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Abstract

The topic of my thesis is the theory and applications of topological data analysis. We will de-
velop tools to analyze the shape of data using ideas from topology. First we discuss metric spaces
and then we discuss ideas from topology like continuous functions, homeomorphisms, subspace,
product, and quotient topologies, and homotopy equivalence. We introduce the concept of a sim-
plicial complex and the various ways of generating them from data. From there we discuss simplicial
homology, an important tool from algebraic topology which we will modify in order to analyze our
data. We next introduce the idea of persistence, persistent vector spaces, and the classification of
all finitely presented persistent vector spaces. Using the ideas from the chapter on persistence we
develop the main tool of the paper: persistent homology, and then introduce the space of barcodes,
and then a program called Ripser. Finally, we discuss the application of persistent homology to

studying natural image data.

Mathematics Department
Under the supervision of Professor Champanerkar
College of Staten Island
May 2021



Contents

Abstract

1 Introduction

2 Metric Spaces

3 Topology
3.1 Generating New Topologies from Old . . . . . .. ... ... .. ... ... ....
3.2 Continuous Functions . . . . . . . . . . .
3.3 Topological Properties . . . . . . . . . . e

3.4 Homotopy . . . . . . . o e

4 Simplicial Complexes
4.1 n-simplex . . . . .. e

4.2  Generating Simpilicial Complexes from Point Clouds . . . . . .. .. .. .. .. ...

5 Simplicial Homology

6 Persistence
6.1 Rips Example . . . . . . . e

6.2 Persistent Vector Spaces . . . . . . . . . ... e e e e

7 Persistent Homology
7.1 Barcodes. . . . . . . e
7.2 The Space of Barcodes . . . . . . . . . ...
7.3 Ripser . . . . o e e

8 Image Application

References

19
19
21

24

33
33
35

39
40
41
43

47



S~

10
11
12
13

14
15
16
17
18
19
20
21

22
23

List of Figures

Left: Statistical Circle Right: Barcode generated from Statistical Circle. Source: [2]
Topological Data Analysis . . . . . . . . . .. ... 1
Left: Open Ball Under dy. Center: Open Ball Under di. Right: Open Ball Under d9 5

Three examples of point clouds. . . . . . . . .. ... o L 6
Using the basis for R to to make openset. . . . . . . . . .. ... ... ... .. ... 9
Using the basis for R? to to make open set. . . . . . . ... ... . ... ....... 9

Open balls in dy-metric are open in di-metric and open balls in di-metric are open
in do-metric. . . . . . L e 10

Area enclosed by red dotted line: Open set in X. Area filled in red: Open set in

subspace A X L L e e e 10
Slasasubspace of RZ . . . . . . . . 11
Torus as a product. Note: the torus is also a subspace of R*. . . . . . .. ... ... 12
Circle. . . . . . e e 14
Torus as an identification on a square. . . . . . . . . . . . .. ... 14
A Mobius band . . . . ... 15

Left: R is path connected. Center: A path connected subset of R?. Right: S? is

path connected. . . . . . . . .. . 16
Disk deforming to a point. . . . . . . ... 17
Punctured plane deforming to a circle. . . . . . . . . ... o oo 18
Left:A?, Center: A, Right:A2. . . . . . . .. . . . 19
Example of a simplicial complex. . . . . . . .. ... o 20
Example of a Cech complex . . . . . . . . . .. 22
Another example of a Cech complex . . . . .. .. .. .. ... ... .. ....... 22
Cech complex v.s. Rips complex. Center: Cech complex. Right: Rips complex. . . . 22

Examples of boundaries. Source: Quanta Article: How Mathematicians Use Homol-
ogy to Make Sense of Topology.[5] . . . . . . . . . . . 25
Triangle with no interior. . . . . . . . . . ... 27

Triangle with interior. . . . . . . . . .. L Lo 30



24
25
26

27
28
29
30
31
32
33
34
35
36
37
38
39

Example of a tree spanning a simplicial complex. . . . . . .. ... ... ... ....
Example of a Barcode. Source: [2] . . . . .. .. ..o
Left: Statistical Circle Right: Barcode generated from Statistical Circle. Source: [2]

Topological Data Analysis . . . . . . . . . . . . . e
Oth persistent homology of a point cloud sampled from a sphere. . . . ... ... ..
1st persistent homology of a point cloud sampled from a sphere. . . . ... .. ...
2nd persistent homology of a point cloud sampled from a sphere. . . . . . . ... ..
Oth persistent homology of a point cloud sampled from a Torus. . . . . . .. ... ..
1st persistent homology of a point cloud sampled from a Torus. . . ... ... ...
2nd persistent homology of a point cloud sampled from a Torus. . .. ... ... ..
Ist persistent homology barcode with k=300. Source:[3] . . . ... ... ... ....
Known as the Primary Circle. Source:[3] . . . . . . ... ... ... ... .. ...
1st persistent homology barcode with k=15. Source:[3] . . . . . . .. ... ... ...
3 circle model. Source:[3] . . .. ..o
Types of image patches that lie on the 3 circle model. Source:[3] . . ... ... ...
3-dimensional picture of Klein Bottle. Source: [3] . . . . . .. .. ... ... ...

Persistent Homology computed using coefficients from the field Zz. Source:[3] . . . .

32

44



Acknowledgments

I would like to thank Professor Champanerkar for being a great teacher and for helping me learn
the material for my honors thesis. I have learned a lot from our meetings and have enjoyed them. 1
would also like to thank Professor Champanerkar for supervising me and providing guidance to me
in writing my honors thesis. Next, I would like to thank Professor Vejdemo-Johansson for allowing
me to use his book Topological Data Analysis. It was a great guide though the topic of topological
data analysis. Also, I would like to thank all of my other professors in the math department for
providing me with such a great math education over the years, and would like to thank the math
department for giving me the opportunity to write and submit an honors thesis. Finally, I would
like thank my Mom, Dad, and Brother for always being there for me throughout this long year of

remote classes.



1 Introduction

In this thesis we will be talking about a mathematical tool which helps us approximate the “shape”
of data, and then looking at applications of this mathematical tool. Why are we interested in
finding the shape of data? Finding the shape of data allows us to create models for the data, and
this could help with understanding the data.

Our data sets will be called “point clouds’- also known as finite metric spaces. In this thesis
we will be trying to approximate the shape of point clouds. The mathematical tool we will trying
to understand is called persistent homology. The information gained from persistent homology will
give us information in the form of something called a barcode. We can see an example of a barcode
in the right side of figure 1.

Just as in algebraic topology, using homology we can see the number of holes in a topological
space, given a point cloud, persistent homology can tell us the number of holes in the unknown
shape which our point cloud approximates. In figure 1, visually we can agree that the point cloud
on the left approximately has the shape of a circle. Then through persistent homology we end up
with a barcode diagram, as shown on the right side of figure 1. The idea is that the long interval
corresponds with the single hole of the point cloud circle, and thus represents a true feature.

We focused on the hole in the circle from figure 1, but we will see that persistent homology
captures other information, like connected components and higher dimensional holes.

Persistent homology is just one tool to help find the shape of point clouds, and when combined

with other mathematical tools, we can make even better approximations.

Figure 1: Left: Statistical Circle Right: Barcode generated from Statistical Circle. Source: [2]
Topological Data Analysis

In section 2 we introduce the idea of a metric space, provide different examples of metrics, define

point clouds, and introduce open sets.



In section 3 we define a topological space and give various examples of topological spaces.
We give constructions of more topological spaces such as subspaces, product spaces, and quotient
spaces. We introduce topological properties, and then introduce the definiton of homotopy and
provide examples.

In section 4 we define simplices, and then using simplices we introduce the definition of a
simplicial complex, and then we show how to generate new simplicial complexes from point clouds.

In section 5 we introduce simplicial homology, a tool used to detect holes in simplicial complexes.
We then go over examples of simplicial homology.

In section 6 we introduce the idea of persistence. Instead of constructing one simplicial complex
from a point cloud, we instead construct a family of simplicial complexes from point clouds. We
go on to develop the idea of persistent vector spaces for our family of simplicial complexes.

In section 7 we introduce persistent homology, a tool used to help measure the shape of data.
We then introduce barcodes, a visualization of the persistent homology of a point cloud. We then
look at the space of barcodes, in order to see how barcodes change with respect to changes in
our data. We introduce Ripser, a computer program that can be given point clouds as input and
produces barcode diagrams as ouput that represents the persistent homology of our point cloud.

Finally, in section 8 we look at an application of persistent homology to natural image data,
that is, we consider the space of natural images (images captured by a digital camera), and then
consider the space of image patches, where each image patch is a 3 by 3 grid of pixels which we
represent using a vector in R®. Then after some transformations, we apply persistent homology to

our point cloud of image patches.



2 DMetric Spaces

Given a set X, we would like to define a distance measure between elements in X. If we are working
with points in 3-dimensional space, one such measure would be the Euclidean distance between the
two points. Our distance measure does not have to be standard Euclidean distance, and our set
doesn’t have to be a subset of Euclidean Space. We can define an abstract distance measure on
sets and think of it as a dissimilarity measure.

In order to create this distance/ dissimilarity measure, we define a function called a metric,
which when given a pair of elements, gives us a measure of how different or far apart the two
elements are.

We do this by defining a function
d: X X IR,
which, when is defined in a way to meet certain conditions, is what we call a metric or distance
function on X. The conditons are made explicit in the following definition.
De nition 2.1 (Metric Space). We say the pair (X;d), where X is a set and d is a function

d: X X @ R;isa metric space if and only if the following conditions hold:

1: For any x;y 2 X; d(x;y) =0 if and only if X =y:
2: For any x;y 2 X, d(x;y) = d(y; X)

3: (Triangle Inequality) For any X;y;z 2 X, d(x;z) d(x;y) +d(y;z)

Example 2.2 (R ; the real numbers). Consider the set R with the functiond: R R ¥ R de ned
with

dix;y) =jx i
where the vertical bars\j j" mean absolute value. (R;d) is a metric space.

We see the the triangle inequality condition is ful lled by the following:

dx;z) =jx zj=jx y+y zj jx yi+ly zj=d(xy)+d(y;z);



where the inequality comes from the typical triangle inequality for the absolute value.

Example 2.3 ((R",d2) ; n-dimensional Euclidean space with Euclidean distance). Consider the
set R" with n 2 and the function

d:R" R" IR
de ned for any points (X1;Xz; 5 Xn); (Y1;Y2; 5 Yn) 2 R™ as

\/
téx
d (X1;X2; 5 Xn); (Y1, Y25 555 Yn) = (Xi VYi)?
i=1

The pair (R"; dy) is a metric space. The triangle inequality is ful lled using the Cauchy-Schwarts

inequality.
We can define other metrics on the set R". Two examples are the d; and dq metrics.

Example 2.4 ((R",d1) ). Consider the set R" with n 2 and the function
d:R" R" IR
de ned for any points (X1;Xz; 355 Xn); (Y1;Y2; 5 Yn) 2 R™ as
di (X1 X2::5Xn); (YL Y2: 55 Yn) =Jy1 Xaj+JY2 Xej+:ii4Jyn X

The pair (R";d1) is a metric space.

Example 2.5 ((R",d41) ). Consider the set R" with n 2 and the function
d,:R" R"IEIR
de ned for any points (X1;X2;:::;Xn); (Y1;Y2; 5 Yn) 2 R™ as
da (X1;X2; 55 %n); (Y1 Y2i i yn) = maxfiyr  Xajijyz  Xojiiijyn  Xnjg

The pair (R";d4 ) is a metric space.



Example 2.6 (Discrete Metric Space). Given any set X, we can de ne the metric dgjs,called the

discrete metric, where for any x;y 2 X, we have

8
s1 ifx=y

dais(X;y) =
= .
-0 ifx6y

De nition 2.7 (Open Ball). An important idea in any metric space (X;d) is the the idea of an
open ball. We define an open ball as the set with center Xg and radius defined with

B(Xp; )=fx2X jdXpX)< ¢

De nition 2.8 (Closed ball). We define a closed ball as the set with center Xg and radius defined
with

Blxo; | = fx 2 X j d(Xo; X) g

In figure 2 below we show the open balls in R? with metrics do;dy; and d+ .

Figure 2: Left: Open Ball Under dz. Center: Open Ball Under d;. Right: Open Ball Under d4

De nition 2.9 (Open Set in a Metric Space). Given a metric space (X;d), we will say a subset

U X is open if and only if for any X 2 U, there exists an > 0 such that we have B(x; ) U.

Some examples open sets in R™ are open balls, R" itself, and the empty set. In R?, one example
of an open set is f(X;y) jy > 0g. In R, the set Q R is not open, the set Z R is not open.

Closed balls in R™ are not open.



De nition 2.10 (Point Cloud). Given a finite set X and a metric on X, we will call X a finite

metric space or a point cloud.

Examples of point clouds are given in figure 3.

Figure 3: Three examples of point clouds.

Theorem 2.11. Let X be a nite set and d be a metric on X. Then (X;d) is a discrete metric

space.



3 Topology

We can make the idea of a metric space more abstract by defining closeness using open sets instead
of distance. When talking about metric spaces we had a set with a metric, which was a distance/
dissimilarity measure that met certain conditions which told us some information about how pairs
of elements lie with respect to each other. We then defined open sets in terms of open balls. This
definition depended on a choice of metric. We now want to create a way to define openness on sets,
where we won’t always have to choose a metric in order to define openness. We will define what
it means for a set to be open in a set X by choosing something called a topology. For example we

can define a topology on R" which gives us the same open sets as defined using a metric.

De nition 3.1 (Topology). Given a set X, let T be a collection of subsets from X. We say that

T is a topology on X if and only if the following conditions hold:

1:X2T and ?22T:
2: Any arbitrary union of sets from T is also an element of T .

3. Any finite intersection of sets from T is also an element of T .

De nition 3.2 (Topological Space). We will call the pair (X;T ) a topological space, or a space

for short, and we will call the the elements of T the open sets of X.

A key point here is that we are defining what it means for a subset U of X to be considered an
open set: U is open in X precisely when we have U 2 T. Once we have a topology T defined on

X, for any set U X, we have that

U is open in X if and only if U 2 T :

Example 3.3 (Metric Topology). Given a metric space (X;d), De ne a topology T where for any
U X, wehaveU 2T if and only if for any x 2 U, there isan >0 such that B(x; ) U. This

is called the metric topology on X.

An important fact about the metric topology is that the metric space definition of open sets

matches the topological definition of open sets.



Example 3.4 (Discrete Topology). Given a set X, let the topology T on X be the power set of X.
Then every subset of X is de ned to be open. This topology is called the discrete topology. In the

discrete topology singletons are open.

Example 3.5 (Trivial Topology). Given a set X let the topology T on X be X;?g. We call this

topology the trivial topology.

Example 3.6 (R"). Consider the set R" with topology T where for any U R", we have U 2 T

if and only if for any x 2 U, there is an > 0 such that B(x; ) U.

Like a basis in vector spaces, there is an idea of a basis for a topology, and a topology generated
by a basis. Basis open sets are very useful in describing many topological spaces and working with

them.

De nition 3.7 (Topological Basis). Given a topological space X, if we can find a set B which has
the following properties,

1.) For any x 2 X, there is a set B 2 B such that we have X 2 B and

2.) For any x 2 X, if X 2 B1 and X 2 B; for some B1; B, 2 B, then there exists a set B3 2 B
such that we have B3 B1 \ B> 2 B,

then we call B a basis for the topology on X.

We note that U 2 T if and only if for any X 2 U, there exists a B 2 B containing the element

X such that B U.
Example 3.8 (Basis for R with standard topology). The set of open intervals forms a basis for R.

We can see a union of basis elements forming one longer interval in figure 4.
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Figure 4: Using the basis for R to to make open set.

Example 3.9 (Basis for R" with standard topology). The set of open balls forms a basis for R"

We can see a union of open balls forming an open set in figure 5.

Figure 5: Using the basis for R? to to make open set.

The sets of open balls defined using dp, d2, dq all form a basis for the standard topology on

the set R". Using these open balls we can see that all these metrics induce the same topology on

R"™. We can see this in figure 6.

De nition 3.10 (Topology generated by a Basis). Given a collection B of subsets from a set X,

if B satisfies all of the conditions from definition 3.7, then there is a topology Tg on X defined as

follows C

D)

B jAisanyindexsetand B 2B forall 2A
2A

Tg =



Figure 6: Open balls in dy-metric are open in di-metric and open balls in d;-metric are open in
do-metric.

Tg is called the topology generated by B and B is a basis for Tg.

3.1 Generating New Topologies from Old

We describe three constructions to define new topologies from given topological spaces - subspace

topology, product topology, and quotient topology.

De nition 3.11 (Subspace Topology). Given a topological space X and a subset A X, we can
define a topology on A such that for any V.= A, V is open in A if and only if there exists U X

such that V. = U \ A. This is called the subspace topology on A.

Figure 7 shows an example of a subspace of R?.

Figure 7: Area enclosed by red dotted line: Open set in X. Area filled in red: Open set in subspace
A X

10



Example 3.12. Z R with the subspace topology is the same as giving Z the discrete topology.

Example 3.13 (A point cloud X R"). Given a point cloud X R", we can give X the subspace
topology induced from R". Seeing that X is a nite set, for any x 2 X, there exists an > 0 such
that B(x; ) \ fxg = fxg, and so fxg is open in the subspace X by the de nition of the subspace

topology. Notice this gives our point cloud X the discrete topology.
Example 3.14 ( The n-sphere S™). Consider the set
S™ = (X1, X2; 5 Xnw1) 2R X2 433 i+ X3, = 1g

We can give S™ R"*1 the subspace topology by intersecting open balls from R™*1 with S". For
example, open balls with small radii from R? intersect with S and give us \open arcs™ as open sets

for our subspace S'. See gure 8.

v

Figure 8: S! as a subspace of R?

Given sets X and Y, we can take the Cartesian product

X Y =Ff(xy)jx2X andy22Yg;

but what if X and Y are topological spaces? How do we define the topology on X Y using the

topologies from X and Y ?

De nition 3.15 (Product Topology). We will define the product topology on the set X Y as

11



the topology generated by the basis
fU V jU openin X and V openin Yg

Example 3.16 (R"). Consider R with the standard topology induced by the metric
dixy) =jx j:

We can take the Cartesian product R R = R?, and we see that that the basis for our product is
the collection of open balls under the d4 and hence a basis for the standard topology on R2. By

induction the standard topology on R" can be induced by taking the product R" ! R.

Theorem 3.17. Suppose we have subsets A X and B Y, then the subspace topology for
A B X Y isthe same as the product topology on A B, with the subspace topology on A and
B.

Example 3.18 (Torus). Consider the set S! with the subspace topology induced from R? with the

standard topology. We can generate a torus by taking the product S S!. See gure 9.

) ‘ L
—

Figure 9: Torus as a product. Note: the torus is also a subspace of R%.

De nition 3.19 (Quotient Space). Given a topological space and an equivalence relation  on
X and [X] = X= | the set of equivalence classes, and a function q : X ¥ [X] defined as
q(x) = [x] 2 [X]. We can define a topology on [X] as follows:

For any subset U [X], U is open in [X] if q *(U) is open X.

12



This is called a quotient topology and ( is called a quotient map.

We can capture the idea of gluing using quotient spaces. When we have two different elements
X and Y related to each other under the equivalence relation which we are quotienting with, we can
think of this as gluing X and y together. We will want to show later that the result of our gluing

process results in familiar spaces.

3.2 Continuous Functions

De nition 3.20 (Continuous Functions). We want functions which preserve the topological struc-

ture of a space. Given a function

f: (X;Tl) L (Y;Tz)

between topological spaces, we will say T is is continuous if and only if for any open set U in Y,

f 1(U) is open in X.

For example, all of the functions f : R" ¥ R™ which are continuous with the epsilon delta

definition of continuity from calculus is continuous under the standard topology.

Example 3.21. Let X be a topological space. Consider a subspace A X. The inclusion function

i: AT X is continuous.

Example 3.22. Consider the product space X1 X, where X3 and X, are topological spaces. The

function p; : X3 X ¥ X; with i 2 f1;2g and de ned by p(x1;X2) = X; is continuous.
Example 3.23. The gquotient map g : X ¥ [X] is continuous where [X] has the quotient topology.

After gluing elements together, in order to show our resulting quotient space actually resembles
a more familiar space, we have to show that our quotient space is “the same” as our desired familiar

space. We capture this sameness with the following definition:

De nition 3.24 (Homeomorphism). Given a function

f: (X;Tl) L (Y;Tz)

between topological spaces, we will say T is a homeomorphism if and only if f is a continuous

bijection with a continuous inverse.

13



Example 3.25 (Gluing the ends of a String Together). The circle S is homeomorphic to an

interval with ends identi ed. See gure 10.

Given the unit interval I = [0; 1], consider the equivalence relation = where X Yy if and only
if x =y or x;y 2 ¥0; 1g. This is like gluing 0 and 1 together to get a loop. It turns out we can find

a homeomorphism between 1= and S' R2. Namely, f : [I] ¥ S? defined with

f([x]) = (cos(2 x);sin(2 X))

— O 6 @

Figure 10: Circle.

We can take the unit square [0;1] [0;1] and glue its edges in different ways to get different
quotient spaces. We can use pictures to capture the idea of gluing. Arrows drawn on the edges of
the square tell us how to glue. We want in our finished product after gluing to have arrows of the

same type overlapping each other.

Example 3.26. Torus; Gluing ends of a tube together. Torus is homeomorphic to a quotient space

of a square with its sides glued together . See gure 11.

T B

Figure 11: Torus as an identification on a square.

0y &2

Example 3.27 (Mobius Band). See gure 12.

14



N L

Figure 12: A Mobius band

3.3 Topological Properties

De nition 3.28 (Topological Invariant under Homeomorphism). Given topological spaces X and
Y, a property of a space X is said to be a topological property if whenever Y is homeomorphic to

X, then the space Y also has the property.

De nition 3.29 (Path). Given a space X, a path in X is a continuous function

:[0;1] ¥ X
De nition 3.30 (Path-Connected). Given a space X, we will say X is path connected if and only
if for any Xo; X1 2 X, there is a path  : [0;1] ¥ X with (0) = X and (1) = X3.

For example, R" is path connected; there is a straight line path between any two points. See

figure 13 for more examples.

Theorem 3.31. Given two path-connected spaces X and Y, the product X Y is also path-

connected.

Theorem 3.32. Given a path-connected space X and a continuous function f : X ¥ Y, then the

image of X in Y, f(Y), is path-connected.
Now we have the result:
Theorem 3.33. Path-connectedness is a topologcal invariant under homeomorphism.

15



Figure 13: Left: R is path connected. Center: A path connected subset of RZ. Right: S? is path
connected.

3.4 Homotopy

Homeomorphism is one type of equivalence of topological spaces - in many instances we need a
weaker type of equivalence where we allow deformation without changing the intrinsic topological

nature. This is called homotopy equivalence.

De nition 3.34 (Homotopic Functions). Given continuous functions ¥ : X ¥ Y andg: X ¥Y,

a homotopy H between f and g is a continuous function

H:[0;1] X 1Y

where H(0;X) = f(X) and H(1; X) = g(X).
If there exists a homotopy between f and g, we will say f and g are homotopic, and we will

write T 7 Q.

De nition 3.35 (Homotopy Equivalence). Given topological spaces X and Y , we will say X and Y
are homotopy equivalent if and only if there exists continuous functions f : X ¥ Y andg:Y ¥ X
such that ¢ f ” Idx and ¥ g ” ldy. If two topological spaces X;Y are homotopy equivalent,

we will write X 7 Y.

Example 3.36 (R" and a point). Consider R" and a point p 2 R". Consider f : R™ ¥ fpg and
g:fpg ¥ R". with f(x) =p for all x2R" and g(x) =p 2 R™

16



Then we have the homotopy Hy : R"™ [0;1] ¥ R™ with

Hi(x;t) =g F(X)(1 t)+ ldgnt

and the homotopy Hi : fpg [0;1] ¥ fpg with

Hao(x;t) =F g(X)(1 t) + Idgpgt

This means we have g f(x) ” Idrn and f g ” ldgpg. This means that R" and a point are

homotopy equivalent.

De nition 3.37 (Contractible). If a topological space X is homotopy equivalent to the one point

space Tpg, we say X is contractible.

Any convex subset of R" is contractible. For example, open balls and closed balls in R". See

figure 14.

Example 3.38 (A disk and a point).

PEQ
k v /&1/\\
I~ l |—Sec—)
\ N/ \\/’l//
\ > ) -

N \”p— y,

Figure 14: Disk deforming to a point.

Example 3.39 (R? f0g and S'). See gure 15.






