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Linear skein theory

Kauffman bracket
Kauffman bracket (|D|) for an unoriented link diagram |D| is defined as
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Linear skein theory

Kauffman bracket
Kauffman bracket (|D|) for an unoriented link diagram |D| is defined as

° ()= <><>+A ()

e (US) = (—A? — A=2)° (U: c-component trivial link idagram).

Hitoshi Murakami (Tohoku University £ ) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 3 /45



Linear skein theory

Kauffman bracket
Kauffman bracket (|D|) for an unoriented link diagram |D] is defined as

° ()= <><>+A ()

e (US) = (—A? — A=2)° (U: c-component trivial link idagram).
If D presents K, the N-colored Jones polynomial Jy(K; q) is defined as

Hitoshi Murakami (Tohoku University £ ) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 3 /45



Linear skein theory

Kauffman bracket
Kauffman bracket (|D|) for an unoriented link diagram |D] is defined as

° ()= <><>+A ()

e (US) = (—A? — A=2)° (U: c-component trivial link idagram).
If D presents K, the N-colored Jones polynomial Jy(K; q) is defined as

((—1)N*1AN271) o) <N 1 D| >

9
An_y
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Linear skein theory

Kauffman bracket
Kauffman bracket (|D|) for an unoriented link diagram |D] is defined as

° ()= <><>+A ()

e (US) = (—A? — A=2)° (U: c-component trivial link idagram).
If D presents K, the N-colored Jones polynomial Jy(K; q) is defined as
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e w(D) is the writhe (:= #\/'\ - #/’\7') of D,
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Linear skein theory

Kauffman bracket
Kauffman bracket (|D|) for an unoriented link diagram |D] is defined as

° ()= <><>+A ()

e (US) = (—A? — A=2)° (U: c-component trivial link idagram).
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e w(D) is the writhe (:= #\/'\ - #/’\7') of D,

o Ay i (—1fRED A <E@>
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Linear skein theory

Kauffman bracket
Kauffman bracket (|D|) for an unoriented link diagram |D] is defined as

° ()= <><>+A ()

e (US) = (—A? — A=2)° (U: c-component trivial link idagram).
If D presents K, the N-colored Jones polynomial Jy(K; q) is defined as

((—1)N*1AN271) o) <‘V ] D| >

An_y

e w(D) is the writhe (:= #\/'\ - #/’\7') of D,

o Ay i=(— 1)/<A2 k) A — = <E@>
il
ﬁt f w7 . (Jones—Wenzl idempotent)
1
=
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Colored Jones polynomial of a torus knot

Linear skein theory
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Colored Jones polynomial of a torus knot

Linear skein theory

By linear skein theory (Blanchet-Habegger—-Masbaum—Vogel), we have
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Colored Jones polynomial of a torus knot

Linear skein theory

By linear skein theory (Blanchet-Habegger—-Masbaum—Vogel), we have

r r
o < = ﬂ@ for appropriate x, y, z,
p P>
q q
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Colored Jones polynomial of a torus knot

Linear skein theory

By linear skein theory (Blanchet-Habegger—-Masbaum—Vogel), we have

r r
o < = ﬂ@ for appropriate x, y, z,
p P
q q
k

@ 0(k, k,2c) :=
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Colored Jones polynomial of a torus knot

Linear skein theory

By linear skein theory (Blanchet-Habegger—-Masbaum—Vogel), we have

(1) = ﬂ@ for appropriate x, y, z,
Pz < NS
k
@ O(k,k,2c) := @

k

A
k _ 2¢ k k
¢ kDD = 2. 0(k, k,2¢) k< k!

0<c<k
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Colored Jones polynomial of a torus knot

Linear skein theory

By linear skein theory (Blanchet-Habegger—-Masbaum—Vogel), we have

(1) = ﬂ@ for appropriate x, y, z,
Pz < NS
k
@ O(k,k,2c) := @
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Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot
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Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot

2at1

T(2,2a+1):= ij : torus knot of type (2,2a+ 1).
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Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot

2at1

T(2,2a+1):= ij : torus knot of type (2,2a+ 1).
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Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot

2at1

T(2,2a+1):= ij : torus knot of type (2,2a+ 1).

@5)
— A2c
O(N—1,N—1,2c)
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-
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Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot

2at1

T(2,2a+1):= ij : torus knot of type (2,2a+ 1).

()

N-1 A2
:c:0 0( -1L,N-— 12C)<

N-1 Ay, (( 1)<~ N+1 p—2(N—1)+2c+2c2—(N— 1)2)2a+1
= (N —1,N —1,2c) <>
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Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot
T(2,2a+1):= ij : torus knot of type (2,2a+ 1).

()

N—
= y A2c
c=0 0( -1L,N-1 2C)
N-1 Ay, (( 1)c—N+14-2(N- 1)4+2c4+22—(N— 1)2)23+1
= 6(N —1,N —1,2¢) <>
N—-1 )
= 1) N+1 p(2a+1)(2¢+2c—N?+1) A2(2c+1) _ p—2(2c+1)
~3 () Y a
c=0

Hitoshi Murakami (Tohoku University £ ) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018

5 /45



Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot
T(2,2a+1):= ij : torus knot of type (2,2a+ 1).

()

N-1

1 Ay ((_1)C—N+1A—2(N—1)+2C+2c2_(/v_1)2)2a+1

M7

O En T ()

N—1 _
(_1)c7N+1A(22+1)(2c2+2c7N2+1) AR2et1) — Am2QetH)

A2 _ A2
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Colored Jones polynomial of a torus knot

Colored Jones polynomial of a torus knot
T(2,2a+1):= Xmi : torus knot of type (2,2a+ 1).

()

2
-

g

A2C
O(N—1,N —1,2c)

c=0
—1 Ay ((_1)C—N+1A—2(N—1)+2C+2c2_(/v_1)2)2a+1
! ; 6(N—1,N —1,2c) <>
N—-1

A2(2c+1) _ p—2(2c+1)
A2 _ A2

Z( )cfN+1A(2a+1)(2c2+2c7N2+1)
c=0

So we have

(- 1)N 1 7(2a+1)(N2 1)/2
In(T(2,2a+1); q)

L qN/2 —gN2

2
|

X

0

a
Il
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, |
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, |

Replacing t with exp(§/N) (Re& # 0, Im¢& > 0), we have
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, |

Replacing t with exp(§/N) (Re& # 0, Im¢& > 0), we have

In(T(2,2a + 1); e8/M)

_ —(2a+1)(N?-1
_(—1)N texp [—( e <2a§L1 T 2(2;+1))}
B 2sinh(£/2)

x (X4 —Xo),
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, |

Replacing t with exp(&§/N) (Re& # 0, Im& > 0), we have

In(T(2,2a + 1); e8/M)

_ —(2a+1)(N%2—1
_(_1)N 1exp[ (2a 2)/(\/ ) % <2a+1 4 2(2a+1))}

2sinh(£/2)
X (z+ - Z*)a
where
N—1 2
. [ea+1)e 2a+ 142
Y = Z_:O(_l) PN (C 2(2a+1)>
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, I
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, I
We use the following formula:
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, I
We use the following formula:

2
\/E/ exp(—ax? + px) dx = exp <p) ,
T™Jc Yo

where C is a line passing though the origin.
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, I
We use the following formula:

2
\/E/ exp(—ax? + px) dx = exp <p) ,
T™Jc Yo

where C is a line passing though the origin. Putting o := 3 N

2a+1)E’
p:=c+ %f;;lfﬁ and C := {texp(mv/—1/4) | t € R}, we have
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, I
We use the following formula:

2
\/E/ exp(—ax? + px) dx = exp <p) ,
T™Jc Yo

where C is a line passing though the origin. Putting o := Pl N

2a+1)€’
p:=c+ %E’Zlfﬁ and C := {texp(mv/—1/4) | t € R}, we have

[ N
Y+ =\ G+ 1)er

"o —N 2a+1+2
<20 /cex" {2(2” e+ (” 20a+1) ) X] "X
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, I
We use the following formula:

2
\/@/ exp(—ax? + px) dx = exp <p> ,
T™Jc Yo

where C is a line passing though the origin. Putting o := Pl N

2a+1)€’
p:=c+ 3?24;14?1% and C := {texp(mv/—1/4) | t € R}, we have

[ N
Y+ =\ G+ 1)er
"o —N 2a+1+2
<20 /cex" {2(2” e+ (” 20a+1) ) X] "X
B N
~\20a+ 1)er

x/ex ;Nxz ex X 1,(,1)NeNx dx
P 2Rar)e | P\ 2ar 1) Uexzpexn ) &
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, Il
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, Il

N

N
2(2a+ 1)ém

sinh(5747) -N )
4§ </c cosh(%) P [2(2a+1)5x] X

_ (_1)N /C Si::s(g) exp [2(2;f1)€x2 + Nx} dx)
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, Il

I

N
2(2a+ 1)ém

([ e o 2 o]
(- )N/CSIZ:SFﬁaJrl)exp [2(2_J’FV1)£X +Nx] dx)

sinh( 23+1 -N )
Nx| d
\/ (2a+1 fw/c cosh(3 p[2(2a—|—1)§x + X] g
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, Il

I

N
2(2a+ 1)ém

([ e o 2 o]
(- )N/CSIZ:sﬁaJrl)exp [2(2_J’FV1)£X +Nx] dx)

sinh( 23+1 -N )
Nx| d
\/ (2a+1 fw/c cosh(3 p{2(2a—|—1)§x + X] g

since the the first integrand is an odd function.
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, IV
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, IV

[Integral in ¥y — % _|

inh(577) —N
_(a+1)eny2 [ SNz _ 2
e / exp [2(23 e (x — (2a+1)¢)7| dx.

¢ cosh(3)
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, IV

|Integral in ¥y — % _|

_(a+1)eny2 [ SNz (924 1)¢)2
e /C cosh() &P [2(2a+ D (X~ (2a+1)8)7| dx.

Let C be the line parallel to C that passes through (2a + 1)¢.
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, IV

|Integral in ¥y — % _|
h(2251) —-N

_ A(2a+1)EN/2 sinh( ;71 (924 1)¢)2

€ /C cosh(%) P [2(2a+ D (X~ (2a+1)8)7| dx.

Let C be the line parallel to C that passes through (2a + 1)¢. By the
residue theorem

Integral above

sinh(52+ 5 ) _N ,
:/5 coshz( :)1 exp [2(23_{_ 1)¢ (X —(2a+ 1)5) ] dx
+ 2%\/—712 Res (f(x); x = (2k + 1)W\/f1)’
k

sinh(

7ar1) 2
where f(x) := Coshz(g exp [ (23+1)§( —(2a+1)¢) } and
(2k 4+ 1)m/—1 is between C and C.
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, V
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, V

[ sinh(5%7) o -N — (23 2| gy
_/5 cosh(%) P [2(2a+ 1)5( (22+ 1)5) } d

. ((2k+1)m
+ 2%@2}(—1)"2 sin (2.a—i—il>

-N 5
m((2/< +1)mv/—1 — (2a + 1)¢) ] .

xexp[
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, V

[ sinh(5%7) o -N — (23 2| gy
_/5 cosh(%) P [2(2a+ 1)5( (22+ 1)5) } d

. ((2k+1)m
+ 2%@2/}(—1)"2 sin (2.a—i—il>

(2k + 1)mv/—1— (2a+ 1)5)2] .

N
P [2(2a +1)e

Putting y := x — (2a + 1)¢, the integral becomes

Hitoshi Murakami (Tohoku University £3) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 10 / 45



Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, V

[ sinh(5%7) o -N — (23 2| gy
_/5 cosh(%) P [2(2a+ 1)5( (2a+1)¢) } d
+2mV/=1) (~1)¥2sin (M>
k

2a+1

N )
——((2k+ 1 -1-—(2 1 .
xexp[2(2a+1)£(( + 1)V (2a+ )5)]
Putting y := x — (2a + 1)¢, the integral becomes

ex - 2l d
cosh(*2@20E) 7P |22+ 1) |

. (2a+1
/ sinh (")
C
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Saddle point method
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Saddle point method

Now we use the following technique to study the integral.
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Saddle point method

Now we use the following technique to study the integral.

Theorem (Saddle point method)
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Saddle point method

Now we use the following technique to study the integral.
Theorem (Saddle point method)
o Cy:={texp(fv—1)}.
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Saddle point method

Now we use the following technique to study the integral.
Theorem (Saddle point method)

o Cy:={texp(fv—1)}.
@ H: a complex number with Re(H_1 exp(2c9\/—1)) > 0.
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Colored Jones polynomial of a torus knot

Saddle point method

Now we use the following technique to study the integral.
Theorem (Saddle point method)

o Cy:={texp(fv—1)}.
@ H: a complex number with Re(H_1 exp(2c9\/—1)) > 0.

We have ,
—N H
[ s@ee | =] a0

where f(N) Mol g(N) < f(N)/g(N) =1 (N — c0).
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Colored Jones polynomial of a torus knot

Saddle point method

Now we use the following technique to study the integral.

Theorem (Saddle point method)

o Cy:={texp(fv—1)}.
@ H: a complex number with Re(H_1 exp(2c9\/—1)) > 0.

We have ,
—N H
[ s@ee | =] a0

where f(N) Mol g(N) < f(N)/g(N) =1 (N — c0).

Note that the assumption Re(H_1 exp(29\/—1)) > 0 is to make the
integral converge.
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VI
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VI

Applying the saddle point method, the integral becomes
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VI

Applying the saddle point method, the integral becomes

/ sinh(¥H22 L) —N
C

COSh(L;H)ﬁ) P [2(2a + 1)§y

2(2a+1)w¢  sinh ()
N—o0 N cosh( (23;1)6 )

2:| dy
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VII
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VII
Therefore we finally have the following formula (K. Hikami & HM).
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VII
Therefore we finally have the following formula (K. Hikami & HM).

In(T(2,2a+ 1);exp(&/N))

1 N
NS B (T (2,20 + 1);exp(€)) | 2sinh( 5/2) ZeXp [ } \/ZTk’
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VII
Therefore we finally have the following formula (K. Hikami & HM).

In(T(2,2a+ 1);exp(&/N))

1 N
NS B (T (2,20 + 1);exp(€)) | 2sinh( 5/2) ZeXp [ } \/ZTk’

where A(K; t) is the Alexander polynomial of a knot K and

2
S.(6) = —((2k + )mv/—1 = (2a + 1)¢) |

2(2a+1)
. 2k+1)m
(_1)k4sm (7( 2a+1) )

2(2a+1)
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Colored Jones polynomial of a torus knot

Asymptotic behavior of the colored Jones polynomial, VII
Therefore we finally have the following formula (K. Hikami & HM).

In(T(2,2a+ 1);exp(&/N))

1 N
NSso (T(2,2a + 1); exp(é)) | 2sinh( 5/2 Zexp[ }\/Z”’

where A(K; t) is the Alexander polynomial of a knot K and

—((2k + 1)my/=1 — (22 + 1)¢)°

Sk(§€) = 2(2a+1) ’

4sin (2k+1)

2(2a+1)

(t2a+1 _ t—(23+1)) (t1/2 _ t_1/2)
(t(2a+1)/2 _ t—(23+1)/2) (t _ t_l) '
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Note that A(T(2,2a+1);t) =




Chern-Simons invariant

SL(2; C) Chern=Simons invariant for closed three-manifolds
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Chern-Simons invariant

SL(2; C) Chern=Simons invariant for closed three-manifolds

M: closed three-manifold,
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Chern-Simons invariant

SL(2; C) Chern=Simons invariant for closed three-manifolds

M: closed three-manifold,
X(M): the SL(2; C) character variety of M (set of the characters of

representations: (M) — SL(2; C) I C),
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Chern-Simons invariant

SL(2; C) Chern=Simons invariant for closed three-manifolds

M: closed three-manifold,
X(M): the SL(2; C) character variety of M (set of the characters of

representations: (M) — SL(2; C) I C),
csp: X(M) — € (mod Z): SL(2; C) Chern—Simons invariant defined as
follows.
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Chern-Simons invariant

SL(2; C) Chern=Simons invariant for closed three-manifolds

M: closed three-manifold,
X(M): the SL(2; C) character variety of M (set of the characters of

representations: (M) — SL(2; C) I C),
csp: X(M) — € (mod Z): SL(2; C) Chern—Simons invariant defined as

follows.
Definition
p: m1(M) — SL(2; C),
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Chern-Simons invariant

SL(2; C) Chern=Simons invariant for closed three-manifolds

M: closed three-manifold,

X(M): the SL(2; C) character variety of M (set of the characters of
representations: (M) — SL(2; C) I C),

csp: X(M) — € (mod Z): SL(2; C) Chern—Simons invariant defined as
follows.

Definition

p: m1(M) — SL(2; C),

A: sl(2; C)-valued 1-form on M with dA+ AA A =0 (A defines a flat
connection on M x SL(2; C)) such that it induces a representation

p: w1 (M) — SL(2; C) by holonomy.
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Chern-Simons invariant

SL(2; C) Chern=Simons invariant for closed three-manifolds

M: closed three-manifold,

X(M): the SL(2; C) character variety of M (set of the characters of
representations: (M) — SL(2; C) I C),

csp: X(M) — € (mod Z): SL(2; C) Chern—Simons invariant defined as
follows.

Definition

p: m1(M) — SL(2; C),

A: sl(2; C)-valued 1-form on M with dA+ AA A =0 (A defines a flat
connection on M x SL(2; C)) such that it induces a representation

p: m1(M) — SL(2; C) by holonomy.

el = 812/ Tr(A/\dA—|-3A/\A/\A)€C (mod Z).
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Chern-Simons invariant

Chern-Simons for knot complements
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Chern-Simons invariant

Chern-Simons for knot complements
M: a knot complement (OM is a torus).
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Chern-Simons invariant

Chern-Simons for knot complements
M: a knot complement (OM is a torus).

csp: X(M) — Hom(m1(OM),C) x C*/ ~,
(s,t;z) ~ (s+1,t; zexp(—8mv/—1t)),

~id (s, tz) ~ (s, t+ 1, zeXp(87T\/—_1$)),
(s,t;2z) ~ (—s,—t; 2).
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Chern-Simons invariant

Chern-Simons for knot complements
M: a knot complement (OM is a torus).

csp: X(M) — Hom(m1(OM),C) x C*/ ~,
(s,t;z) ~ (s+1,t; zexp(—8mv/—1t)),
(

s,t;z) ~ (s, t+1;zexp(8my/—1s)),
(s,t;z) ~(—s,—t;2).

~

o cspuym ([P]) = 22" (esm(lp| ) = [s. t: 2], esmr([pf ) = [5. —t: 2').
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Chern-Simons invariant

Chern-Simons for knot complements
M: a knot complement (OM is a torus).

csp: X(M) — Hom(m1(OM),C) x C*/ ~,
(s,t;z) ~ (s+1,t; zexp(—8mv/—1t)),
(

s,t;z) ~ (s, t+1;zexp(8my/—1s)),
(s,t;z) ~(—s,—t;2).

~

o csmuam([]) = 22’ (esmllp|y]) = Is, t: 2], esmr([o] 1) = [s, —t: 2).
p: m1(M) — SL(2; C): representation such that

i e« - e? o«
p: meridian — 0 e-u2)> longitude — 0 ev2)
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Chern-Simons invariant

Chern-Simons for knot complements
M: a knot complement (OM is a torus).

csp: X(M) — Hom(m1(OM),C) x C*/ ~,
(s,t;z) ~ (s+1,t; zexp(—8mv/—1t)),
(

s,t;z) ~ (s, t+1;zexp(8my/—1s)),
(s,t;z) ~(—s,—t;2).

~

o csmuam([]) = 22’ (esmllp|y]) = Is, t: 2], esmr([o] 1) = [s, —t: 2).
p: m1(M) — SL(2; C): representation such that

. eu/? * ) ev/? *
p: meridian — ( 0 e“/2> , longitude — ( 0 e"/2) .
Define CS, v ([p]) so that
csullo) = |

4mu—ﬁ ’ 4mvﬂ P (W\% CSulle D)] |

Hitoshi Murakami (Tohoku University £3) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 15 / 45



Chern-Simons invariant

Chern-Simons for knot complements
M: a knot complement (OM is a torus).

csp: X(M) — Hom(m1(OM),C) x C*/ ~,
(s,t;z) ~ (s+1,t; zexp(—8mv/—1t)),
(

s,t;z) ~ (s, t+1;zexp(8my/—1s)),
(s,t;z) ~(—s,—t;2).

~

o csmuam([]) = 22’ (esmllp|y]) = Is, t: 2], esmr([o] 1) = [s, —t: 2).
p: m1(M) — SL(2; C): representation such that

. eu/? * ) ev/? *
p: meridian — ( 0 e“/2> , longitude — ( 0 e"/2) .
Define CS, v ([p]) so that
csullo) = |

4mu—ﬁ ’ 4mvﬂ P (W\% CSulle D)] |

e CS,,([p]) is defined modulo 72Z.
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Chern-Simons invariant

How to calculate csp([p])
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Chern-Simons invariant

How to calculate csp([p])

@ M: a knot complement.
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Chern-Simons invariant

How to calculate csp([p])

@ M: a knot complement.
e p;: mi(M) — SL(2; C): path of representations (0 < t < 1).
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Chern-Simons invariant

How to calculate csp([p])

@ M: a knot complement.
e p;: mi(M) — SL(2; C): path of representations (0 < t < 1).

i eut/2 : en/2
pt: meridian — 0 e-w2) longitude — 0 e
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Chern-Simons invariant

How to calculate csp([p])

@ M: a knot complement.
e p;: mi(M) — SL(2; C): path of representations (0 < t < 1).

. . elit/2 * . evt/2 *
pt: meridian — 0 e—ur/2 | longitude — 0 ewi2)

csullpd) = |

U V¢ _Z:|
4ry/—1 4ry/—1'""
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Chern-Simons invariant

How to calculate csp([p])

@ M: a knot complement.
e p;: mi(M) — SL(2; C): path of representations (0 < t < 1).

. . elit/2 * . evt/2 *
pt: meridian — 0 e—ur/2 | longitude — 0 ewi2)

csm([pe]) = [47ril/t?1’ 47r\v/t—71; Zt}

Theorem (P. Kirk & E. Klassen (1993))
z1 [\/ / ( dv d ut> ]
A _ — vt ) dt
20 dt
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Calculation of csy for S\ T(2,2a + 1)), |
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Calculation of csy for S\ T(2,2a + 1)), |
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
-~ m(SP\T(2,2a+1)) = (x,y | (9)°x = y(xv)?),
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
- m(SP\T(2,2a+1)) = (x,y | (9)°x = y(xv)?),
puk: T1(S3\ T(2,2a+ 1)) - SL(2:C),

2 N ev/2 1 N ev/2 0
?X 0 ew2) ) QCOS(%) —2coshu e u/2)’
7J(0<k<a-1).
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
- m(SP\T(2,2a+1)) = (x,y | (xv)x = y(xy)?),
puk: m(S3\ T(2,2a+1)) — SL(2;C),

X et/2 1 et/2 0
?X ~ < 0 e_”/2)' v 2cos((22k;11)7r) — 2coshu e_”/2>'
7J(0<k<a-1).

We will calculate csp([py,k]) (following J. Dubois & R. Kashaev).
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
TSP\ T(2,2a+1)) = (x,y | ()x = y(xv)?),
puk: m(S3\ T(2,2a+1)) — SL(2;C),

X e'/2 1 ev/2 0
?X ~ < 0 e_”/Q)' y 2cos((22k;11)7r) —2coshu e U2
7J(0<k<a-1).

We will calculate csp([py,k]) (following J. Dubois & R. Kashaev).
@ a5 a path of Abelian representations (0 < s <1).

X — w? 0
Y 0 ws /)
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
TSP\ T(2,2a+1)) = (x,y | ()x = y(xv)?),
puk: m(S3\ T(2,2a+1)) — SL(2;C),

X N el/2 1 N el/2 0
?X 0 eu?)V 2cos((22k;11)7r) —2coshu e u/2)’
7J(0<k<a-1).
We will calculate csp([py,k]) (following J. Dubois & R. Kashaev).

@ as: a path of Abelian representations (0 <s < 1).

w® 0
XYl wes )
@ [3;: a path of non-Abelian representations (0 < t < 1).

. eut/2 1 . eUt/2 0
X 0 ew2) ) 2 cos( (2;;11)”) —2coshu, e u/2)

(ur := (1 — t)(2k + V)m/—1/(2a + 1) + tu)
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
TSP\ T(2,2a+1)) = (x,y | ()x = y(xv)?),
puk: m(S3\ T(2,2a+1)) — SL(2;C),

X N el/2 1 N el/2 0
?X 0 eu?)V 2cos((22k;11)7r) —2coshu e u/2)’
7J(0<k<a-1).
We will calculate csp([py,k]) (following J. Dubois & R. Kashaev).

@ as: a path of Abelian representations (0 <s < 1).

w® 0
XYl wes )
@ [3;: a path of non-Abelian representations (0 < t < 1).

. eut/2 1 . eUt/2 0
X 0 ew2) ) 2 cos( (2;;11)”) —2coshu, e u/2)

(ur := (1 — t)(2k + V)m/—1/(2a + 1) + tu)
=
«g is trivial.
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
TSP\ T(2,2a+1)) = (x,y | ()x = y(xv)?),
puk: m(S3\ T(2,2a+1)) — SL(2;C),

X N el/2 1 N el/2 0
?X 0 eu?)V 2cos((22k;11)7r) —2coshu e u/2)’
7J(0<k<a-1).
We will calculate csp([py,k]) (following J. Dubois & R. Kashaev).

@ as: a path of Abelian representations (0 <s < 1).

w® 0
XYl wes )
@ [3;: a path of non-Abelian representations (0 < t < 1).

. eut/2 1 . euf/2 0
X 0 ew2) ) 2 cos( (2;;11)”) —2coshu, e u/2)

(ur := (1 — t)(2k + V)m/—1/(2a + 1) + tu)
=

ag is trivial. a3 and [y share the same trace (*.* By is upper-triangular),
and so cspyy([a1]) = esm([Bo]),
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CS of torus knots

Calculation of csy for S3\ T(2,2a + 1)2 |
TSP\ T(2,2a+1)) = (x,y | ()x = y(xv)?),
puk: m(S3\ T(2,2a+1)) — SL(2;C),

X N el/2 1 N el/2 0
?X 0 eu?)V 2cos((22k;11)7r) —2coshu e u/2)’
7J(0<k<a-1).
We will calculate csp([py,k]) (following J. Dubois & R. Kashaev).

@ as: a path of Abelian representations (0 <s < 1).

w® 0
XYl wes )
@ [3;: a path of non-Abelian representations (0 < t < 1).

. eut/2 1 . euf/2 0
X 0 ew2) ) 2 cos( (2;;11)”) —2coshu, e u/2)

(ur := (1 — t)(2k + V)m/—1/(2a + 1) + tu)
=
ag is trivial. a3 and [y share the same trace (*.* By is upper-triangular),
and so csy([c1]) = cspm([Bo]), and B1 = py «-
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Calculation of csy for S3\ T(2,2a+ 1), Il
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Calculation of csy for S3\ T(2,2a+ 1), Il

—4a— 1

o longitude A = y(xy)??x
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Calculation of csy for S3\ T(2,2a+ 1), Il

o longitude A = y(xy)??x—4a~1,
o e —(2a+1)uy sinh((h2a+12)Ut)
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Calculation of csy for S3\ T(2,2a+ 1), Il

e longitude \ = y(xy)?3x—4a71,
Lo e —(2a+1)u: sinh((hZa—i—lz)ut)
() =9 BN ={ e
o csu(fos]) = [53(;;13;, 0;ws)
CSM([/Bt]) \/717 2(2a+4172il;§lﬂ\/jl;2t].

(We will choose an integer / later.)
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Calculation of csy for S3\ T(2,2a+ 1), Il

e longitude \ = y(xy)?3x—4a71,
Lo e —(2a+1)u: sinh((hZa—i—lz)ut)
() =9 BN ={ e
o csu(fos]) = [53(;;13;, 0;ws)
CSM([/Bt]) \/717 2(2a+4172il;§lﬂ\/jl;2t].

(We will choose an integer / later.)

. : w
From Kirk—Klassen's theorem, A 1 and
wo
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Calculation of csy for S3\ T(2,2a+ 1), Il

)2a —4a— 1

e longitude A = y(xy
_e —(2a+1)u; Sinh((23+1)”t)>

sinh(u/2)

as()\) = (% (1)): ﬁt()‘) = ( 0 —e(2a+1)u

2k+1)s
o csy(fas]) = [2(2‘;2) ,0; Ws} '
—2(2a ur+4lm/—
csml[Bi]) = | g, 22 in L 7).
(We will choose an integer / later.)

. , w
From Kirk—Klassen's theorem, A 1 and
wo
¥4

20

exp <\/j1 /01 ((ut(—2(2a +1u) — (-2(2a+ 1)u; + 4IW¢jl)ut'> dt)

2T

= exp (2/(u kaﬁﬂﬁ))
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Calculation of csy for S3\ T(2,2a+ 1), Il
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Calculation of csy for S3\ T(2,2a+ 1), Il

e cspyy([aa]) = esm([Bo]) and wy = wp = 1.
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Calculation of csy for S3\ T(2,2a+ 1), Il

e cspyy([aa]) = esm([Bo]) and wy = wp = 1.

- { 2k+1 }_[ o —2(23+1)uo+4l7r\/7—1.2}
42a+1) | |any—1 amy/—1 0
2%k +1 2%k +1
= s I V20| -
4(2a+1) 2

Hitoshi Murakami (Tohoku University £ ) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 19 / 45



Calculation of csy for S3\ T(2,2a+ 1), Il

e cspyy([aa]) = esm([Bo]) and wy = wp = 1.
=

s 1 Z
Ary/—1 4ry/—1 0

2k +1 01l = up  —2(2a+1)uy +4lmy/—1
42a+1)" 7]
[2k—|—1 2k +1 ]
= 20 -

4R2a+1) 2

From the equivalence relation, we have
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Calculation of csy for S3\ T(2,2a+ 1), Il

o csM([al]) = CSM([,B()]) and Wy = Wy = 1.
=

47y/—1’ 4/ —1

2k+1 [ w22+t T
42a+1) | <0
[ 2k +1 2k +1 ]
= 20 -

4R2a+1) 2

From the equivalence relation, we have

2k +1
— 0:1
{4(2a+1)’°' ]
2k +1 2k +1
~ = ; ex
4(2a+1) 2

22k +1)(I — k — 1/2)7y/~1
2a+1 >] '
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Calculation of csy for S3\ T(2,2a+ 1), Il

o csM([al]) = CSM([,B()]) and Wy = Wy = 1.
=

47y/—1’ 4/ —1

2k+1 [ w22+t T
42a+1) | <0
[ 2k +1 2k +1 ]
= 20 -

4R2a+1) 2

From the equivalence relation, we have

2k +1
— 0:1
{4(2a+1)’°' ]
2k +1 2k +1
~ = ; ex
4(2a+1) 2

22k +1)(I — k — 1/2)7y/~1
2a+1 >] '

= 7= exp (2(2k+1)(/581:11/2)wﬁ)
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Calculation of csy for S3\ T(2,2a+ 1), Il

o csM([al]) = CSM([,B()]) and Wy = Wy = 1.
=

47y/—1’ 4/ —1

2k+1 [ w22+t T
42a+1) | <0
[ 2k +1 2k +1 ]
= 20 -

4R2a+1) 2

From the equivalence relation, we have

2k +1
— 0:1
{4(2a+1)’°' ]
2k +1 2k +1
~ = ; ex
4(2a+1) 2

22k +1)(I — k — 1/2)7y/~1
2a+1 >] '

= 7= exp (2(2k+1)(/581:11/2)nﬁ) and

T — /=
21 = zgexp (2I(u _ %)) = exp (2/u — %))

Hitoshi Murakami (Tohoku University £ )

Volume Conjecture, 11

IISER, Pune, 21st December, 2018 19 / 45



Calculation of csy for S3\ T(2,2a+ 1), Il

o CSM([Otl]) = CSM([,B()]) and Wy = Wy = 1.
=

4ry/—1’ 4m\/—1

2k+1 [ —2(2a+ Luo +4lmy/ T
4a+1) 7] “
[ 2k +1 2k 41 ]
= 'zo

4R2a+1) 2

From the equivalence relation, we have

2k +1
— 0:1
{4(2a+1)’°' ]

N [4(22/(;11)’/_ 2k2—|— - (2(2k +1)( - k— 1/2)7rm>] |

2a+1

= Zp = exp (2(2k+1)(/—k—1/2)ﬂ\/j1
71 = zgexp (2I(u _ (2k+22flxﬁ)) — exp (2/u (2k+1) ﬂr))

2a+1
= Csu,v([pu,k]) /U7T\/7+ 2k;1JZl (mOd 7T2 ) with

v:=—-2(2a+ 1)u+ 4lmy/—1.
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Colored Jones and Chern-Simons for T(2,2a+ 1)
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CS of torus knots

Colored Jones and Chern-Simons for T(2 22.257 +1)
CSuv([puk]) = lumy/ =1+ 2k;ra1+1)

2
—((2k+1)7v/=1—(2a+1)¢
Se) _ —(@eym T eeig

Let us compare:
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CS of torus knots

Colored Jones and Chern-Simons for T(2 22.57 +1)
CSu,v([pu,k]) /U7T\/7+ 2k;:al+1)

2
(2k+1)mv/=1—(2a+1)¢
5(6) _ (@t earny)

Put &€ = 2mv/—1 + .

Let us compare:

1 (2k+1)m?
Sk(2nv—=14u) —urv—1— 2Uv% = 22a+1) +(k—2a—1)urv -1

(mod sz).

with

dSk(27Td\/—1 + U) _ 27T\/jl
u
—2(2a+1)u—4(a+1—k)rv—1.

Vi =2
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CS of torus knots

Colored Jones and Chern-Simons for T(2 22.57 +1)
CSu,v([pu,k]) /U7T\/7+ 2k;:al+1)

2
(2k+1)mv/=1—(2a+1)¢
5(6) _ (@t eae)

Put &€ = 2mv/—1 + .

Let us compare:

1 (2k + 1)?x2
21/ —1 - A1—Cuy =
Sk(2m +u)—urm 2 UV 2+ 1)

+(k—2a—1)urv -1
(mod sz).
with

dSk(27Td\/—1 + U) _ 27T\/jl
u
—2(2a+1)u—4(a+1—k)rv—1.

If we put / := k —2a—1, then

Vi =2

1
CSuv, = Sk(2nvV -1+ u) — urv—1— 74V
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Reidemeister torsion

Definition of the Reidemeister torsion, |
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Reidemeister torsion

Definition of the Reidemeister torsion, |

e p: m(S3\ K) — SL(2;C).
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Reidemeister torsion

Definition of the Reidemeister torsion, |

e p: m(S3\ K) — SL(2;C).

e S3\ K: universal cover of S3\ K.
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Reidemeister torsion

Definition of the Reidemeister torsion, |

e p: m(S3\ K) — SL(2;C).

e S3\ K: universal cover of S3\ K.
o C.(S3\ K;Z): Z[n1(S3\ K)]-module via the covering transformation.

Hitoshi Murakami (Tohoku University £3) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 21/ 45



Reidemeister torsion

Definition of the Reidemeister torsion, |

e p: m(S3\ K) — SL(2;C).

e S3\ K: universal cover of S3\ K.

° C*(m; 7): Z[m1(S3\ K)]-module via the covering transformation.
e 5[(2;C) : Z[r1(S%\ K)]-module via adjoint action of p;
x € m(S3\ K) acts on A € 51(2;C) as x - A := p(x) " 1Ap(x).
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Reidemeister torsion

Definition of the Reidemeister torsion, |

e p: m(S3\ K) — SL(2;C).
° 5/3\\/K: universal cover of S3\ K.
° C*(m; 7): Z[m1(S3\ K)]-module via the covering transformation.
e 5[(2;C) : Z[r1(S%\ K)]-module via adjoint action of p;
x € m(S3\ K) acts on A € 51(2;C) as x - A := p(x) " 1Ap(x).

o C,.: C*(5/3_\\/K) @z (s3\k)] $U2; C): chain complex with
0;: C; — C;j_1 boundary operator.

IISER, Pune, 21st December, 2018 21/ 45
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Reidemeister torsion

Definition of the Reidemeister torsion, |

e p: m(S3\ K) — SL(2;C).

e 53\ K: universal cover of $3\ K.

° C*(m; 7): Z[m1(S3\ K)]-module via the covering transformation.
e 5[(2;C) : Z[r1(S3®\ K)]-module via adjoint action of p;

x € m(S3\ K) acts on A € 51(2;C) as x - A := p(x) " 1Ap(x).
o C,.: C*(5/3_\\/K) @z (s3\k)] $U2; C): chain complex with

0;: C; — C;j_1 boundary operator.

@ H, : homology group of the chain complex above.
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Reidemeister torsion

Definition of the Reidemeister torsion, |l
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Reidemeister torsion

Definition of the Reidemeister torsion, |l

° E"f basis of C;, 8,-(5,-): basis of B;_1,h;: basis of H;, h;: lifts of h; in

4
-
N

=

N
=h
o
=
3
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Reidemeister torsion

Definition of the Reidemeister torsion, |l

° E"f basis of C;, 8,-(5,-): basis of B;_1,h:: basis of H;, h;: lifts of h; in

4
-
N

=

N
=h
o
=
3

—1 i+1
E’,—} , where [X | y] is the

o T(p):=+][]ry [8,-+1(B,-+1) U h; U by
determinant of the basis change matrix.
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Reidemeister torsion

Definition of the Reidemeister torsion, |l

° E"f basis of C;, 8,-(5,-): basis of B;_1,h:: basis of H;, h;: lifts of h; in

4
-
N

=

N
=h
-
>
S

. ~ . 1 i+1
e T(p) = iH?:o [8,-+1(b,-+1) U h; U b; E',-} , where [X | y] is the

determinant of the basis change matrix.

Under a certain codition T(p) is well-defined once we fix bases for H,. In
the following, our Reidemeister torsion T(p) is defined by using the basis
of H; associated with the meridian.
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Calculation of T for S3\ [¥], |
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Reidemeister torsion of

Calculation of T for S3\ [¥], |
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Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\[%” ) = SL(2;C),

u/2 1 eu/2 0
0 e—u/2 Y 1—2coshu e u/2)"
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Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\[%” ) = SL(2;C),

u/2 1 eu/2 0
0 e—u/2 Y 1—2coshu e u/2)"

We will calculate T(p).
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Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\[%” ) = SL(2;C),

u/2 1 eu/2 0
0 e—u/2 Y 1—2coshu e u/2)"

We will calculate T(p).

o ri=xyxy x7ly L
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Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\[%” ) = SL(2;C),

u/2 1 el/2 0
0 e—u/2 Y 1—2coshu e u/2)"

We will calculate T(p

o ri=xyxy x7ly 1.

o E:=(33), H:=(82), F:=(93): basis of s(2;C).
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Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\[%” ) = SL(2;C),

u/2 1 el/2 0
0 e—u/2 Y 1—2coshu e u/2)"

We will calculate T(p

o ri=xyxy x7ly 1.

o E:=(33), H:=(82), F:=(93): basis of s(2;C).
o H={FREFRH,F® F} (F: lift of r)

Hitoshi Murakami (Tohoku University £3) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018

23 /45



Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\B§ ) = SL(2;C),

u/2 1 N el/2 0
0 e—u/2 )Y 1—2coshu e u/2)"
We will calculate T(p

o ri=xyxy x7ly 1.

o E:=(33), H:=(82), F:=(93): basis of s(2;C).
o H={FREFRH,F® F} (F: lift of r)
0O ={XQEXQHX®F,y®E yoH,j®F} (% y: lifts of x, y)
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Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\[%” ) = SL(2;C),

u/2 1 N el/2 0
0 e—u/2 )Y 1—2coshu e u/2)"
We will calculate T(p

o ri=xyxy x7ly 1.

E:=(83), H:=(32%), F:=(93): basis of s[(2; C).

& ={FQEFRH,Fa F} (F: lift of r)

G={x0EXQH5QF,y®EyoHy®F} (% 7 lifts of x, y)
={pRE,poH,p® F} (p: lift of the basepoint p)
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Reidemeister torsion of

Calculation of T for S3\ [¥], |

m1(S3\[E) = (xy | xyx = yxy),
p:mi( 53\[%” ) = SL(2;C),

u/2 1 el/2 0
0 e—u/2 Y 1—2coshu e u/2)"

We will calculate T(p).
o r:=xyxy Ixly~L
o E:=(33), H:=(82), F:=(93): basis of s(2;C).
&={FREF®H,F®F) (F: lift of r)
G ={x0E3x0H,350F,y@E o H,y®F} (% y: lifts of x, y)
={pRE,poH,p® F} (p: lift of the basepoint p)

G =1 xy =y Ix7h G = x =y~ =y T ix Ty
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Calculation of T for S3\ [£], Il
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Calculation of T for S3\ [£], Il

@ 0 is given by the 6 x 3 matrix
Ad (50 I+ YX — X~1y-1xyX
Ad(5)) (X — yIXYX — YoIXly-lxyx
resp.) is the adjoint of p(x) (p(y), resp.).

), where X (Y,
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Calculation of T for S3\ [£], Il

@ 0 is given by the 6 x 3 matrix
Ad (50 I+ YX — X~1y-1xyX
(Ad (gy)) - (X — YIXYX — YIX-ly-lxXyx
resp.) is the adjoint of p(x) (p(y), resp.).
e O is given by the 3 x 6 matrix (X — ) (Y — h)).

), where X (Y,
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Calculation of T for S3\ [£], Il

@ 0 is given by the 6 x 3 matrix
Ad (50 I+ YX — X~1y-1xyX
(Ad (gy)) - (X — YIXYX — YIX-ly-lxXyx
resp.) is the adjoint of p(x) (p(y), resp.).
e O is given by the 3 x 6 matrix (X — ) (Y — h)).

), where X (Y,

el 2e42 1
e X = 0 1 —eu/2 |,
0 0 et
e Y 0 0
Y = | e %/?(1 — 2cosh v) 1 0

—(1—2coshu)?  —2e"/?(1 —2coshu) e
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Calculation of T for S3\ [£], Il

@ 0 is given by the 6 x 3 matrix
Ad (50 I+ YX — X~1y-1xyX
(Ad (gy)) - (X — YIXYX — YIX-ly-lxXyx
resp.) is the adjoint of p(x) (p(y), resp.).
e O is given by the 3 x 6 matrix (X — ) (Y — h)).

), where X (Y,

el 2e42 1
e X = 0 1 —eu/2 |,
0 0 et
e Y 0 0
Y = | e %/?(1 — 2cosh v) 1 0

—(1—2coshu)?  —2e"/?(1 —2coshu) e
= H2:H1:(Cand H():{O}.

Hitoshi Murakami (Tohoku University £3) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 24 / 45



Calculation of T for S3\ [£], Il

@ 0 is given by the 6 x 3 matrix
Ad (50 I+ YX — X~1y-1xyX
(Ad (gy)) - (X — YIXYX — YIX-ly-lxXyx
resp.) is the adjoint of p(x) (p(y), resp.).
e O is given by the 3 x 6 matrix (X — ) (Y — h)).

), where X (Y,

el 2e42 1
e X = 0 1 —eu/2 |,
0 0 et
e Y 0 0
Y = | e %/?(1 — 2cosh v) 1 0

—(1—2coshu)?  —2e"/?(1 —2coshu) e

:H2:H1:(Cand H():{O}.
SodmB;,=3-1=2,anddimB; =6-1-2=3.
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Calculation of T for S3\ [£], Il
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Calculation of T for S3\ [£], Il

° 22 = { e!/? 0 = {[6 <S3 \ Int N(Boﬂ)) ® P]} where

1—2coshu

[0 (53 \ Int N(%))] is the fundamental class, and P is invariant
under the adjoint actions of the meridian x and the longitude.
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Calculation of T for S3\ [£], Il

o hy={ e 0 ={1o(s* \1neN(ED) @ P}, where
1—2coshu
[0 (53 \ Int N(%))] is the fundamental class, and P is invariant
under the adjoint actions of the meridian x and the longitude.
( 26u/2 A
e -1
0

)
>
=

Il

={[x®PJ}.

0
0
0
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Calculation of T for S3\ [£], Il

o hy={ ev/? 0 = {19(s*\Int M) @ P1}, where
1 —2coshu
[0 (53 \ Int N(%))] is the fundamental class, and P is invariant
unde

r the adjoint actions of the meridian x and the longitude.
( 26u/2 A
e!—1

o hy = — {[x® P]}.
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Reidemeister torsion of

Calculation of T for S3\ [£], Il
o hy={ e 0 ={1o(s* \1neN(ED) @ P}, where
1—2coshu
[0 (S3 \ Int N(%))] is the fundamental class, and P is invariant
under the adjoint actions of the meridian x and the longitude.

( 26u/2
e -1
> 0
o = 0 ={[x® P]}.
0
0
1
o = T(p) = :l:a
By using twisted Alexander polynomial (Y. Yamaguchi, T. Kitano,
J. Porti, etc.), we can also prove T(p, «) = i%.
2(2a+1)
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CJ, CS, and Reidemeister for T(2,2a + 1)

We have proved:
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CJ, CS, and Reidemeister for torus knots

CJ, CS, and Reidemeister for T(2,2a + 1)

We have proved:

In(T(2,2a+ 1);exp(&/N))

1
NS (T(2,2a + 1) exp(é)) 2S|nh§/2)ZeXp[ (8 }\/;Tk’

Hitoshi Murakami (Tohoku University £3) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 26 / 45



CJ, CS, and Reidemeister for torus knots

CJ, CS, and Reidemeister for T(2,2a + 1)

We have proved:

In(T(2,2a+ 1);exp(&/N))

1
NS (T(2,2a + 1) exp(é)) 2S|nh§/2)ZeXp[ (8 }\/;Tk’

where
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CJ, CS, and Reidemeister for torus knots

CJ, CS, and Reidemeister for T(2,2a + 1)

We have proved:

In(T(2,2a+ 1);exp(&/N))

1
NS (T(2,2a + 1) exp(é)) 2S|nh§/2)ZeXp[ (8 }\/Z”’

where

e A(K;t): Alexander polynomial,
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CJ, CS, and Reidemeister for torus knots

CJ, CS, and Reidemeister for T(2,2a + 1)

We have proved:

In(T(2,2a+ 1);exp(&/N))

1
NS (T(2,2a + 1) exp(é)) 2S|nh§/2)ZeXp[ (8 }\/Z”’

where

e A(K;t): Alexander polynomial,

o 5,(&): defines the Chern—Simons invariant associated with the
meridian and the longitude.
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CJ, CS, and Reidemeister for torus knots

CJ, CS, and Reidemeister for T(2,2a + 1)

We have proved:

In(T(2,2a+ 1);exp(&/N))

1 N
NS B (T (2,20 + 1);exp(€)) | 2sinh( 5/2) ZeXp [ } \/ZTk’

where

e A(K;t): Alexander polynomial,

o 5,(&): defines the Chern—Simons invariant associated with the
meridian and the longitude.

° Tk_22 Reidemeister torsion associated with the meridian.
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Colored Jones for u =0, T(2,2a+ 1)
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Colored Jones for u =0, T(2,2a+ 1)

Theorem (R. Kashaev & O. Tirkkonen (2000), J. Dubois &
R. Kashaev (2007))

In(T(2,2a+ 1);exp(27vV—1/N))

3/2 N 3/2
NSood(2a + 1) <2m/—_1>
) (2(2%)1(1)k+1k27k exp [Sk(27r\/—_1) (2ﬂy_1)]) ;

k=1

where

v
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Colored Jones for u =0, T(2,2a+ 1)

Theorem (R. Kashaev & O. Tirkkonen (2000), J. Dubois &
R. Kashaev (2007))

In(T(2,2a+ 1);exp(27vV—1/N))

3/2 N 3/2
NSood(2a + 1) <2m/—_1>
) (2(2%)1(1)k+1k27k exp [Sk(27r\/—_1) (2ﬂy_1)]) ;

k=1

where

2
® S5k(§) = _(2k7r\/£;f§a+l)£) : Chern-Simons invariant,

v
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Colored Jones for u =0, T(2,2a+ 1)

Theorem (R. Kashaev & O. Tirkkonen (2000), J. Dubois &
R. Kashaev (2007))

In(T(2,2a+ 1);exp(27vV—1/N))

73/2 N 3/2
NSood(2a + 1) <2m/—1>

» (2(233)1(1)“%27;( exp [Sk(27r\/—_1) (QWy_l)}) ’

k=1
where )
o 5¢(&) = _(2k7r\/£;f§a+l)£) : Chern-Simons invariant,
o T 2= ﬁ% Reidemeister torsion.

v
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Parametrized VC for

Asymptotic behavior of CJ for &, |
€ :=2mv/—1 + u with u > 0: small.
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Parametrized VC for

Asymptotic behavior of CJ for &, |
& :=2my/—1+ u with u > 0: small.
We will study the asymptotic behavior of JN(® ;exp(&/N)).
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Asymptotic behavior of CJ for &, |
& :=2my/—1+ u with u > 0: small.

We will study the asymptotic behavior of JN(® ;exp(&/N)).
By K. Habiro and T. L&

-1

Iy <® ; q) _ Z q—kNﬁ (1 B qN—I> (1 _ qN+/> .

k=0 I=1
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Parametrized VC for

Asymptotic behavior of CJ for &, |
€ :=2mv/—1 + u with u > 0: small.

We will study the asymptotic behavior of JN(® ;exp(&/N)).
By K. Habiro and T. L&

N—1 k
(@) = S W T (1) (1 ).
k=0 I=1
For a complex number v with Re(y) > 0, define the quantum dilogarithm
(L. Faddeev):

%/(2) = exp <111/C tsinh(wi)zlinh(fyt) dt) ’

where C:= | and |Re(z)| < 7+ Re(y).
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Parametrized VC for

Asymptotic behavior of CJ for &, |
€ :=2mv/—1 + u with u > 0: small.

We will study the asymptotic behavior of JN(® ;exp(&/N)).
By K. Habiro and T. L&

Iy <® ; q> _ I:E;:q—wlljl (1 _ qN—I> (1 _ qN+/> .

For a complex number v with Re(y) > 0, define the quantum dilogarithm
(L. Faddeev):

%/(2) = exp <111/C tsinh(wi)zlinh(fyt) dt) ’

where C:= | and |Re(z)| < 7+ Re(y).

Note: S;/n = exp (% Lip(—eV~12) + O(l/N)) (N — o0).
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Asymptotic behavior of CJ for &, Il
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Parametrized VC for

Asymptotic behavior of CJ for &, Il
Lemma
For |Re(z)| < 7, (1+eY"15)S (2 +7) = S5,(z =) J
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Parametrized VC for

Asymptotic behavior of CJ for &, Il
Lemma
For |Re(z)| < 7, (1+eV"12)S (2 +7) = S,(z— 7). J

Putting v := W%ll\l =27 —+v—-1u)/(2N) and z .= 71 — /—1u — 2Iv, we
have

(1+eﬁ(”*\ﬁ”*2’7))57(7r— V=1lu=2ly+~)=S(r—V—-1u—2ly—7~)
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Asymptotic behavior of CJ for &, Il
Lemma
For |Re(z)| < 7, (1+eV"12)S (2 +7) = S,(z— 7). J

Putting v := W%ll\l =27 —+v—-1u)/(2N) and z .= 71 — /—1u — 2Iv, we
have

(1+eﬁ(”*\ﬁ”*2’7))57(7r— V=1lu=2ly+~)=S(r—V—-1u—2ly—7~)

and so k k
_ e(N,/)g/N _ 57(71' — \/jlu — (2/ + 1)"}/))
H(l ) H Sy(m—+v/—=1u— (21— 1)y)

=1 =1

S (m—v—1u—(2k+ 1)7)‘

Sy(mr—v=1u—7)
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Asymptotic behavior of CJ for &, Il

Lemma
For |Re(z)| < 7, (1+eV"12)S (2 +7) = S,(z— 7). J

Putting v := W%ll\l =27 —+v—-1u)/(2N) and z .= 71 — /—1u — 2Iv, we
have

(1+eﬁ(”*\ﬁ”*2’7))57(7r— V=1lu=2ly+~)=S(r—V—-1u—2ly—7~)

and so k k
_ e(N,/)g/N _ 57(71' — \/jlu — (2/ + 1)"}/))
e = =)
_ S(m—V-Tu—(2k+1)y)
S(r—v_lu—7)

We also havek
H(l—e(N+l)£/N): Sry(ﬂ'— V —1U+’Y) '
Sy(m—+v—=1u+ (2k + 1))
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Asymptotic behavior of CJ for &, Il
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Asymptotic behavior of CJ for &, Il
In(E ; exp(¢/N))

_S(m—V-1u+1) szle Sy(m = v=1u— (2k + 1)v)
Sy(mr—v—=1u—7) — Sy(=m —vV=1u+ (2k + 1)v)
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Asymptotic behavior of CJ for &, Il
N s expl(e/N))
_ (w—ruﬂ NZ Sy(m = V=1u— (2k + 1))
Sy(m—+v/—1u— (—m —vV—1u+ 2k +1)y)

Putting gn(w) := e~ Nuw ‘?((”Tr \P’:\;fg”va) JN(® ;exp(¢/N)) is equal

to
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Asymptotic behavior of CJ for &, Il
In(E ; exp(¢/N))
_S(- w—ruﬂ NZ w—Fu—(zkH))

Sy(m—v—1u— —m —/=1u+ (2k +1)y)
: _ S + .
Putting gn(w) := e~ Nuw 7”((7; ‘;’u \;522) JN(® ;exp(&/N)) is equal
S (—m—+v—1 vV—1Net/N
to AT LHJY) € /tan(Nww)gN(W) dw,
St—vTu—y) 2 e
from the residue theorem, where P is .
the dotted parallelogram. Note that
gn is defined between the two parallel \ 1 Re
lines and that the poles of tan(N7w) 0O
o 1 3 2N—1
inside P are 5y, sy»- -5 Son
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Asymptotic behavior of CJ for &, IV
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Asymptotic behavior of CJ for &, IV

Since

1 eV—Ix—y_o—v~=Ixty
tan(x +v—1y) = VTe/ b—yiev-Ixty {_
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Parametrized VC for

Asymptotic behavior of CJ for &, IV
Since

1 eV Ix—y_o—V-Dxty V-1 (y — OO),
VI = PR e {—m b = —o0),

Gin ::/ tan(Nmw)gn(w)dw ~ £y -1 gn(w) dw
Py N—oo Py

where P, (P_, resp.) is the upper (lower, resp.) half parallelogram.
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Asymptotic behavior of CJ for &, IV

Since
1 ey eV Txdy V-1 (y = 0),
tan(x +v/—1y) = VTleVT—yjev-Ixty {_\/fl (y = —00),

Gin ::/ tan(Nmw)gn(w)dw ~ £y -1 gn(w) dw
Py N—oo Py

where P, (P_, resp.) is the upper (lower, resp.) half parallelogram.
Sy(—m—v/—1uty) _ e2mV-TuN/¢

Since , we have

Sy(m—v/=1u—vy) el—1
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Asymptotic behavior of CJ for &, IV

Since
V-1 (y = 00),

1 V=Ix—y_og—V—Ix+y
tan(X+ V — y) 1:\/7x y+: vV —=1x+y ~ {—\/jl (y_>_oo)

Gin ::/ tan(Nmw)gn(w)dw ~ £y -1 gn(w) dw
Py N—oo Py

where P+ (P—, resp.) is the upper (lower, resp.) half parallelogram.
. ( —\/— u—i—'y) 271'\/jluN/§
Since ” S v To—7) =T

, we have

e27r\/j1uN/§ -1

JN(® ;exp(§/N)) N ENW(G+7N + G_ n).
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Asymptotic behavior of CJ for &, IV

Since
V-1 (y = 00),

1 V=Ix—y_og—V—Ix+y
tan(X+ V — y) 1:\/7x y+: vV —=1x+y ~ {—\/jl (y_>_oo)

Gin ::/ tan(Nmw)gn(w)dw ~ £y -1 gn(w) dw
Py N—oo Py

where P, (P_, resp.) is the upper (lower, resp.) half parallelogram.
7( —V—luty) _ e2mvoTuN/g
Sy(m—v/=1u—7) e’—1

, we have

e27r\/j1uN/§ -1

JN(® ;exp(§/N)) N ENW(G+7N + G_ n).

Since

Now we have
gn(w) ~ exp(N®(w))
N— oo

with

d(w) = 2 (Lia(e" ) — Lin(e"**) — uw)
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Asymptotic behavior of CJ for &,V
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Parametrized VC for

Asymptotic behavior of CJ for &), V

Therefore
Gin ~ V-1 exp(N®(w)) dw
N—oo Py
and Gin+G_ny=-2V-1 exp(N®(w)) dw
P_

since ®(w) is analytic.

0.5 ‘\‘;\
Contour plot of @ o

-0.5
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Asymptotic behavior of CJ for &), VI
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Asymptotic behavior of CJ for &), VI
Theorem (Saddle Point Method)

Assume that
@ dh(z)/dz =0 and d? h(zy)/dz> # 0.
@ Im h(z) is constant for z in some neighborhood of z.
© Re h(z) takes its strict maximum along I' at zg.
Then
V27 exp(Nh(z0))
NSoo /N\/—d? h(zo)/dz2

/ exp(Nh(z))dz
.
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Asymptotic behavior of CJ for &), VI
Theorem (Saddle Point Method)

Assume that
@ dh(z)/dz =0 and d? h(zy)/dz> # 0.
@ Im h(z) is constant for z in some neighborhood of z.
© Re h(z) takes its strict maximum along ' at z.
Then
V27 exp(Nh(z0))
NSoo /N\/—d? h(zo)/dz2

/ exp(Nh(z))dz
.

Saddle point wy of ¢

0 02 04 06 08 1
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Asymptotic behavior of CJ for &), VI
Theorem (Saddle Point Method)

Assume that
@ dh(z)/dz =0 and d? h(zy)/dz> # 0.
@ Im h(z) is constant for z in some neighborhood of z.
© Re h(z) takes its strict maximum along I' at zg.
Then
V27 exp(Nh(z0))
NSoo /N\/—d? h(zo)/dz2

/ exp(Nh(z))dz
.

Saddle point wy of ¢

/ exp(No(w)) dw

 VIrep(No(w))
N—oo \/Ny/—d2d(wp)/dw?’

0 02 04 06 08 1
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Asymptotic behavior of CJ for &), VII
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Asymptotic behavior of CJ for &), VII

Theorem (Yokota & HM (2007), HM (2011))
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Asymptotic behavior of CJ for &), VII

Theorem (Yokota & HM (2007), HM (2011))

For u with 0 < u < log (%) we have
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Parametrized VC for

Asymptotic behavior of CJ for &), VII

Theorem (Yokota & HM (2007), HM (2011))

For u with 0 < u < log (3+‘[>, we have

(& exp((2mv/ =1 + u)/N))

V- /
N roo 2sinh( u/2) 21/ =1+ u 27T\/_+ u (U)) '
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Parametrized VC for

Asymptotic behavior of CJ for &), VII

Theorem (Yokota & HM (2007), HM (2011))

For u with 0 < u < log (3+‘[>, we have

(& exp((2mv/ =1 + u)/N))

V- /
N roo 2sinh( u/2) 21/ =1+ u 27T\/_+ u (U)) '

o S(u) := Lip(e"#(1)) — Lip(e+#()) — up(u). (Lip: dilogarithm)
@ o(u) := arccosh(cosh(u) —1/2).

A 2
o @) e \/\/(eu+e—u+1)(eu+e—u—3)‘
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Calculation of csy for S3\ &, |
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CS of

Calculation of csy for S3\ &, |

Y x
+
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CS of

Calculation of csy for S3\ &, |

(SN ) = (x,y | xyx Lyx = yxy~Ix1y),

y
+
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CS of

Calculation of csy for S3\ &, |

(SN ) = (x,y | xyx Lyx = yxy~Ix 1y,

: p.7T1(53L’I/\2®)—>SL(2,(C), »
[@ XH<60 e—lu/z)’”<—ed<u) e—0“/2)

(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
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CS of

Calculation of csy for S3\ &, |

y X
+

y

7T153\® (x,y | xy 7 Ix"tyx = yxy~Ix71y),
p: m(S? \@) )+ SL(2:0),

s el/? 1 . e!/? 0
0 eu2)Y —d(u) e u/?
(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).

We will calculate csp([p]).
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CS of

Calculation of csy for S3\ &, |

yoox
+ +

8

7T153\® (x,y | xy 7 Ix"tyx = yxy~Ix71y),
p: m(S? \@) )+ SL(2:0),

s el/? 1 . e!/? 0
0 eu2)Y —d(u) e u/?
(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).

We will calculate csp([p]).

e Put 7 := arccosh(3/2), so that d(7) = 0.
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CS of

Calculation of csy for S3\ &, |

. 7T153\® (x,y | xy 7 Ix"tyx = yxy~Ix71y),

L o: m(53/\2® ) = SL(2; C), ,
e 1 e 0
D) ey )
(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
We will calculate csp([p]).

e Put 7 := arccosh(3/2), so that d(7) = 0.
® as: a path of Abelian representations (0 < s < 1).

eST/2 0
X,y = 0 e—ST/2 .
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CS of

Calculation of csy for S3\ &, |

. 7r153\® (x,y | xy 7 Ix"tyx = yxy~Ix71y),

L o: m(53/\2® ) = SL(2; C), ,
e 1 e 0
D) ey )
(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
We will calculate csp([p]).

e Put 7 := arccosh(3/2), so that d(7) = 0.
® as: a path of Abelian representations (0 < s < 1).

657/2 0
X,y = ( 0 —57/2)'

@ [ a path of non-Abelian representations (0 <t <1

ut/2 1 ut/2
X ( 9 e“f/2)' y ( () e”f/2> =(1-t)T+tu)
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CS of

Calculation of csy for S3\ &, |

. 7r153\® (x,y | xy 7 Ix"tyx = yxy~Ix71y),

L o: m(53/\2® ) = SL(2; C), ,
e 1 e 0
D) ey )
(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
We will calculate csp([p]).

e Put 7 := arccosh(3/2), so that d(7) = 0.
® as: a path of Abelian representations (0 < s < 1).

657/2 0
X,y = ( 0 —57/2)'

@ [ a path of non-Abelian representations (0 <t <1

ut/2 1 ut/2
X ( 9 e“f/2)' y ( () e”f/2> =(1-t)T+tu)

= «p Iis trivial,
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CS of

Calculation of csy for S3\ &, |

. 7r153\® (x,y | xy 7 Ix"tyx = yxy~Ix71y),

L o: m(53/\2® ) = SL(2; C), ,
e 1 e 0
D) ey )
(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
We will calculate csp([p]).

e Put 7 := arccosh(3/2), so that d(7) = 0.
® as: a path of Abelian representations (0 < s < 1).

657/2 0
X,y = ( 0 —57/2)'

@ [ a path of non-Abelian representations (0 <t <1

ut/2 1 ut/2
X ( 9 e“f/2)' y ( () e”f/2> =(1-t)T+tu)

= «y is trivial, oy and [y share the same trace,
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CS of

Calculation of csy for S3\ &, |

. 7r153\® (x,y | xy 7 Ix"tyx = yxy~Ix71y),

L o: m(53/\2® ) = SL(2; C), ,
e 1 e 0
D) ey )
(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
We will calculate csp([p]).

e Put 7 := arccosh(3/2), so that d(7) = 0.
® as: a path of Abelian representations (0 < s < 1).

657/2 0
X,y = ( 0 e—57/2)'

@ [ a path of non-Abelian representations (0 < t < 1).

X et /2 L > et/ 0 (up == (1—t)T+tu)
0 ew/2)Y —d(up) e u/2) AT

= qgq is trivial, a1 and [y share the same trace, 51 = p.
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Calculation of csy for S3\ @&, Il
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Calculation of csy for S3\ @&, Il

] CSM([ao]) = 1,
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Calculation of csy for S3\ @&, Il

o csy([ao]) = 1, esm([ea]) = esm([Bo]).
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Calculation of csy for S3\ @&, Il

o csp([ao]) =1, esy([aa]) = esm([Bo]),
e longitude A = xyIxyx2yxy~

1,—-1

X_ 1
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Calculation of csy for S3\ @&, Il

o csy([ao]) =1, esp([a]) = esm([Bo]),
o longitude A = xy " txyx2yxy Ix71,
as(A) = (59). y
_ (¥(ur) 2cosh(ut/2)+/(2cosh us + 1)(2cosh uy — 3)
P = ( 0 O(ug) ™ )

((u) := cosh(2u) — cosh u — 1 +sinh uy/(2 cosh u + 1)(2 cosh u — 3)).
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Calculation of csy for S3\ @&, Il

o csm([ao]) = 1, esm([aa]) = csm([fol),
o longitude A = xy " txyx2yxy Ix71,
as(A) = (59). J
_ (¥(ur) 2cosh(ut/2)+/(2cosh us + 1)(2cosh uy — 3)
= (6 () )
((u) := cosh(2u) — cosh u — 1 +sinh uy/(2 cosh u + 1)(2 cosh u — 3)).

u v(ut)

o esmllas]) = |55 0iwe |, esm[Bi]) = [t 2 2.
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Calculation of csy for S3\ @&, Il

o csm([ao]) = 1, esm([aa]) = csm([fol),
o longitude A = xy " txyx2yxy tx1
as(A) = (59). J
_ (¥(ur) 2cosh(ut/2)+/(2cosh us + 1)(2cosh uy — 3)
= (6 () )
((u) := cosh(2u) — cosh u — 1 +sinh uy/(2 cosh u + 1)(2 cosh u — 3)).

u v(ut)

o csmllas]) = |- 0iwe, csm([d]) = [%r 7).
v(u) ::2d3(u) 21y/—1 = 4log(1—et¥(4)) — 20— 2p(u) — 2my/—1.
Note: exp(v(u)/2) = —¢(u).
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Calculation of csy for S3\ @&, Il

o csm([ao]) = 1, esm([aa]) = csm([fol),
o longitude A = xy " txyx2yxy tx1
as(A) = (59). J
_ (¥(ur) 2cosh(ut/2)+/(2cosh us + 1)(2cosh uy — 3)
0= (1 () )
((u) := cosh(2u) — cosh u — 1 +sinh uy/(2 cosh u + 1)(2 cosh u — 3)).

o csu(las]) = [5:575. 0 we] com([4]) = [%“fr )z,

v(u) ::2d3(u) 21y/—1 = 4log(1—et¥(4)) — 20— 2p(u) — 2my/—1.
Note: exp(v(u)/2) = —¢(u).

From Kirk—Klassen's theorem,
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Calculation of csy for S3\ @&, Il

o csm([ao]) = 1, esm([aa]) = csm([fol),
o longitude A = xy " txyx2yxy tx1
as(A) = (59). J
_ (¥(ur) 2cosh(ut/2)+/(2cosh us + 1)(2cosh uy — 3)
0= (1 () )
((u) := cosh(2u) — cosh u — 1 +sinh uy/(2 cosh u + 1)(2 cosh u — 3)).

o csu(las]) = [5:575. 0 we] com([4]) = [%“fr )z,

v(u) ::2d3(u) 21y/—1 = 4log(1—et¥(4)) — 20— 2p(u) — 2my/—1.
Note: exp(v(u)/2) = —¢(u).

From Kirk—Klassen's theorem,
w1
e — =1,
wo
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Calculation of csy for S3\ @&, Il

o csm([ao]) = 1, esm([aa]) = csm([fol),
o longitude A = xy " txyx2yxy Ix71,
as(A) = (59). J
_ (¥(ur) 2cosh(ut/2)+/(2cosh us + 1)(2cosh uy — 3)
= (G () )
((u) := cosh(2u) — cosh u — 1 +sinh uy/(2 cosh u + 1)(2 cosh u — 3)).
o csmllas]) = |- 0iwe, csm([d]) = [%“fr 5]
v(u) = 2d3(u) 21y/—1 = 4log(1—et¥(4)) — 20— 2p(u) — 2my/—1.
Note: exp(v(u)/2) = —¢(u).
From Kirk—Klassen's theorem,

w
0—1:1,
wo

o 4= exp( fo ur X (v(ug)) — v(ue) x u}) dt)

= exp (% (uv(u) — 45(u) + 4umy/—1 — 27'71\/3)).
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Calculation of csy for S3\ &, Il
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Calculation of csy for S3\ &, Il

csy depends only on trace, csp([a1]) = esp([Bo]) and wy = wp = 1.
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Calculation of csy for S3\ &, Il

csy depends only on trace, csp([a1]) = esp([Bo]) and wy = wp = 1.
=

uo v(uo) ]

LwTﬁ’o;l] [47r¢—_1’47r¢—_1;z°
:[ T —2m/-1

T
9 ' = —70; 4 .
d/—1 4my/—1 ZO] [47r\/—_1 ezo]
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Calculation of csy for S3\ &, Il

csy depends only on trace, csp([a1]) = esp([Bo]) and wy = wp =1
=

[M\Tﬁ’o; 1] - [4:%’ 4;%;20]
e B o)

=zg=¢€e "
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Calculation of csy for S3\ &, Il

csy depends only on trace, csp([a1]) = esp([Bo]) and wy = wp =1
=

[ T o 1] _ [ u  v(u) .Z]
4ry/—1" n 4r\/—1 4m/—1' 0
{ T —2m/—1 ] [ T - ]
= ) 20| = |——=—=,0;e" 2] .
4o/ —1" 47w/ —1 41/ —1
= zg=e¢e " and

71 =¢e T exp (g (uv(u) — 4S(u) + 4ury/—1 — 2Tﬂ¢j1)>
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Calculation of csy for S3\ &, Il

csy depends only on trace, csp([a1]) = esp([Bo]) and wy = wp = 1.
=

[ T o 1] _ [ u  v(u) .Z]
4ry/—1" N 4r\/—1 4m/—1' 0
{ T —2m/—1 ] [ T - ]
= ) 20| = |——=—=,0;e" 2] .
4o/ —1" 47w/ —1 41/ —1
= zg=e¢e " and

z1=e"Texp (g (uv(u) — 4S(u) + 4ury/—1 — 2Tﬂ¢j1)>
V=1

= exp (7 (uv(u) —4S(u) + 4u7r\/—71)).
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Calculation of csy for S3\ &, Il

csy depends only on trace, csp([a1]) = esp([Bo]) and wy = wp = 1.
=

[ T o 1] _ [ u  v(u) .Z]
4ry/—1" N 4r\/—1 4m/—1' 0
{ T —2m/—1 ] [ T - ]
= ) 20| = |——=—=,0;e" 2] .
4o/ —1" 47w/ —1 41/ —1
= zg=e¢e " and

z1=e Texp (% (uv(u) — 4S(u) + 4ury/—1 — QTW\/TI)>

= exp (‘/2? (uv(u) —4S(u) + 4u7r\/—1)).
Therefore

CSu (1)) = S(u) = wmv/=T — Juv(u).
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Calculation of T for S3\ &), |

Hitoshi Murakami (Tohoku University Volume Conjecture, Il IISER, Pune, 21st December, 2018 38 /45



Reidemeister torsion of

Calculation of T for S3\ &), |

y x
+

Hitoshi Murakami (Tohoku University Volume Conjecture, Il IISER, Pune, 21st December, 2018 38 /45



Reidemeister torsion of

Calculation of T for S3\ &), |
m(S\E) = (xy |y LxLyx = yxy

lx_1y>,

y x

5
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Reidemeister torsion of

Calculation of T for S3 \@

L 7r153\® (x,y | xy 7 Ix7tyx = yxy~Ix71y),

L p.7T1(53u/\2®)—>SL(2,(C), »
Q@ XH<60 e—1“/2>’”<—ed<u) 6_3/2)

(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
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Reidemeister torsion of

Calculation of T for S3 \@

yoox

Y

7r153\® (x,y | xy 7 Ix7tyx = yxy~Ix71y),
pi m(S? \<8> ) -+ SLE@:C),

. eu/? 1 . el!/2 0
x 0 eu2)Y —d(u) e u/?

(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).

We will calculate T(p).
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Reidemeister torsion of

Calculation of T for S3 \@

L 7r153\® (x,y | xy 7 Ix7tyx = yxy~Ix71y),

. p: 7r1(53/\2® ) = SL(2;C), ,
e 1 ol 0
@ X < 0 e—u/2> Y = (—d(u) e—u/2)
We will calcul t(dgr”() :): coshu — 3 + 1 /(2cosh u + 1)(2cosh u — 3)).
e will calculate T(p).

o ri=xy Ixlyxy Ixyx~ly~1
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Reidemeister torsion of

Calculation of T for S3 \@

L 7r153\® (x,y | xy 7 Ix7tyx = yxy~Ix71y),

. p: 7T1(53/\2®)—>SL(2,(C), ,
e 1 ol 0
@ XH( 0 e‘””) e <—d(u) e—u/z)
We will calcul t(d%ru() :): coshu — 3 + 1 /(2cosh u + 1)(2cosh u — 3)).
e will calculate T(p).

o ri=xy Ixlyxy Ixyx~ly~1

o E:=(33), H:=(82), F:=(93): basis of s(2; C).
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Reidemeister torsion of

Calculation of T for S3 \@

L 7r153\® (x,y | xy 7 Ix7tyx = yxy~Ix71y),

. p.m(53/\2®)—>SL(2,(C), ,
e 1 ol 0
@ XH( 0 e‘””) e <—d(u) e—u/z)
We will cal It(d%ru() :)_COSh“_g+%\/(2coshu+1)(2coshu_3))_
e will calculate T(p).

o ri=xy Ixlyxy Ixyx~ly~1

o E:=(33), H:=(82), F:=(93): basis of s(2; C).
e O ={FRE,FQH,F®F} (F: lift of r)
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Reidemeister torsion of

Calculation of T for S3 \@

L 7r153\® (x,y | xy 7 Ix7tyx = yxy~Ix71y),

LA p.m(si/\z@))%suz,@, »
Q@ XH<60 e—1“/2>’”<—ed(u) e—%ﬂ)

(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
We will calculate T(p).

o ri=xy xlyxy Ixyx~1y~1l.
o E:=(33), H:=(82), F:=(93): basis of s(2; C).
e O ={FRE,FQH,F®F} (F: lift of r)

0 ={XQREXQH,XQF,yQE,y@H,y® F} (X, ¥ : lifts of x, y)
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Reidemeister torsion of

Calculation of T for S3 \@
VB oy o)

L p.m(si/\z@))%suz,@, »
Q@ XH<60 e—1“/2>’”<—ed(u) e—%ﬂ)

(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).
We will calculate T(p).
o r:=xy Ixlyxy Ixyxly~L.
E:=(83), H:=(32%), F:=(93): basis of s[(2; C).
={FQE,FOH,F® F} (F: lift of r)
G={30E%0H30F,JQEjoH,j®F) (% lifts of x, )
o={PRE,pH,p® F} (p: lift of the basepoint p)
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Reidemeister torsion of

Calculation of T for S3 \@

y

(SN Q) = (x,y |y LxLyx = yxy~Ix1y),

X

¥ p;m(si/\z@)HSL(z;C)’ w2
Q@ xH<eo e—lu/z)’w<—ed(u) e_‘?,/z)

(d(u) :=coshu — 3 + 3\/(2cosh u + 1)(2cosh u — 3)).

We will calculate T(p).

ri=xy Ixlyxy“Ixyx "1yl

E:=(83), H:=(32%), F:=(93): basis of s[(2; C).
={FRE,F@H,F® F} (F: lift of r)
G={XQEXx0H,X®F,y®EyoH, 7o F} (X ¥ : lifts of x, y)

o={PRE,pH,p® F} (p: lift of the basepoint p)
—1X—1+Xy—1X—1y+Xy—1X—1yXy—1_Xy—lx—lyxy—lxyx—l
g; —Xxy~ + xy Ix7t — xy 7 IxTlyxy Tt 4 xyIx tyxy Tix —

xy IxLyxy“Ixyx 71y 1

——1 —Xy
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Calculation of T for $3\ &, Il
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Calculation of T for $3\ &, Il

@ 0 is given by the 6 x 3 matrix

/) Ix=X,y=Y
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Calculation of T for $3\ &, Il

or
ox
@ 0 is given by the 6 x 3 matrix *

,
Y/ Ix=X,y=Y

e 01 is given by the 3 x 6 matrix (X — k) (Y — h)).
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Calculation of T for $3\ &, Il

or
Ox
@ (O is given by the 6 x 3 matrix *

or
Y/ Ix=X,y=Y

e 01 is given by the 3 x 6 matrix (X — k) (Y — h)).

e”l! 2eU/2 1
e X = 0 1 —et/2
0 0 e
e v 0 0
Y = | —e 4/2d(u) 1 0

—d(u)?  2e“?d(u) e"
= Hy = H; =C and Hy = {0}. So dim B, =2, and dim B; = 3
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Calculation of T for S3\ &, Il
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Calculation of T for S3\ &, Il

2e4/2(d(u) — e + 1)

= —2d(u) ={p (53\|nt/v(® )) @ Pl
2e~4/2(e" — 1)d(u)

where [0 (53 \ Int N(@ ))] is the fundamental class, and P is

invariant under the adjoint actions of the meridian x and the
longitude.

=l ki
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Calculation of T for S3\ &, Il

2e4/2(d(u) — e + 1)

= —2d(u) ={p (53\|nt/v(® )) @ Pl
2e~4/2(e" — 1)d(u)

where [0 (53 \ Int N(@ ))] is the fundamental class, and P is

invariant under the adjoint actions of the meridian x and the
longitude.

=l ki
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Calculation of T for S3\ &, Il

2e4/2(d(u) — e¥ + 1)

= — u = 3 n f
) 2e“/2(§‘c’j(—)1)d(u) {10 (s \nen(®)) @ A1}

where [0 (53 \ Int N(@ ))] is the fundamental class, and P is
invariant under the adjoint actions of the meridian x and the

=l ki

longitude.
( 2eu/2 \
e’ -1
= 0
eh=11 o |f={xer
0
0 )
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Calculation of T for S3\ &, Il

2e4/2(d(u) — e¥ + 1)

= — u = 3 n f
) 2e“/2(§‘c’j(—)1)d(u) {10 (s \nen(®)) @ A1}

where [0 (53 \ Int N(@ ))] is the fundamental class, and P is
invariant under the adjoint actions of the meridian x and the

=l ki

longitude.
( 2eu/2 \
e’ -1
= 0
eh=11 o |f={xer
0
0 )
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Calculation of T for S3\ &, Il

2e4/2(d(u) — e¥ + 1)

= — u = 3 n f
) 2e“/2(§‘c’j(—)1)d(u) {10 (s \nen(®)) @ A1}

where [0 (53 \ Int N(@ ))] is the fundamental class, and P is
invariant under the adjoint actions of the meridian x and the

=l ki

longitude.
([ 2eu/2\ )
e’ -1
> 0
e I S (R}
0
0 /)
o = T(p) = j:\/(2cosh u+1)(2coshu — 3).

2
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Generalizations of the Volume Conjecture

Jones, Chern—-Simons, and Reidemeister for @

For &€ = 27wy — +UW|th0<u<Iog( f),we have
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Generalizations of the Volume Conjecture

Jones, Chern—-Simons, and Reidemeister for @

For ¢ =27y -1+ u with 0 < u < log ( f) we have

JN(® ;exp(¢/N)) W W%T(”)\/g“p (2’5 u

where
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Generalizations of the Volume Conjecture

Jones, Chern—-Simons, and Reidemeister for @

For £ =27/ —1+ u with 0 < u < log ( f) we have

W& iene/M) ~ Qh%()\/? o (§5W).

where

@ S(u): defines the Chern—Simons invariant associated with the
meridian and the longitude.
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Generalizations of the Volume Conjecture

Jones, Chern—-Simons, and Reidemeister for @

For £ = 2mv/— +UW|th0<u<Iog( f),we have

W& iene/M) ~ Qh%()\/? o (§5W).

where

@ S(u): defines the Chern—Simons invariant associated with the
meridian and the longitude.

o 7(u)~2: Reidemeister torsion associated with the meridian.
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Colored Jones for u =0, &
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Colored Jones for u =0, @
Theorem (J. Andersen & S. Hansen (2006))
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Colored Jones for u =0, @
Theorem (J. Andersen & S. Hansen (2006))

I exp(2nV/=T/N))

e () () oty )
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Colored Jones for u =0, @
Theorem (J. Andersen & S. Hansen (2006))

@& exp(2nV=I/N))
ok (?) e (%)3/2 - (# « \/—_1VO|(E)> .

° —V2_3 : Reidemeister torsion.
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Colored Jones for u =0, @
Theorem (J. Andersen & S. Hansen (2006))

I exp(2nV/=T/N))

202 (g)‘” (%)” o0 (s % VIVOI(E)).

° —V2_3 : Reidemeister torsion.

@ \/—1Vol(E): Chern-Simons invariant.
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Colored Jones for u =0, @
Theorem (J. Andersen & S. Hansen (2006))

I exp(2nV/=T/N))

2 (@)‘” (ﬁ)” o0 (s % VIVOI(E)).

° @ Reidemeister torsion.
@ \/—1Vol(E): Chern-Simons invariant.

@ both associated with the holonomy representation (that defines the
complete hyperbolic structure for S3\ E).

Similar results holds for hyperboli knots up to six crossings (T. Ohtsuki,
Ohtsuki & Y. Yokota). = Refinement of VC (S. Gukov & H. Murakami,

Ohtsuki).

IISER, Pune, 21st December, 2018 42 / 45
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Generalizations of the Volume Conjecture

Parametrization of VC for a hyperbolic knot
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Generalizations of the Volume Conjecture

Parametrization of VC for a hyperbolic knot
Volume Conjecture =

In(K; exp(2nv/—1/N))
~ exp |:(\/T1VO|(53 \ K) + something) (

X (polynomial in N).

N—oo

1))

Hitoshi Murakami (Tohoku University £3) Volume Conjecture, Il1 IISER, Pune, 21st December, 2018 43 / 45



Generalizations of the Volume Conjecture

Parametrization of VC for a hyperbolic knot
Volume Conjecture =

In(K; exp(2mv/—1/N))
~ exp [(\/—71Vol(53 \ K) + something) (

N—oo

N -
QW\/T1>:| X (polynomial in N).

Conjecture (Dimofte & Gukov (2010), HM (2011))
K: hyperbolic knot
& =2mv/—1+ u with u# 0 a small complex number.

i(ioe/) x5 Tt (2) oo (Ysw).
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Generalizations of the Volume Conjecture

Parametrization of VC for a hyperbolic knot
Volume Conjecture =

In(K; exp(2mv/—1/N))
~ exp [(\/—71Vol(53 \ K) + something) (

N—oo

N -
QW\/T1>:| X (polynomial in N).

Conjecture (Dimofte & Gukov (2010), HM (2011))
K: hyperbolic knot
& =2mv/—1+ u with u# 0 a small complex number.

i(ioe/) x5 Tt (2) oo (Ysw).

where
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Generalizations of the Volume Conjecture

Parametrization of VC for a hyperbolic knot
Volume Conjecture =

In(K; exp(2mv/—1/N))
~ exp |:(\/T1VO|(S3 \ K) + something) <

N—oo

N -
27T\/j>] X (polynomial in N).

Conjecture (Dimofte & Gukov (2010), HM (2011))
K: hyperbolic knot
& =2mv/—1+ u with u# 0 a small complex number.

_ V=T N2 N
JN(K, exp(ﬁ/N)) N:oo 25T(u/2)7'(u) (E) exp <ES(U)> 5
where

@ S(u): defines the Chern-Simons invariant associated with the
meridian and the longitude.
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Generalizations of the Volume Conjecture

Parametrization of VC for a hyperbolic knot
Volume Conjecture =

In(K; exp(2mv/—1/N))
~ exp |:(\/T1VO|(S3 \ K) + something) <

N—oo

N -
27T\/j>] X (polynomial in N).

Conjecture (Dimofte & Gukov (2010), HM (2011))
K: hyperbolic knot
& =2mv/—1+ u with u# 0 a small complex number.

_ V=T N2 N
JN(K, exp(ﬁ/N)) N:oo 25T(u/2)7'(u) (E) exp <ES(U)> 5
where

@ S(u): defines the Chern-Simons invariant associated with the
meridian and the longitude.

° T(U)_z.' Reidemeister torsion associated with the meridian.
Hitoshi Murakami (Tohoku University )
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)

For the torus knot T(p, q) (p, g > 0), K. Hikami & HM proved
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)

For the torus knot T(p, q) (p, g > 0), K. Hikami & HM proved

In(T(p, q)iexp(&/N))

1 N
N:OOA(T(Pa q); exp(§)) 2S|nh(§/2 ZTPk\/>eXp [5 5Pk(€):| ;
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)

For the torus knot T(p, q) (p, g > 0), K. Hikami & HM proved

In(T(p, q)iexp(&/N))

1 N
N:OOA(T(Pa q); exp(§)) 2S|nh(§/2 ZTPk\/>eXp [5 Spk(f)] ;

where
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)

For the torus knot T(p, q) (p, g > 0), K. Hikami & HM proved

In(T(p, q)iexp(&/N))

1 N
N:OOA(T(Pa q); exp(§)) 2S|nh(§/2 ZTPk\/>eXp [5 Spk(f)] ;

where

e A(K;t): Alexander polynomial,
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)

For the torus knot T(p, q) (p, g > 0), K. Hikami & HM proved

In(T(p, q)iexp(&/N))

1 N
N:OOA(T(Pa q); exp(§)) 2S|nh(§/2 ZTPk\/>eXp [5 Spk(f)] ;

where

e A(K;t): Alexander polynomial,
@ {pk}: the set of irreducible representations of 71 to SL(2; C),
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)

For the torus knot T(p, q) (p, g > 0), K. Hikami & HM proved

In(T(p, q)iexp(&/N))

1 N
N:OOA(T(Py q); exp(§)) 2S|nh(§/2 ZTPk\/>eXp [5 Spk(f)] ;

where

e A(K;t): Alexander polynomial,
@ {pk}: the set of irreducible representations of 71 to SL(2; C),

@ 5, (&): defines the Chern-Simons invariant of p, associated with the
meridian and the longitude,
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Generalizations of the Volume Conjecture

Jones, Chern—Simons, and Reidemeister for T(p, q)

For the torus knot T(p, q) (p, g > 0), K. Hikami & HM proved

In(T(p, q)iexp(&/N))

1 N
N:“A(T(Py q); exp(§)) 2S|nh(§/2 ZTPk\/>eXp [5 Spk(f)] ;

where

e A(K;t): Alexander polynomial,
@ {pk}: the set of irreducible representations of 71 to SL(2; C),

@ 5, (&): defines the Chern-Simons invariant of p, associated with the
meridian and the longitude,

° TP_kQZ Reidemeister torsion of py associated with the meridian.
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Generalizations of the Volume Conjecture

Speculation
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Generalizations of the Volume Conjecture

Speculation

Speculation
K: any knot, £ =27/ —1 + u.

In(K: exp(€/N))
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where

o A(K;t): Alexander polynomial,
@ ¢, and d, are constants,
o {pi}: irreducible representations of m; to SL(2;C),

o Si(u): defines the Chern-Simons invariant of py associated with the
meridian and the longitude,
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where

o A(K;t): Alexander polynomial,
@ ¢, and d, are constants,
o {pi}: irreducible representations of m; to SL(2;C),

o Si(u): defines the Chern-Simons invariant of py associated with the
meridian and the longitude,

o T 2. Reidemeister torsion of py associated with the meridian.
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