingly subtle and not completely resolved. One has unique-
ness results for quasiregular solutions, a class of solutions introduced by Protter,
but there are real obstructions to existence in this class. The Protter problems
in the hyperbolic part €2 of the domain illustrate some of the difficulties and
differences between the planar BVPs and the multidimensional analogues.

In order to construct the solutions of the homogenous Problem P2* we need
the spherical functions Y™ in R3. Traditionally, Y™ are defined on the unit
sphere S? := {(z1, 22, 73) : 22 + 23 + 23 = 1} (see [14]). For convenience in the
discussions that follows, we keep the same notation Y, for the radial extension
of the spherical function to R*\{O0}, i.e. Y(z) := Y,™(z/|z|) for z € R¥\{O}.
For the definition and properties of the spherical functions see Section 3. For
n,k € NU{0} define the functions

n n (|l’|2 _ t2
(1.2) By (x,t) = ZBK‘Z |g[r2iH

where the coefficients are
J(E—i4+1)n+1—k—1i);
i(n—i+ 1)
with (a); == a(a+1)---(a+i—1) and (a)o := 1. Then the functions
W,?m(:v, t) = Ep(z,t)Y,"(x)

Bl?,i = <_1) ) BIZO = 17

are classical solutions of the homogeneous adjoint Protter problems.

Lemma 1.1. [29] The functions W', (x,t) are classical solutions from c(Q)n
C>®(Q\{O}) of the homogeneous Problem P2* for k =0,1,...,[n/2] — 1.

A necessary condition for the existence of classical solution for the Problem
P2 is the orthogonality with respect to the L?(Q2) inner product, of the right-
hand side function f to all functions W}, (z,t) from Lemma 1.1. To avoid an
infinite number of necessary conditions in the framework of classical solvability,
we introduce generalized solutions for the Problem P2 (see the similar definition
for the (2+1)-D case in [27] and [29]).

Definition 1.1. A function u = u(x,t) is called a generalized solution of the

Problem P2 in (), if the following conditions are satisfied:

1) ue CY\O), wlsoo0 = 0,uls, =0, and
2) the identity

/(utwt — Uy Wy — UgyWay — UggWey — fw)dxdt =0
Q

holds for all w € C*(Q) such that w|s, = 0 and w = 0 in a neighborhood
Of 22 .
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This definition allows the generalized solution to have singularity at the origin
and we have an uniqueness result (see Theorem 5.1). Without any additional
conditions imposed on the right-hand side function f € C(Q), it is known
(see [26, 29]) that the generalized solution may have power type singularity.
Alternatively, we will prove the following necessary conditions for the existence

of bounded solutions.

Theorem 1.1. Suppose that there is a bounded generalized solution of the Prot-

ter Problem P2 with right-hand side function f(x,t) € C(QQ). Then

(1.3) /QW,:m(x,t)f(x,t) dxdt = 0,

forallm e NU{0}, k=0,...,[n/2], m=1,....2n+ 1.

The proof of Theorem 1.1 is given in Section 4, but before that we will describe
the exact influence of the conditions (1.3) on the behavior of the generalized
solution.

First, we consider the case when the right-hand side function f € C*(Q) of
the wave equation (1.1) has the representation

I 2n+1
(1.4) flaty=2 > fi(lel, )Y, (@),

n=0 m=1
with [ € NU {0}. In particular, notice that in the case when f*(|z|,t) =
|z|"a(t) the function f is a harmonic polynomial in z of order [, whose coeffi-
cients are functions of ¢ (see the properties of ¥, in Section 3). For convenience
further by “harmonic polynomial of order I” we will mean a function from C* ()
that has the more general form (1.4). The coefficients f* are

() ) = / Y do
SQ

and must have some special properties at (0,0) (see for example Lemma 3.3).

According to the results from [29] we know that the generalized solution of
Problem P2 may have a power type singularity at the origin O : x = 0,¢t = 0. In
the present paper we study more accurately the exact behavior of the solution
of Problem P2 at O. It is governed by the parameters

(1.5) Bm = /Wﬁm(w,t)f(x,t) dxdt,
Q

where n =0,...,; k=0,..., [g} and m=1,...,2n 4+ 1. We find the asymp-
totic formula for the generalized solution of Problem P2.

Theorem 1.2. Suppose that the right-hand side function f € C*(Q) has the
form (1.4). Then the unique generalized solution u(x,t) of Problem P2 belongs
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to C2(Q\O) and has the following asymptotic expansion at the singular point O
I+1
e, t) =S (jaf? + ) P By,t) + F(a,1),
p=1
where:
(i) the function F € C*(Q\O) and satisfies the a priori estimate

[F(z, )] < Cllfllery - (2,1) €,

with constant C' independent of f and || f||crqy = >° max|[D*f(z,t)|;
la|<k $
(i) the functions F,, p=1,....,l + 1, satisfy the equalities

[(1—p+1)/2] 2p+4k—1

18 BE= 3 AR,
k=0
with functions Fy!, € C?*(Q\O) bounded and independent of f;
(iii) if at least one of the constants ﬁpﬂk Yin (1.6) is different from zero,

then for the corresponding function F, (93 t) there exists a direction (1) =
(v, g, g, 1) with (o, 1)t € Xg for 0 <t < 1/2, such that

tLHJIrlOF (at,t) = = const # 0.

After the case of the harmonic polynomials, here we deal with the more
general situation when the right-hand side function f is smooth, but it can not
be expanded simply as a sum (1.4). Now, Lemma 1.1 shows that the Problem
P2 is not Fredholm solvable.

Remark 1.1. Consider the operator

T: wup— feCQ),
where uy is the unique classical solution to Protter Problem P2 for the right-
hand side function f. According to Lemma 1.1 we have dim Coke_r(T) = 00.
This means that T is not Fredholm operator for example in C*(Q2). On the
other hand, the uniqueness result Theorem 5.1 shows that dimker(T) = 0 and
T could be a semi-Fredholm operator. A semi-Fredholm operator is a bounded

operator that has a finite dimensional kernel or cokernel, and closed range (see,
for example [25]). Accordingly we need to find the range of T

The next result suggests that 7" is a semi-Fredholm operator.

Theorem 1.3. Let the function f(z,t) belong to C%(Q). Then the necessary
and sufficient conditions for existence of bounded generalized solution u(x,t) of
the Protter Problem P2 are

(1.7) / WP (a6 f(e.1) dudt = 0,

forallm e NU{0}, k=0,...,[n/2], m=1,...,2n+ 1.
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Moreover, this generalized solution u(x,t) € C*(Q\O) and satisfies the a
priort estimates

fu(z, 1) < € (11

@ + 1 fles@)

3
Z |t (0, 8)| + e (2, 8)] < C(|af? + )7 Hchf%(ﬁ)
i=1
where the constant C' is independent of the function f(x,t).

Obviously, the set of all functions from C%(Q) that satisfy the orthogonality
conditions (1.7) is closed. Therefore, Theorem 1.3 shows that the operator T'
defined in Remark 1.1 with a domain D(T') C C(9) has a closed range in C%(Q),
and we get the following result.

Corollary 1.1. The operator T is a semi-Fredholm operator from D(T) C C(Q)
to C9(Q).

We have briefly announced some of the results from this section in [32] with
the assumption f € C°(Q).

The main results in this work are discussed in Section 2 and the proofs are
in Sections 3-7. In more detail the paper is organized as follows: estimates
for the spherical functions involved in the representation of the solution are
proven in Section 3. In Section 4 the necessary conditions for bounded solution
Theorem 1.1 is proved. In Section 5 we consider some two dimensional boundary
value problems connected to Problem P2 — the Problems P21 and P22. Exact
formulas for the solution of the Problem P22 are presented in Lemma 5.1. In
Section 6 the proofs of the main Theorems 1.2 and 1.3 are given based on the
results from the previous sections and an asymptotic expansion formula for
the generalized solution of the 2D Problem P21 (Theorem 6.1). The long and
technical proof of Theorem 6.1 is postponed to the last Section 7.

2. HISTORICAL REMARKS ON THE MAIN RESULTS

Let us point out several related resent works on Protter problems. Neces-
sary and sufficient conditions for the existence of solutions with fixed order of
singularity were obtained in [29]. Similarly, for the R3-analogues of Protter
problems some results are presented in [7, 28]. For the problem with Dirichlet
type boundary condition on >3, formula for the asymptotic expansion of the
singular solution can be found in [30], and the semi-Fredholm solvability is dis-
cussed in [31] for f € C'°(Q). A comparison of various recent results for Protter
problems is made in [7].

Various authors adopted a variety of approaches to Protter problems over the
last sixty years, for example: Wiener-Hopf method, special Legendre functions,
a priori estimates, nonlocal regularization, etc. (see [27] and references there, see
also [2, 8, 15, 19, 28, 29]). Alternatively, different multidimensional analogues of
the classical Darboux problem for the wave equation are considered in [4, 5, 17,
while for some related semilinear equations and systems see [18]. The existence
of bounded or unbounded solutions for the wave equation in R? and R*, as well
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as for the Euler-Poisson-Darboux equation has been studied in [1, 2, 19, 15, 16,
12, 29].

Regarding the Protter problems with lower order terms see [11] and references
therein. Problems with more general boundary condition u; + a(z)u = 0 on
Yo are studied in [11, 12]. Some possible regularization methods involving
integrodifferential or nonlocal terms can be found in [8].

For the Protter problems for equations of mixed hyperbolic-elliptic type pro-
posed in [33], Aziz and Schneider [3] proved an uniqueness result in the linear
case (see also [5]). Concerning nonexistence principle for nontrivial solution of
semilinear mixed-type equations in multidimensional case, we refer to [22].

In 1960 Garabedian [10] proved the uniqueness of a classical solution of Pro-
ter problem. However, generally, Problem P2 is not classically solvable and a
necessary condition for the existence of a classical solution is the orthogonality
of the right-hand side function f to all solutions of the corresponding homo-
geneous adjoint Problem P2*. Here in Lemma 1.1, the solutions W' = were
constructed with the help of the functions E} defined by (1.2). The alternate
representation in terms of the Gauss hypergeometric function F = F(a, b, ¢; )

Ep(z,t) = [a[" 1 = /|2)" P F(n — k+ 1/2, -k, 1/2; 8 /|z]?)

can be found in Khe Kan Cher [19]. In [26] there are some solutions for the
three-dimensional analogue of the homogeneous Problem P2*.

Let us look back at Theorem 1.1 and the necessary orthogonality conditions
(1.3) for the existence of bounded solutions of Problem P2. Naturally, these
conditions include the functions W}’ from Lemma 1.1. However, notice that
there are also some others.

Remark 2.1. [t is interesting that the conditions (1.3) include the case of
even n = 2k. Notice that the functions W2k (x,t) are not classical solutions
of the homogenous adjoint Problem P2*. Actually, they satisfy the homogenous
wave equation in 2 and (W,f'fﬂ)t vanish on X, but W,f’fn is mot zero on Y.
In addition, the functions W,f’jn have a singularity at the origin O like |z|™!,
however this singularity is integrable in the domain €2.

Instead of imposing an infinite number of orthogonality conditions on f, Popi-
vanov and Schneider [26, 27] introduced the concept of generalized solution that
allows the solution to have singularity on the inner cone 5. Here, Theorem 1.2
describes the affect of the parameters gy, on the behavior of the generalized so-
Iution of Problem P2. The constants 3, are defined by (1.5) and are obviously
related to the orthogonality conditions (1.3). When the right-hand function is
a harmonic polynomial (1.4), the asymptotic expansion in Theorem 1.2 shows
that the generalized solution could be bounded only if all 5/, involved are zero.



8 N. POPIVANOV, T. POPOV AND A. TESDALL

Corollary 2.1. Suppose that the right-hand side function f € C*(Q) has the
form (1.4) and satisfies the orthogonality conditions

(2.1) /W,:fm(x,t)f(x,t) dxdt = 0

forallmn =0,...,0; k=0,..., [g} and m = 1,...,2n + 1. Then the unique
generalized solution u(z,t) of Problem P2 belongs to C*(Q\O), is bounded and

satisfies the a priori estimate

ma[u] < C[|flles o

On the other hand, without any orthogonality conditions on f, the following
result is obtained.

Corollary 2.2. The generalized solution u of Problem P2 with a right-hand
side function f € CY(Q) in the form (1.4) satisfies the a priori estimate

(2.2 WQJHSCG%Mﬂ>WV+ﬁ>“W?

The influence of the orthogonality conditions (2.1) on the exact behavior of
the generalized solution is clarified by the case (iii) of Theorem 1.2. It shows
that for fixed indexes (n, k, m), the corresponding condition (2.1) “controls” one
power-type singularity.

In the Corollaries 2.1 and 2.2 the emphasis is on the extreme cases: when
all orthogonality conditions (2.1) are fulfilled or, alternatively, when none of
them are satisfied. In both cases the exact behavior of the solution is given.
The estimate (2.2), presented here is analogous to known estimates for Protter
problems in R?® ([27]) and in R™ ([1]). It is interesting that singularities of
the generalized solutions are isolated at the origin and do not propagate in the
direction of the bicharacteristics on the characteristic cone ¥,. Traditionally,
it is assumed that the wave equation, with sufficiently smooth right-hand side
cannot have a solution with an isolated singular point as in Hérmander [13,
Chapter 24.5]. The case here is different since the point of singularity O lies on
the non-characteristic part of the boundary ¥y as well as on the characteristic
part 2.

Remark 2.2. The Problem P2 in R* with harmonic polynomial on the right-
hand side is also studied in [29]. However, the explicit asymptotic expansion here
has no analogue in [29], where only the behavior of the singularities is given.
Additionally, if the orthogonality conditions (2.1) are fulfilled, the Corollary 2.1
states that the generalized solution is in fact bounded, while the estimates in
[29, Theorem 1.1] still allow the solution to have some logarithmic singularities.

Remark 2.3. Let us compare Protter problems in R?® (as treated in [28, 7)) and
R* here (see also [29, 30]). In both cases the study these BVPs is based on the
properties of the special Legendre functions. Instead of Legendre polynomials P,
here, in the three-dimensional case the Legendre functions P, with non-integer



SEMI-FREDHOLM SOLVABILITY FOR PROTTER-MORAWETZ PROBLEM 9

indexes v = n — 1/2 are used (for their properties see [9]). One can easily
modify both these techniques to obtain similar results for the (m+1)-dimensional
problems: for even m (analogous to R? case) or for odd m (the present case R*).
Some related results for Protter problems in R™ are presented in [1, 2].

In the general case when the right-hand side function f is smooth enough,
Theorem 1.3 implies that the necessary conditions (1.3) for existence of bounded
solutions from Theorem 1.1 are also sufficient. Further, this means that there
are no other nontrivial classical solutions of the homogenous adjoint Problem
P2* except those listed in Lemma 1.1.

Remark 2.4. We point out the differences between Theorem 1.3 and the re-
sults from [31] for Protter Problem P1 with Dirichlet type boundary condition on
Y. First, notice that in the case when right-hand side function f is harmonic
polynomial of order | the solution of Problem P2 may have worse singularity
(like (|z|? + t2)~U+D/2 | see Theorem 1.2) than the solution of Problem P1 (like
(|z|? 4+ 12)71/2, see [30]). For the general case we are able to reduce the assump-
tions on f — in Theorem 1.3 we assume f € C%(QQ), while in [31, Theorem 1.1]
smoother f € C'¥ is required. In order to achieve this, we rely on the more
accurate estimates for the special functions proven in Section 3.

3. ESTIMATES FOR THE SPECIAL FUNCTIONS

For the proof of the main results we will need some properties of the spherical
functions Y™ in R®. They are naturally expressed on the unit sphere S? :=
{(x1, 9, x3) : 23+ 23+ 23 = 1} in spherical polar coordinates. Let us introduce
polar coordinates (r,0, ) in R3:

x1 =rsinfcosp, xy=rsinfsiny, x3=rcosd.

where 0 < 0 <7, 0 < ¢ < 27, r > 0. Then the spherical functions, expressed
in terms of 6 and ¢ as in the traditional definition on S? (see [14]), are given by

[2n+1 [(n—k)!
2%k+1 _ k _
Y0, ) = o T k)!P" (cosf) coskp, k=1,...,n
2n—|—1 (n—k)!
2k ( / k _
Y: (k) P (cosf) sin ke, k=1, ..n,

and Y10, 0) = ((2n+ 1)/47r)1/QPn(cos ). Here P, are the Legendre polynomials
defined by the Rodrigues’ formula

(3.1)

. 3
(3.2) P,(s):= — (s = 1)" = Zagksn_%, asy # 0.

2nn! dsn
k=0

while P¥ are the associated Legendre polynomials that can be defined as

PA(s) = (~1H(1 = )L (s)
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The functions Y, satisfy the differential equation

1 0 0 1 02
3.3 0 V" |+ ——--5Y" Yy =0.
(3:3) sin 0 80 (Sm 00 " ) sin? 0 Op? trm+l)
and form a complete orthonormal system in Ly(S?) (see [14]).

Using Cartesian coordinates as in Section 1, one can define the spherical

functions as Y,™(x1, z9, x3) := Y,™(0, ¢) for z € S?, or by

dm
Y2 (21, 9, 3) = C;L"d—mPn(xg) Im {(zy +iz)"}, for m=1,..,n
T3
and
dm
Y2 (2 29, 23) = C;”d P.(x3) Re {(zo +ix)™}, for m=0,...,n

where C]" are constants. In the present paper, we keep the same notation Y,
for the radial extension of the spherical function to R*\{O}, ie. Y™ (z) :=
Y™ (x/|z|) for x € R3\{O}. According to the properties of ¥,"(z), the function
|z|"Y™(x) is a homogenous harmonic polynomial of order n in the variables
T1,T2,T3.

We will need some estimates for Y,”* and the special functions involved in the
representations of the solutions of the Protter problems. Let us start with the
Legendre polynomials P,.

Lemma 3.1. The following estimates hold for x € [0,1] :
1
(3.4 P <1, [P < "D,

(3.5) |P.(z) — P,(0)] < nzx .

Proof. The estimates (3.4) are proved for example in [29]. Here we will show
that (3.5) holds. Using Bonnet’s recursion formula

(n+1)Pyi1(z) = 2n+ 1)aP,(z) — nP,_1(z)
we get (n+ 1)P,41(0) = —nP,_1(0) and
(n+ 1)(Posi(x) — Prt1(0)) = 2n + 1)x P, (z) — n(Py—1(z) — P—1(0)).
Thus
| Poia () = Poga(0)] < 22 + [Poa(2) = Bua (0)]-

From here and the equalities Py(xz) — Py(0) = 0 and Py (z) — P1(0) = x we get
the estimate (3.5) by induction. O

In order to study the first derivatives of the generalized solution of the Protter
problem, we will need to estimate also the first derivatives with respect to x of
Y™(x) := Y™(z/|z|) — the radial extension of the spherical function to R¥\{O}:

aiYnm =" [cos B cos p(Y,")g — (sin @) sinp(Y,"),]
T

0
(3.6) —Y " =77 [cosOsinp(Y,")g + (sind) " cos (V"))

31;2
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%Ynm = —r " tsin (Y, ™).

Using the so called addition theorem for Legendre polynomials we get the fol-
lowing result.
Lemma 3.2. Forn > 1 the functions Y. (x) satisfy the equalities

2n+1

2n~|—1
Ym

m=1

70 .\ a(n+1)@2n+1)
S (vr) = .
ox; 27|z |?

m=1 i=1
Proof. From the definition (3.1) of ¥, follows that

2n+1

2n +1
Ym2:
Sy =2

—k)!
(P, (cos b)) —I—QZ (o h)l (P¥(cos 9))?

m=1
According to the Addition theorem (see [21])
P,(cosf cosf + sinfsin b, cos )

(3.7)

= P,(cos0)P,(cosb) + 2 Z Pk (cos ) P¥(cos ) cos k.

With 6 = 6, and ¢ = 0 one derives the equality

(Pn(cos®)) —1—22 Pk (cos6))? =
This means that
2n+1
2 1
Sy =
— 47

Using (3.7) again, we get the required property of the derivatives of Y,". Directly
from (3.6) for the squares of the derivatives with respect to x we have

(3.8) D (DY = (Ve + T (sind) (Y,

|af=1

and from the definition (3.1) of ¥, we find

S (%) 2 (o) <23 (Gptenn)) ]

m=1 k=

2n+1
oym 2n +1 k;
n Pk
mz_jl(@so> Z o (Pheos)
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Put ¢ = 0 and differentiation of (3.7) with respect to 6 and 6; gives
P! (cos B cosby + sinfsinby) {cosOsinf; — sinf cos b, } {sinf cosf; — cosf sin b, }

+ P! (cosf cost + sinfsinby) {cosf cos b + sinfsin b, }

" (n—k)
= sinfsin 0, P (cos cosfy) + 2sinfsin b
15a(cos 0) P (cos 1) 1; (n+k)!

P¥(cos0)P¥ (cosf,).
With 6 = 6, we derive

3 0) +22 — ). aPk(OSG)g—P’(l)
g n(cos (n+ k) \og "\ — el

Analogously, after differentiating (3.7) twice with respect to ¢:

P! (cos 0 cos 6 + sin 0 sin 0; cos p) sin? 0 sin” §; sin® ¢

—P (cos 6 cos 61 + sin 0 sin 6 cos @) sin 6 sin 6; cos p

Pk (cos 0) P¥(cos 0,) cos k.

--23 e

Then substituting ¢ = 0 and 6; = 6 we have

Zk? — k). (P¥(cos))” = (sin6)2P(1).

~ (n+k)!
Since P! (1) = n(n + 1)/2 we conclude that
2n+1
i ™ (peymye - et DCn )
e 2772 '

O
As a direct consequence, we find the next estimates for the spherical functions
radially extended out of S2.

Corollary 3.1. For n > 1 the functions Y,""(x) satisfy the inequalities
(3.9) Y, ()] < n'/?

2n+1

(3.10) Z Y (z)| < n,

(3.11) > Z 81}/:1(:5) <302
(3.12) > 1Ml + [(sind) (M), < 3n*.



SEMI-FREDHOLM SOLVABILITY FOR PROTTER-MORAWETZ PROBLEM 13

Proof. Obviously
1/2
< nl/?

2n+1
>
m=1

The estimates (3.10) and (3.11) follow directly from the Cauchy-Schwarz in-
equality and Lemma 3.2

Y, ()] <

2n+1 2n+1 1/2

2n+1
m m\2 _
S < van T Yo7 =A<,
m=1 m=1
x n =
m=1 i=1 dz; " a m=1 i=1 Ox; " 27| x|

Finally (3.12) follows from the equality (3.8):

2n+1 21 1/2
> el + |(sind) (V)| < Vin 42 { D[ + (sin )2 (Y,"),7] }

m=1 m=1

1/2

= |z|Vdn + 2

2n+1 3 o 2
Ty ( ax.Ynm) <30

m=1 =1

O

Generally, if the function f(z,t) is smooth enough, it can be represented as

a harmonic series. In order to estimate the coefficients of the series we will

use the next result. It is based on the fact that the spherical functions are
eigenfunctions for the Laplace operator on the sphere S2.

Lemma 3.3. Let k € NU{0}.
1)(131]) Let f € C**(Q). Then it has the representation

oo 2n+1

flat)=> > (el )Y (@)

n=0 m=1
and forn € N
£ < Cn7M || fll cor ey -
2) Suppose f € C***1(Q) then forn € N

2n+1

Z £ < Cn=2 2] || Fll g

m=1

Proof. The estimate in the case 1) follows directly from the fact that the
spherical functions are eigenfunctions for the spherical Laplacean Ag

1 o(. 0 1 o
AsF = SinQ% <S111¢9 —F) + —Sin2 68_()02F7
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i.e., the equation (3.3) shows that AgY,” = —n(n+1)Y,™. In fact f7* is bounded
by the Fourier coefficient of (Ag)* f:

|fa'l = /meda <Cn /Ym( $)°f dol .

SZ

For detail proof of 1) see [31] and [35]. B
Next we will prove the case 2) with k = 0. Let F' € C'(Q) then

T 21

F(r,t) == /Yan do=—-n""(n+ 1)_1/ /(AgYnm)F dp | sinfdf .
52 0 \o
Integrating by parts gives
T 2w
1 0 0 1 0 0
F'= ——— 0=Y" —F + —Y" —F ) dp| df
" aln+ 1)/ /(Sm 90" 99" ' sinfdp " O ) 1Y
o Lo

where

SinQ%F = rsin @ cos 6 cos @%Fqusin@cos@sin(p%F—rsm Q%F

%F = —rsin@singpaixlF+rsinﬁcos<paix2F.
Therefore using (3.12) we have
2n+1 C’1f| n+l 27
> 15 < SRl Z/ / 7)o + [ (sin6) (V7)) o | 09
m=1 =1

< Cilz] || Fller@y

To prove the case 2) it remains to substitute (Ag)*f € C*(Q) for F in this
estimate. g

4. NECESSARY CONDITIONS FOR BOUNDED SOLUTION

Here we will prove of the necessity of the orthogonality conditions (1.3) for
the existence of a bounded solution.
Proof of Theorem 1.1. Let u be a bounded generalized solution of Problem
P2. Let us fix a function x(s) € C*(R) such that x(s) = 0 for s < 1, and
x(s) =1 for s > 2.

For fixed indexes n € NU {0}, 0 < k < [g}, 1 < m < 2n + 1, consider the
functions

Wy(z,t) = x (2q(|z[ — 1)) x(qlz]) Wi, (z,t)
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for ¢ € N. Obviously, W, € C*(Q) vanishes on a neighborhood of ¥, and
(W)t =0 on . Therefore according to Definition 1.1 we have

/{ut = Uz, (Wo)ay — tay(Wo)ay — Uay(Wo)a, } dudt = /qu dxdt
Q
and thus
@0 [ Wy dsdt = [ {0V + Wdasrs + Wz, = (W)} e
Q Q

We want to prove that [, fW}, dzdt =0 for all n € NU{0}, k =0,...,[n/2],
m = 1,...,2n 4+ 1. Notice that [fW}, | < Clz[~" and then the integral
Jo [fWp |dzdt is convergent. The function f € C(Q) and thus

lim /qu dxdt = /fW,?m dxdt .

qg——+o00o
Q

Therefore it is sufficient to prove that when ¢ — -+o00 the right hand side of the
equality (4.1) tends to zero forn € NU{0}, k=0,...,[n/2],m=1,...,2n+1.

Using the fact that the functions W;', are solutions of the homogenous wave
equation in (2, straight forward computations show that

1
S (0¥ = (W =[OV, OV 4 TWE | i + 40 Wi

1
+ {(W/Zm)r + ;Wﬁm] 2qx1X5 + Wi X1 X5

where r = |z|, while x; and x» stand for x(2¢(r — t)) and x(gqr) respectively.
Expressed with spherical polar coordinates (r, ¢, ) in R3

/u [(Wq)mxl + (Wq)xzxz + (Wq)x:sx:s - (Wq)tt] dxdt
1 ! mn ! ! 1!
= / { {(E;’;‘)r + (B + ;E}J] 4gXix2 + CER (X0 X5 + xax5)

1
+ {(E,?)r + ;E}j} 241Xy } wY,™ (0, ) r?* sin § drdpdfdt.

For simplicity, we consider only one of the terms from the definition of the
function E}(r,t) (see (1.2)). Let us denote by

(TQ _ t2)n—k—i
w(r,t) = pn—2it1

defined in D = {0 <t < 1/2, t < r < 1 —t}, and consider the subsets
Dy, =Dn{1/(2q) <r—t<1/¢}n{r>1/q} and Dy, = DN{l/q <r < 2/q}.

Since the functions u, x’, x” and Y,”* are bounded, the function x'(¢r) = 0
in D\ Dy, and x'(2q(r —t))x(qr) is zero in D\ D, 4, it is sufficient to prove that
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the integrals

Ly=q / lwy 4wy + " w| r? drdt

D1 q

I, = q / |wr + r_lw{ r? drdt
D34
and
L, = ¢ / wr? drdt
D34

tend to zero as ¢ — oo, for n e NU{0}, k=0,...,[n/2] and i =0, ..., k.
We get lim, o I3, = 0 from the estimate |w| < 7"~ in D and thus

r=2/q pt=r 2/q
I;, < q / / L dtdr < qQC/ r? dr < Ciq™?
r t=0 0

For I 4 let us compute first

(7“2 . t2)n7k7i71
rn—2i

[(n — 2k)r* + (n — 20)t?] < C,

lw, +r~twr? =

because n—k—1i—1 could be negative only when n—2k = n—2¢ = 0. Therefore,

we have
r=2/q
I, < / / C dtdr < Cyqt

and thus lim, . fo 4, = 0.
Finally, to evaluate I; , we use the estimate

2 _ 2yn—k—i—1 _¢
lw, 4wy + 7 w|r? = (r )2, (r—1t) |[(n—2k)r — (n—2i)t] < ol
rnTa r
and find
t r=1
L, < qC/ / dtdr < qlCl/ =t dtdr < Cyq 'lng
r=1/q Jt=r—1/q T r=1/q
that shows that lim,_,. I1 , = 0. O

5. PREVIOUS RESULTS

In this section we quote some results from [29] that will be essentially the
starting point for the proofs of Theorems 1.2 and 1.3. We start with the follow-
ing uniqueness result.

Theorem 5.1. [29] The Problem P2 has at most one generalized solution.

In [29] the right-hand side function f of the wave equation (1.1) is fixed
as a harmonic polynomial (1.4). Then the following existence result for the
generalized solution is valid.
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Theorem 5.2. [29] Suppose that the right-hand side f € C*(Q) has the form
(1.4) where | € NU {0}. Then, the unique generalized solution u(x,t) of the
Problem P2 in ) exists and has the form

2n+1

(5.1) u(a,t) = > ur(jzl, )Y (x) € C*(Q\0).

n=0 m=1

In fact, the function «*(|z|,¢) from (5.1) is the solution of a two-dimensional
boundary value problem that involves only the corresponding coefficient f™(|z|,t)
from (1.4). In order to formulate this BVP, it is natural to introduce polar co-
ordinates (7,0, ) in R3: 7, § and ¢ are such that 0 <0 <7, 0< o <2m, 7> 0
and

xr1 =rsinfcosp, xy=rsinfsiny, x3=rcosb.

In the special case when f has the form
f(r7 97 S07 t) = f?T(T7 t)Y’er(97 w)’

according to Theorem 5.2 we may look for a solution of the same form
u(r,0,¢,t) = u;' (r, )Y,;" (0, ).

Then we can reduce the (3+1)-D Protter problem to some BVPs in R?. From
the properties of the spherical functions it follows that the function w)'(r,t) is
a solution of the equation

2 n(n +1
(52) Upp + ;ur — U — %u = f(7”> t)

with right-hand side f(r,t) := f(r,t), in the domain D = {(r,t) : 0 < t <
1/2,t <r < 1—t}, bounded by

So={(rt):t=0,0<r <1},
Si={(rt):0<t<1/2)r=1—t}, Se={(rt):0<t<1/2,r=1t}.

Thus, we arrive at the next two dimensional problems.
Problem P21. Find a solution of the equation (5.2) in the domain D which
satisfies the boundary conditions

P21: wls, =0, ul|s, =0.
Finally, we substitute

v=ru(r,t), g=rf(rt)
and
¢ = r+t r—t
- 2 ) 77 - 2
and get the following problem.
Problem P22. Find a solution of the equation
n(n+1)
5.3 Ugp — 5 V=4
( ) &n (5 + 77)2
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in the domain D; = {(¢,7) € R?: 0 < n < £ < 1/2} with boundary conditions

ov  Ov

P22 (8_5_8_17) (n,m)=0, wv(1/2,n) =0, for ne(0,1/2].

In [29] the solution of Problem P22 is constructed with the help of the Rie-

mann’s function
) _ (& =n)(& —m)+26m + 26y
R(glanlagvn)_Pn< (€1+771)(§—|—7’]) )

for the equation (5.3) found by Copson [6]. The problem is reduced to an
integral equation of Volterra type. Then this integral equation is solved using
some formulas from the book by Samko, Kilbas and Marichev [34] and the
properties of the Melin transform. According to formulas (23), (24) and (27) in
the proof of Theorem 3.1 from [29] we can write down the following result.

Lemma 5.1. The solution v(&,n) of Problem P22 is given by

o(€n) = 7(6) + <e—m&+2w)d&

0
T(ﬁl)a—&Pn (

o
o=

§&i(E+m)
(5.4)
3 /0
B (€ =n)(& —m) +26m + 2577)
! !&( GESNEEE A RS
where
¢
(5.5) ﬂ@:/R(%)mm%L
and
3 /¢
o & + & i B i
a0 = [ [ o (&) (g~ ay) ot6man |
(5.6) fg 0 s

JREE o) (0

Finally, we will need the relation between the functions EI'(r,t) := El'(x,t),
with r = |z|, defined in (1.2) and the Legendre polynomials P,.
Lemma 5.2. [29] Define the functions
£

m@m:/ﬁﬂ(iii)“

n
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0 r+t r—t
-1 7 ) = " E™
r g |:hn_21< 5 g )} AEMNr,t)

holds fori=20,..., [%} with some nonzero constants ci'.

Then the equality

6. PROOFS OF THE MAIN RESULTS

In this section we will prove Theorem 1.2 and Theorem 1.3. The proofs
are based on an asymptotic expansion formula for the solution of the two-
dimensional Problem P21. In order to formulate it, let us concentrate first on
Problem P2 with right-hand side functions f of the form

fla,t) = [ (r )Y, (0, ),
with fixed n,m € NU {0} and m < 2n + 1. We will use the results stated in
Section 5. The unique generalized solution u of Problem P2 also has the form

u(z,t) =up (r, )Y, (6, ).

The function (7, t) is the solution of Problem P21 with the function f(r,t) :=
fi(r,t) as a right-hand side in the equation (5.2). We are interested in the exact
behavior of u"(r,t) at (0,0). One expects it to depend on the constants

1-t

(6.1) By = /2 /E,?(r, t)f(r,t)r?dr | dt  for k=0,..., [g] ,
0\t

that correspond to f,, defined in (1.5) for the Problem P2. For simplicity,
denote further

Ao = |[fllewy; Av = Ifllewy +Irfillewy; Az = lIrfllerwy + [ filler oy ;
As = |Irfllevoy + Ir fellevoy + Ir fuller oy + 172 furl o) -

Theorem 6.1. Let f(r,t) and rf,(r,t) € C(D). Then the generalized solution
u(r,t) of Problem P21 belongs to C*(D\(0,0)) and has the following asymptotic
expansion at (0,0)

[n/2]

) = 327 ) B0 + F ),

k=0
where: o
1) the functions F{* € C*(D\(0,0)) are independent of f, bounded, and satisfy
Fp(t,t) = const # 0. B
2) the function F™ € C?(D\(0,0)) satisfies the following estimates:

[F2(r,t)] < Clirfllew),
[(FO)(r, ) + [(F)e(r, )] < CrH|r flle,
and forn >1
(6.2) |[F™(r,t)| < CAn? (14 |Inr]).
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If also rf and rf; € CY(D), then

(6.3) |[F™(r,t)| < Or~t(Agn? + Ay),
and if additionally rfy € CY(D) and r?fi,.., € C(D), then
(6.4 E™). ()] + [(F)i(r, 6] < Or=3(Avn? + CAg),

where in all inequalities the constant C' is independent of n and f.

The proof of this result is quite long and technical and we leave it for the last
Section 7. Here we will use Theorem 6.1 to prove Theorem 1.2 and Theorem 1.3.

Proof of Theorem 1.2. Assume that the right-hand side function f is a
harmonic polynomial (1.4). Then the unique generalized solution u(x,t) also
is a harmonic polynomial (5.1), according to Theorem 5.2. Furthermore, the
functions «]’*(r,t) are solutions of Problem P21 with right-hand side f* that
can be represented as

™

(6.5) fo(rt) - / /f r,0,0,0)Y." (0, p)dp | sinfde.

0
When f € C1(Q) we have f™ € C*(D) and obviously

(6.6) 1£2 (s O)ller oy < Cllf (2, 8)lere
The definition of functions W}!, = from Lemma 1.1 and (6.5) give the identity

5 /1t
(6.7) Er, t) f™(r, t)rdr | dt = Wi (z, t)f(z, t)dzdt,
/\/ /

which shows that 87 = B¢, according to their definitions (6.1) and (1.5).
Now we can apply Theorem 6.1 for the functions «"(r,t) and f*(r,t). Using
(6.6) and (6.7) we get the expansion

[n/2]
upr(r,t) = Z e+ t)_(”_%)B,?,mF,?’m(r, t)+ F™™(r,t),
k=0
where [F™™(r, )| < C|[f|lcyq. £ " (r )] < C and F;"™(t,t) = const # 0.
Summing up over n and m one gets the desired expansion.
Finally, to prove property (iii), let us fix a direction («, 1) := (a1, ag, as, 1)
with ay = sin g cos g, as = sin # sin ¢y and ag = cos 6y. Then for the functions
Fp, from (1.6) we have

Fi o (at,t) o= 2GR DR ERT (1 )Y (0, 60)
and thus, there are some nonzero constants Cp . »,, such that

—p+1)/2] 2ptdk—1

lim F,(at,t) = Z Z Cpkmﬁp+2k 1Y712k 1 (90, 6o).

t—+0
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Therefore the property (iii) follows from the fact that the spherical functions
Y™ are linearly independent. U

Besides Theorem 6.1, the proof of Theorem 1.3 relies on and the estimates
from Section 3 for the special functions. -
Proof of Theorem 1.3. The function f € C%(Q) can be represented as

oo 2n+1
fla, )= > izl 0Y," ().
n=0 m=1
The generalized solution of Problem P2 could be formally written in the form
oo 2n+1
(6.8) u(z,t) =Y Y un(lal, )Y, (@),
n=0 m=1
where u"(r,t) is the solution of Problem P21 with right-hand side f*. We
will prove that the series (6.8) and its derivatives are uniformly convergent in
QN {r>e} for e > 0, and that u is bounded.
According to Lemma 3.3 the series for f and its first derivatives uniformly
converge. For the derivatives with respect to x; and with respect to r, there
holds the relation

3 a oo 2n+1 a

and therefore r(f}"), € C(D). A similar argument shows that rf", r(f;"):,
r(f™) € CY(D) and r?(f™); € C(D) and we can apply Theorem 6.1.
First, using to Lemma 3.3 case 1) with & = 3 and k = 2 we see that for n > 0

(6.9) 1 lew) < Cn° Ifles) -
(6.10) I £ ey + llr(f)elloroy < Cn™* ([ fll oy -
On the other hand, Lemma 3.3 case 2) with £ =2 and k = 1 gives
2n+1
(6.11) D ew) < Ot fllosy -
m=1
2n+1
(6.12) 1oy < Cn~'r [l fillosy
()
m=1
2n+1
6a3) 2 UrfTllew) +rflles o) + I (fallexo) + 17U llew)
’ m=1

<7 || fllosqe -

Next we study the series (6.8). Using the notations of Theorem 6.1, we know
that when 5! = 0 for £ =0, ...,[n/2], the function u"(r,t) satisfies

up'(r,t) = F™(r,t)
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and then for n > 0 from (6.2), (6.3) and (6.4) we have estimates:
(6.14) ! (r, )] < Cn* (17 llew) + (£l lee)) (1+ [Inr])
or alternatively
(6.15)  fup'(r,t)| < vt (0¥ ley + I filorwoy + [Ir (£ el ler )
and for the derivatives

[ () (r O]+ | (ur)e (7, 2)]
616) < v (n2 S oy + 22 Ir (el oo,

S llero +||Tfm\|01<D HIr(f)ellor o) + 1 (f)erllew) -

Then applying the estimate (3.9) for the spherical functions from Corol-
lary 3.1 and substituting (6.11) and (6.12) in (6.14) we find

2n+1 2n+1
Do lupvirl < On2 (1)) Y (1 low) + Ir(Fdlow)
m=1 m=1

< Cn 2 (Iflles + 1l ) -

On the other hand, first using (6.15) with (6.9) and (6.10), and then (3.12) for
the sum of derivatives of Y, we get

2n+1

Z Z |U’:’Ln (xtYm|

m=1 |a|:1
2n+1

< On | fllew 30 30 D8 Y < Cn7r 2 fllcogmy.

m=1 |a|=1

Combining (6.16) for the derivatives of u with (6.11), (6.12) and (6.13) gives

2n+1

> g

m=1 |a|=1
2n+1

<ww5xw%+wmmw

2n+1

LRy —32 ™ lorepy + I Ft oy + P (F™M)ellovmy + 12 el o))
< Cn~32 *2l|f||06

For the case n = 0 we have Y = const and representation (6.5) shows that
|fo] < Cllfllo)- Therefore Theorem 6.1 gives

lueYy| < Cllflle).

> IDg yubYo | < CrYIflloy-

laf=1
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After this preparation, we are ready to estimate the Fourier series (6.8) and
its first derivatives:

u(@, ) < Cllflle +C (Iflles + 1 fllos ) Dn
n=1

< C (I lles + Ifilles )

and

> DG yulz,t)]

|a|=1

< O fllexey + O fllcsy 2™ + Cr || lleomy D~
n=1 n=1
< O fllco @)-

Therefore we have u € C*(Q\O) since for each fixed £ > 0 the series (6.8)
uniformly converges in the set Q N {r > ¢} and the same holds for its first
derivatives.

Finally, we will prove that the function u(z, t) defined as the series (6.8) is the
generalized solution of Problem P2. First, notice the function ™ (|z|, )Y, (x)
is the generalized solution of Protter Problem P2 with right hand side function
fm(|z|, )Y, ™(x). Thus u € C1(Q\O) satisfies the boundary conditions s, = 0
and uly, = 0 just like all the terms w"Y,™. The proof of the case 2) from the
Definition 1.1 is straightforward — for a test function w and [ € N we have

2n+1

/Z Z{(U?Y,I”)twt — (U Y™ gy Wy

0 n=0 m=1

_<U¢L%Yr:n)$2w$2 - (U?Ynm)%wmg - menmw} dxdt =0

n

and the uniform convergence in 2 N supp(w) of the series (6.8) and its first
derivatives, allow us to take the limit [ — oo in this equality. Therefore

/{utwt — Uy, Wyy — Uy Wy — UgyWyy — fw}dadt =0
Q

and we see that u(z, t) is the generalized solution of Problem P2 with right-hand
side f(z,t). d

7. THE PROOF OF THE ASYMPTOTIC EXPANSION IN THE TWO-DIMENSIONAL
CASE

The proof of Theorem 6.1 is based on the results stated in Section 5. In
particular, according to Lemma 5.1 the solution u(r,t) of Problem P21 can be
constructed with help of the substitutions & = (r +1t)/2, n = (r —t)/2 as

w(€+n,6—n) = (E+n) "),
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where v(£,n) is defined by the formulas (5.4), (5.5), (5.6) and

9(&m) = E+nfE+nE—n).

One can see that generally the integral in (5.5) blows up when £ approaches 0,
and thus v(&,n) has singularity at (0,0) even for smooth functions g(§, 7).

Proof of Theorem 6.1:
A. Proof of the asymptotic formula.
We will study the behavior of the function

given by the integral representation (5.4) from Lemma 5.1. The smoothness of
v(&,n) in (5.4) away from the point (0,0) follows directly from the smoothness
of the function G(§). Next we will derive the asymptotic expansion of v(&,n)
at (0,0).

First we will find the relation between the constants 5 and the function G(&)
defined by (5.6). Let us compute the integral

ke kp 51771—1‘52)(1_1)
/6 §)dt = ///6 ( (& +m) o6, o 9(&,m)dmd& dg
m + 267 1 o7 ¢
//gk ( 2m+1))9(5’"1) dnldf—//kan <§—1) 9(&1,0)d&,d¢
0 %
kp 517714'52) (i_i)
// /5 ( (& +m) a 0, O 9(&x,m1)dmdgy
n + 2&* 1
/#'MMJ%¢@M//w(Mﬁw%
& + €2
(351 ) (/gk ( & +m ))dg) 90 m)dmds,

2 9 5
- _0// (a_gl - 8_771) (&1, m) g (6, ) dmdéy.

o0
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and we conclude that

3 3 /¢
[era@a=-[] (a%—a%) W o€ m)g(€,m)dn | de

(7.1) 0 .0 \0

= _cy/Q (ytEy(r,t)f( t)r er) t=—cB"

Next we consider the case n > 1. The simpler case n = 0 will be discussed
separately later in the proof.
Let us expand the Legendre polynomial P, in formula (5.5) using (3.2):

[5]
P,(z) = Za%m”_%,
k=0
where agr, # 0. For 7(&) we get

() = j P () s - %5 j G (€6

k=0
2

Applying (7.1) we find
(7.2)
5] [5]
Do ( BT+ / el dsl) > e GET + ()

where
4] f f

13w =S e [@ e = [ £ (2) c@.
k=0 0 0 ¢

Now, we want to estimate the function ¢(§). First, let us look more carefully
to the representation (5.6) of the function G(&) with g = rf(r,?):

2 3
_ 517714‘52) ( d 0 )
(7.4) ¢ N0 R

S 2
<[ (@) o ()= [ (6)

Since all the arguments of P, here are in the interval [0,1] and |P,(z)| < 1 for
x € [0,1] , it is obvious that

(7.5) IG(&)| < CAy
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and therefore

(7.6) ()] < CALE,

where the constant C' is independent of n and f.
We will need also a more accurate estimate for ¢(§) with higher power of &.
The first two integrals in (7.4) are bounded by 24;£. For the last term

)= [P (g) 9(¢1,0)dé,
3

more computations are required. First, using the estimate (3.5) from Lemma 3.1,
we have

D=

1 1

(€)= Ju(0)] = / P, (f) 9(60,0)des — P.(0) / 9(60,0)de,

0

l\)\»—'m

3
mg/é@(@ )| déy + | Pu(0 0/951, 1| < CAmee,

with some ¢ € (0,1) and the constant C' is independent of n. Therefore
(7.7) |G(&) + Jn(0)] < CAnE”.

Now, notice that the value of 1(£) will not change if we add J,,(0) to G(£). This
is based on the equality

an (%) Jn(0)dé, = P,(0) 0/9(51,0)(151 jpn (i}) dé, = 0,

that holds, because when n is odd number P, (0) = 0, while for even indices
n, n > 0, the polynomial P, is an even function and by the definition of the
Legendre polynomials (see (3.2)) follows

ZPR(%>d§1£O/1Pn( =—§/ dt_cg/ (1— )" dt =0

Thus

U(E) = () + j P () e = j P (%) 166+ n o de

N[

§ §

and we can apply (7.7) to conclude that for n > 0 there is € > 0 and a constant
C independent of n and f, such that

(7.8) [(E)] < ACng .
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Now we apply the expansion (7.2) of 7(£) in the definition (5.4) of v(§,n) and
find that

3]
n) = ancpBre T 4 (g

k=0

(€ — )&+ 26n
E/(&)a& ( S+ )d§1+Fl(§»77),

where the function F} is smooth (see (5.4)) and |Fy (§,n)| < A; C¢. Consider
the term

[N

1

,! @55, ((g 21?&;)2@) “

(5] 2
_ n Qn —n+2k 8 <<€ - 7])51 + 2&7)
-3 onct £/ e P (e ) de

[ D <£—n>£l+2fn)
+§/w(§1)aélp"( aern )"

According to (7.8) the last integral is bounded:

1+e Y g 7))51 + 26’7) an e—1 !
/5 a&P( SR i < 2 /51 de, < C'c.

Thus, we find the expansion

(7.9) v(&n) =) anci BRETIRGR(E, m) + v (€, m),
k=0

where

and [¢1(&,n)] < A; C€. Let us point out that G7(&,0) = 1, while the fact that
the functions G} are bounded, follows from the estimate

/gl_n+2k£Pn ((6 — 77)51 + 2§77) d§1 < Cé'_n+2k.
1
3

&(E+n)
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The representation (7.9) holds for n > 0, while when n = 0 we have simply
Py = 1 and can substitute it in formulas (5.4), (5.5) and (5.6) for the solution
v of Problem P22. Straightforward computations lead to

1
2

3 n
(7.10) v(&,n) = aocgBy + | G(&1)déy — g(&,m)dm | déq,
[ear ]\

where

¢ 3
= —/g(&m)dm —/g(fl,ﬁ)d&.
0 ¢

Therefore, the representation (7.9) obviously stays true in the case n = 0.
Finally, let us return to the generalized solution u(r,t) of Problem P21 and
to the coordinates r and t:

H

— r+tor—t — n —n n n
u(r,t) =r 1v< 5 g )zr 1%@(7‘—1—15) +2ka(r,t)+F(7‘,t).

Here, the function F"(r,t) is given by

t r—t
(7.11) Fr(r,t) == r 1y (7‘ i , r )
2 2
and therefore |F"(r,t)| < C' Ay, while functions F}'(r,t) defined by
FP(r,t) := 2" ay, cp G <T ; t, L ; t)

are independent on f and are obviously bounded. To complete the proof of the
case 1), notice that this definition gives

EP(t,t) = 2" ag,c} # 0.

B. Proof of the estimates of F™.
Next, for n > 1, we will estimate the function F™ and its first derivatives.
First, we will study the behavior of F™ at (0,0). The function F"(r,t) is
given by (7.11), where 9 (€, 77) is defined in (7.9) as

(7.12) (&, n) /w &) o b ((5 2;2%;2677) dé, + Fy(€,n),
and
(7.13)

F1<§777):_/ Pn(£ (& —m) +2&m + 28n

(& +m)(&+n) )9(51’"”‘”’1 %1

13 0
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Since the argument of the Legendre polynomial P, in (7.13) varies in the interval
[0,1]

‘F1(£7T])| S CAOé-a

where the constant C' is independent of n and f. Thus applying the estimate
(7.6) for ¢ we get

(&, m)] < CALE + CA? / %d& L OAE < CrAmE|Ing|
3

Therefore
|F™(r,t)] < CoAin® (14 |In7]),

where the constant C5 is independent of n and f, i.e., (6.2) holds.

Now we consider the derivatives of F™. Thus we need to evaluate the deriva-
tives of 11(§,n) — integrating (7.12) by parts we get
(7.14)

1

(€ den [ (€= mE 260N
a6 = P (S5 v ! P (B R ) e

For ¢/(§) defined by (7.3), using (7.5) we find

£
w©l= 6o - [ 7 (%) %G(gl)d@ < On? max [G(6)] < CA?.
0

where the constant C' is independent of n and f. In fact, we can remove the
coefficient n? here for smoother functions g. In order to do this, let us rewrite

Y as
£ ¢ 5
ey = ¢ Sy 2
(715 vie) = / P (%) 4 faGien ) de
For ()¢ and (¢1), we will need also 9"

(7.16) U(E) = 5‘2iPn <%) % {6G(&) }der.
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Then estimates for the derivatives of G(&) are required:
1

£
0
0/8— 9(&, ) s — /a§ (61, €)de
_/P (2r22) 22 n (L), _jp,(§>g<al,o>d§
c2m+1)) en+n \22") " J &) &

/(/ os " <§lé1“711:n§12)> (561 (3?7) 9(&, 771>d771) de,.

Notice that for the argument of P, in the last term

9 o &im + &2
(7.17) <53§ tage agl 8m> m

since the function is homogenous. Therefore we can replace there the derivative
with respect to £ with [-£0/0& — md/0m /€. Integrating by parts we find

m + 287 0 0
G(E) = —g(1/2.6) - 25/ (H%)(a—&—a—m)g(a,na

3 £ 9 5
ol O)‘/ 7 (g) et - / (G e) ety

£
Sim + & 0 0 0 5,
5/ (/ < §(& + m)> (2 +§la§1 +”lan1) <3_§1 - 3_m> g(fl,m)dm) dé;

Recall that g(&,m) = rf(r,t), and thus ¢(£,0)/§ = f(r,r) and in the last
integral we have

0 0 0 0 0
(%—5 —) (8_5_6_77> 961 |e= {?iiééz( or ”a> rilr ).

Hence, using (3.4) from Lemma 3.1, we get that
(7.18) |G'(&)] < CAgn® + CA,.

Analogously for G”(€), differentiating one more time the expression for G’(¢),
applying again (7.17) in the last integral, and integrating by parts the last three
terms, we find the estimate

(7.19) IG"(&)| < CAN*E N1 —26)7 4 C A,
Applying (7.5), (7.18), (7.19) to ¢ and ¢’ in (7.15), (7.16) we find
(7.20) [0/ (€)| < CAgn? + CAs,

dny
£1=1/2
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and
(7.21) 1" (€)] < CAM*E2|In(1 — 26)| + CAz¢™
To evaluate the derivatives of 1y we need also to study the derivatives of Fj

defined by (7.13):

1

2

(F1), = —/9(51,77)6151

3

1

( o (=& = m) +26m + 260 26 — EE+m) :
+€/ (0/ B, ( (& +m)(E+n) ) (&1 +m)(€ +n)29(§1,771)d171> dé;

n

(F1)e = /g(f,m)dm

0
1

P pr (6= =) +26m + 260 206 +n)n —m)
+£/ (0/ " ( (&1 +m)(€+n) ) (&1 +m) (€ +n)? g(&ﬂh)dnl> dg;.

Notice that in these integrals 0 < n; <7 < ¢ <& and therefore
(& —HE+m) < 1 d (& +m)n—m) < 1
E+mE+m? ~E+n 0 GrmErmE T E+n

Then it follows from Lemma 3.1 that

[(F)e(& ) + [(F1)y(&m)| < CAm®.

Now we are ready to estimate the derivatives of ¥(&,n) from (7.14). For
(¢1),(€,n) after integration by part we have

1

i)y = — / Pﬂ((ﬁ—n)§1+2ﬁn> 0 {&(s—&) w’@} i+ (R,
3

§1(§+1) 01 | n(§+mn)

(6 —n+4En 26(26 1)
() e

Then, applying (7.20) and (7.21), it follows
[(1)y] < C(€+n)?[An® + CAs].
Similarly, for ()¢ we find

()= [ p (D) IS )+ ()
3

Y'(1/2).

é—n+4§n) 26 —1
£+ 4n(€ +n)

N|—=

§1(§+n) 961 | §(E+n)
s (§—n+4En\ 2n(2n +1) (£—n+4§n) 2n+1
+P”( £+ ) E+1 v{1/2)+ P £+ 4§(§+77)¢(1/2)’
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and thus we get
()el < CE+ )2 (Am? + C Ag)
Finally, to prove (6.4) notice that

1
(F™)(r,t) = =r291(&,m) |e=rrey o + §T_1((1/J1)5 + (¥1)n)
n=(r—t)/2

E=(r+t)/2;
n=(r—t)/2

and

E=(r+t)/2;
n=(r—t)/2

(F")u(r, 1) = 577 () — (81)y)

and therefore
F™) (D] + (™), )] < Cr (A + C )

where the constant C' is independent of n and f.

The estimate (6.3) is a straightforward consequence of formulas (7.18) for G’
and (7.14) for v, while the case n = 0 follows directly from the representation
(7.10). O
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