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Asymptotic Analysis of Gaussian Integrals, I1:
Manifold of Minimum Points
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Abstract. This paper derives the asymptotic expansions of a wide class of
Gaussian function space integrals under the assumption that the minimum
points of the action form a nondegenerate manifold. Such integrals play an
important role in recent physics. This paper also proves limit theorems for
related probability measures, analogous to the classical law of large numbers
and central limit theorem.

1. Introduction

In the last few years, theoretical physicists have developed beautiful new ideas
for the asymptotic analysis of Gaussian function space integrals [ Coleman; Sect.
2], [Wiegel]. In this analysis one is confronted by the “zero mode problem”. The
object of this paper is to provide the mathematical framework for handling this
problem. In particular, we present the complete asymptotic expansions of a
class of Gaussian integrals on a Hilbert space, for which the minimum points of
the action form a nondegenerate manifold. In addition, we prove limit theorems
for related probability measures, analogous to the classical law of large numbers
and central limit theorem.

To describe our problem, let P, denote a mean zero Gaussian probability
measure with covariance operator 4 on a real separable Hilbert space s#. We
write the inner product of # as { —, — >. We wish to describe the asymptotics
of

J, = [W(Y//n)exp(— nF(Y/s/n))dP (Y), asn— co. (1.1)

For simplicity we assume that y/, F are smooth functionals (smooth will always
mean C®), with i bounded and F satisfying

F(Y)z —b| Y| = cforsome0 b <1/2|A]), c20. (12)
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These conditions assure that the integral in (1.1) exists. The covariance operator

A is trace class. We also assume that A is strictly positive. In Sect. 6, we extend

our results to the Banach space C[0,1], which is important in applications.
Formally, J, can be written as

fw(Y//n)exp(— nF(Y//n)— (A~1Y, Y )/2)dY

= [W(Y/\/m)exp(—nG(Y //n))dY, (1.3)

where G(Y) =< A~'Y,Y>/2+ F(Y) is called the (BEuclidean) action. In (1.3) dY
is the purely formal translation invariant measure on . Nevertheless, (1.3)
will serve as a useful guide to our intuition.

Let x be a minimum point for G, so that G(x) = igf G. This implies that

G'(x)=0, G"x)=0, (1.4)

where G'(x), G"(x) are respectively the element of s and the linear operator on 5#
defined by the first and second Frechet derivatives of G at x. (See Sect. 2 for details.)
We can then write, for Y near 0,

Glx+ Y)= G(x)+ (1/2)< G"(x)Y, Y ) + error term. (1.5

If G"(x) > 0, then insertion of (1.5) in (1.3) indicates that we can expand around
a new Gaussian measure, with covariance operator (G”(x))~ *. This we have carried
out in detail in [Ellis—Rosen (1)], which generalizes earlier work of [Schilder ]
and [Pincus].

In the present paper, we assume that the set of minimum points of G forms
a smooth submanifold M of #. In this case, differentiating the first equation in
(1.4) shows that for any xe M,

G"(x)v=0forallveM,

where M_ denotes the tangent space to M at x. This degeneracy of G"(x) is the
“zero mode problem.” We note that M is a compact subset of # (see Lemma 1
(a) in Sect. 2).

The best we can hope for is

G'(x)>0 onN,, (1.6)

where N = (M )" is the normal space to M at x. We call M nondegenerate if
(1.6) holds for all xe M.

Throughout this paper we assume that M is a smooth nondegenerate sub-
manifold of s#. However, the ideas presented here together with those of [Ellis—
Rosen (1) ] enable one to handle many cases of degenerate M.

To state our main theorems, we introduce some notation. If V is a subspace
of #, n, will denote orthogonal projection onto V. If L is a linear operator on
#,then L,, IV denote the linear operators on V

L,=n,Lmn,,
L,=(m,L 'm,)" . (L.7)

For each specific L, we will have to verify that L,,, L are well defined.
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The geometry of M enters through the Weingarten map W, . For each
xeM, ze N, W, , is the linear transformation of M, defined by

(W, 0> =Dz, u,vEM,. (1.8)

Here D, is the directional derivative at x, in the direction u, of any tangent vector
field 5 on M with d(x) = v [ Spivak, Vol. IV, p.49].

Theorem 1 is stated in great generality. A simple special case which should
look familiar to physicists is described in (1.18). The main ideas behind Theorem
1 are explained in Sect. 3 before the proof of the theorem.

Theorem 1. Let M, the set of minimum points of G, be a smooth, nondegenerate
submanifold of #. Then dim(M) < o and €"%"J has the asymptotic expansion (see
Explanation below)

enG*J”Nndim(M)/z J’{ I Yix +Z/\/7_l)IM(x, Z/\/l;)
M UNy

-exp( — nF,(x, z/5/n))dPy, (z)} c(x)dV,,(x) asn—co,

(1.9)
Wwhere G* = m}ifn G,
I,(x,2) =det{I - W, _}, (1.10)
Fy(x,2) = F(x + z) — F(x)— {F'(x), z) — {<F"(X)z, 2 /2, (1.11)
B(x) = (G"(x)y )~ L is the covariance operator of Py (1.12)
c(x) = [det(2nA,, )det(I + AM(F"(x)y ))] ™', (1.13)

and dV,, is the volume-element of M induced by # [Spivak, Vol. I, p. 423]. The
highest order term is n®™™/2 [ (x)c(x)dV,,(x).

Explanation. The smoothness%f ¥, 1,,(x,),and F implies that for each xe M, ze N,
the integrand on the right-hand side of (1.9) has an asymptotic expansion of the
form

nmD2y,(x 4 7/ \/;I)I w2/ \/ﬁ)exp( —nFy(x, z/ \/’;))
~ plimd)/2 Z aj(x’ Z)n—jlz asn— o0,
jz0
where the {a/(x,z)} are functionals. Then (1.9) means that exp (#G*)J, has the
asymptotic expansion

"% J ~ pdimni2 Y [ [} { §ajx, z)dPB(x)(z)}c(x)dVM(x):ln‘j’ 2 asn— 0.
jzolLm LN,
For j odd, aj(x, z) turns out to be an odd function of z. Since Py iS mean zero,
only integral powers of n~1 appear in the last sum. Thus, (1.9) has the form
n®mM2 %" I =, where the {I';} are functionals.
Jjz0
Remarks. (i) W, , is related to the second fundamental form of M; see [Spivak,






