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Abstract

Given an IR%valued supercritical branching Wiener process, let
(A, T) be the number of particles in A C IR? at time T, (T =
0,1,2,...). We provide a complete asymptotic expansion of (A, T)
as T'— oo, generalizing the work of X. Chen ([2]).

1 Introduction

Consider the following model in R? (with d > 1):

(i) a particle starts from the origin in IR? and executes a Wiener process
W(t) € IRY,

(ii) arriving at time ¢ = 1 at the new location W (1), it dies,
(iii) at death it is replaced by Y offspring where
P{Y=(}=p, ((=0,1,2,..)

oo
1<Z€pg:m<oo,
=0

0<> ({—=m)’p =0 <0,
=0
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(iv) each offspring, starting from where its ancestor dies, executes a Wiener
process (from its starting point) and repeats the above given steps
and so on. All Wiener processes and offspring-numbers are assumed
independent of each other.

Let

1 if z € IR? is occupied by a particle at time ¢,
0 otherwise.

Mz, t) = {

We write
A1) = Y Aw,1),
€A
which stands for the number of particles at time ¢ located at A C R?. In
particular, ¥ (IR?t) is the total number of particles alive at time t.
Since the branching is supercritical, it is well-known (Athreya and Ney
(1], p. 9) that

(1.1) Ny := lim

exists (and is finite), and that P(Ny > 0) > 0.
The limit properties of 1(A,T), T — oo, were studied by Chen ([2]) who
proved

Theorem A. There exist random variables Ny and Ny (N being ]Rd—valued)
such that for any Borel set A C IR with [, ||z||?dx < oo, we have, almost
surely when T — oo,

ap¥(AT) b 2 on -1
(27T p Ny Ad:z: 5T A(NOH:UH 2Ny - x4+ No)dx + o(T77).
This result plays an important role in Révész ([5]) in the study of the
concentration of particles in the branching process.
The goal of this paper is to provide a complete asymptotic expansion for
Y(A,T)/m" as T — oo. Let us first introduce some notation.

If o = (ag,...,aq) € Z% and @ = (21,...,24) € R? we use the notation
lal =a; + - +ag, o =114, o4, 2% =1L, 25 and
(1.2) M, (A) :/xo‘dx.
A

If also 8 € Z¢ we will write 8 < « to mean that 8; < q; for all 4, and if
0 < a we set

()-1(5)

Here is the main result of the paper:



Theorem 1.1 There exist random variables (No, o € Z%) such that for any
k > 1 and any bounded Borel set A C IR?, when T — oo,

)d/2 'QZ)(A T)

m

(1.4) (2

k

5 5 () o, o

n=0 la|=n ﬁ<2a

Remark 1.2 The random variables (N,, o € Z%) are described in the proof
of Theorem 1.1. They are limits of explicit martingales related to the branch-
ing Wiener process.

Although the distributions of the random variables (N,, « € Z) are not
known, Theorem 1.1 can nevertheless be used to make predictions to any
degree of accuracy.

To see this, choose an integer k and disjoint sets (A, C R?, |a| < k).
Consider (1.4) for each A,. Then we have a linear system of equations with
the unknowns Nj,_g. One can solve this system of equations if the corre-
sponding determinant is not equal to 0. It is easy to see that we can choose
the sets A, such that the determinant is not 0 for any 7' (T' = 1,2,...). Ob-
serve the number of particles of a branching Wiener process which are located
in the above given sets (A,, |a| < k) at time Ty. Having these observations
one can evaluate the actual values of the random variables (N, |a| < k)
with an error term o(T, *). Having these values one can use Theorem 1.1 to
get the values of the process (2nT)%?y (A, T)/m” for any A C IR, T > T,
with an error term o(Ty ¥).

The proof of Theorem 1.1 is presented in Section 2. In Section 3 we show
that if the offspring distribution Y has p moments for some even integer
p then the martingales described in Remark 1.2 converge to the random
variables (N,, a € Z¢) in L?.

2 The proof

We start with a preliminary result concerning the transition kernel of the

Wiener process. Let
@ () — L _ =
Yz ((13) - (Qﬂt)d/Q exp ( it .

Define the Hermite polynomials by
[n/2] I _NJ
n! t :
2.1 H,(xz,t) = E — (=) 2.
(2.1) () j!(n—2j)!<2) !

J=0
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Lemma 2.1 For any 0 <t <T and any x € IR,

(2.2) i, (z) = (25)1/2 g% (;Z;i!_nHzn(x,t).

Proof. Let us recall the Hermite polynomials:

2 d"

Ho(z) = (=1)"€" %(eﬁ)
(2.3) = nl nZ/ZJ (1) (22)"% r e IR
' = Jln - 2j)! ’ ’
so that
(2.4) Ho(z,t) = (t/2)"2H, (\/%) ., z€R, t>0.

We use the following identity, see for example Lebedev ([3], p. 75): for
any a >0 and y € IR,

[e's) n 2n
_a2y2 . (—1) a
T =3 it )

Taking y = x/v/2t € IR' and a = \/t/(T — t), and multiplying both sides by

(27 (T —t))~/2, we readily get (2.2). %
If o= (ai,...,aq) € Z4 and z = (21,...,24) € R? we use the notation
d
(2.5) Ho(z,t) = [[ Hai (s, t).

Lemma 2.2 For any 0 <t < T and any (x,y) € IR? x IR,

(2.6) pg?lt(x):(%;)mg(—;) }: L ol 1),
and
27) Pz —y)
1L & (=D
“ g a S 2 () o



Proof. Since for x = (x4, ...,14) € IR?

(2.8) p?(z) = H p (),

(2.6) follows from (2.2). To obtain (2.7) we use the fact that

(2.9) Ho(x +y,1) i(") i B (

j=0 \J

For this we recall that (Lebedev [3], p. 60)

(2.10) nﬁ; f; H,(z) = 2

so that .

(2.11) Z ‘i' _ psu—is?/2

Then

(2.12) i ‘;T:Hn<x oy t) = os(@ty)—ts?/2
— n!

oo Lk,..k oo

— 5Ty~ ts? /2 __ Z S]:'; Z

and comparing powers of s™ proves (2.9).

%

Now we turn to the study of the branching Wiener process. Clearly, for

any 7> 1 and A C IR,

E(Y(A,T)| F(T m/z:p1 —x)\y, T — 1)dxz,

(as usual, F(t) denoting the o-algebra induced by the branching process until

time t). A simple argument by induction yields that for all 0 < t < T,

213 BEAT)|F@) =m' [ S - o\

It turns out that ¢(A,T) is quite close to its conditional expectation, as is

confirmed by the following results.



Fact 2.3 (Révész [4], (6.16)) Fiz v € (0,1) and let t = |T7|. Let A C IR?
be a bounded Borel set. Let ¢ > 0. We have, almost surely for T — oo,

(2.14) ¢(:;;T) - Tit /,4 S0y — o)Ay, t)dx = o (m /@49

Fact 2.4 (Révész [4], (6.11)) There exists a constant C' = C(m,d) > 0 such
that for all 1 <t <T,

27—t

(215 E ( > A7) - EN,T) |f<t>]}2) <Co—pam

yelRd

Lemma 2.5 Let € > 0. Almost surely for all large t, we have \(y,t) = 0
whenever |Jy|| > 1<,

Proof. This follows from the usual estimate for the tail of the Wiener process,
the Borel-Cantelli lemma, and (1.1). O

Lemma 2.6 Let o € Zd, and let

(2.16) Va(t) =D Ha(y, t)A(y,1).
y
Then, (= Va(t), t > 0) is a martingale and
N, = lim Va(t)
t—o0 mt

exists and is finite almost surely.

Proof. We start by proving the martingale property. Recall that 1 (IR¢,t)
stands for the total number of particles at time ¢. Thus, by numbering these
particles and considering them all starting from time ¢ = 0 (many of them
share common paths, at least partially), we can write >, Ho(y,t)A(y,t) =

ZwlR D H (WO(t), 1), where (W®, i > 1) is a sequence of R%-valued
Wiener processes (they are not independent). Conditioning on F(t — 1)
and on (IR?,t), we have

(M%)H (WO @), )| F(t—1), w(le,t))

Y(IR7 1) ,
- Z Ha(W(l)(t_1)7t_1)
i=1
Y(Rt—1) '
= Y Y Ho WO 1)t - 1),



the last identity following from the fact that many particles at time ¢ come
from the same ancestor at time ¢ — 1, with Y;, ; denoting the number of
offspring from the i-th particle at time ¢t — 1.

Integrating on both sides gives that

PY(R 1)
(2.17) ( Z H,( ), 1) | F(t - 1))

YR t—1) '
= Z E<Y)Ha<W(l)(t - 1)7t - 1)

P(Rt—1)
= m Z H, (WOt —1),t - 1),

proving that ¢ — -1V, () is a martingale.
We now show that (= V,(t), t > 0) converges to a finite limit almost
surely. With the above notation we first write

$(R7,t) YR t—1) Vi 41
(218) Va(t) = > Ha(WO(t),t) = S H (W™ (1), 1)
1=1 =1 m=1

where W™ (t) is the m-th child of the [-th particle which dies at time ¢ — 1.
Then we can write

P(IR,t—1)
(2.19) Vi () =
1

Yii-1
> Ha (W™ (). 1)
m=1

=

Y(RYE-1) Vi

>o Ha(WE™ (), ) Ho(WE (8), 1)
m#n, m,n=1

YR

>0 D Ha(WO™ (), ) Ho (WU (8), 1)

1 m=1 n=1

t—
Z

dt—1)Yie—1 Yie—1
>

J=

i#7, 0

Therefore

(2.20) B (Va(®)? | F(t—1), o(R" 1))
(R t—1)
= Y Y E(H(WEV@),0)|F - 1)

P(IR,t—1)
+ Z (Y;,Qtfl — Y 1)H (W( )(t —1),t—1)
i=1
P(IR,t—1) ' .
+ > Y Y Ho (WOt — 1), ¢ — DH (WOt —1),t —1).

i, 4,5=1



+ m?H, (WOt —1),t — DVH,(WY(t —1),t—1).
i#7,4,j=1
PR t—1)
= Y [mE(HWO0),0|F(E-1))
=1

+(o? = m)HZ(WO(t = 1), = 1)] + m?Va(t — 1)
Recall that E(yp (IRt — 1)) = m'~! (Athreya and Ney [1], p. 9). It is
easy to see using (2.11) that E (HO%(W(I)(t), t)) = oltl*l. Hence
(2.22) E(Va(t)?)
=m!tal(mt + (0 — m)(t — 1)) + m’E (Va(t — 1)?)
=m'lal(m(t = (t = D) + o>t = D) + m’E (Va(t - 1)%).
This gives us that

(2.23) 0<E (Va(t)2 _ Valt= 1)2> <M

m2t m2(t—1) mt”

Hence, using the fact that V,,(t)/m' is a martingale we have that

(G- < Se(C -
28 - S e[ty ey
T tlal/2
< c; m < 00,
so that
(2.25) i V;ff) - V“Stfll) 00,  as.

This shows that (-1 V,(t), t > 0) converges to a finite limit almost surely.{



Remark 2.7 Note that by induction from (2.22)

(2:26) E (Va()*) = m''al(0? Z mtI el m Z m' (11— (j — 1))
and therefore
(2.27)  E(N2) :mla!(azim J jlel —i—mZm (jloT — (5 = 1)lely).

Lemma 2.8 Let a € Zi, and let V,,, N, be as in Lemma 2.6. Then for any
e > 0, we have that almost surely as t — oo,

Va(t)

mt

(2.28) = No+ o (m )

Proof. We claim that

(2.29) Va(’f) —E (Va(tg) |f(t)) +o0 (m—t/@“‘f)) . as.

2
mt mt

To see this, we first observe that by Fact 2.4, Chebyshev’s inequality and
the Borel-Cantelli lemma that almost surely for t — oo,

My, t*) — E ( (y,t%) | F(t )‘ =0 (mt2_t/<2+€)) .

max
yeR?

Assembling this estimate with (2.16) and Lemma 2.5, together with the fact
that supy,<pave Ha(y, 1) < ct?39l0l we get (2.29).

Since E(%f;) | F(t)) = Va(t) (by Lemma 2.6), it follows from (2.29) that

Va(t?)  Val(t) O(mft/(2+26))

a.s.
2
mt

As a consequence,

Vot V(¥
(2.30) Z (2]+1 ) _ Vol - )) = 0 (m’t/(HQS)) : a.s.
— t th
This proves our lemma, since € > 0 is arbitrary. &

We have now all the ingredients to prove Theorem 1.1.



Proof of Theorem 1.1. Fix k > 1. F1X 0<y< (k+1), and let ¢t = |T7]. Let

e > 0 be such that (14 ¢)y < 2(k+1 We will show that, almost surely for
T — o0,

LT DR o 109107, (4) V2est)
mT (27T)4/2 nZ: AL (}2 Bg;a ( ) Ms(4) mt
(2.31) +o (T*(k+d/2 ) +0 ( —t/( 2+e)) 7

where V5,5 is defined in (2.16). Our Theorem will then follow from Lemma
2.8.
By Fact 2.3, we have, almost surely for T' — oo,

YAT) 1 (@) —t/(24e
e WA%:pT_t(y—w)A(y,t)dw+0(m e

On the other hand we can write

(2.32) (2#T)d/2p§fllt(y —z) = (1—t1/T)d/2 exp (—M) = f(z,t,z,y),

where z = 1/T and

(2.33) flztm,y) = U_iz)d/z P <_W>

is a C*° function of z near z = 0 as long as tz < 1. If we expand f(z,t,x,y)
in a finite Taylor series in z around z = 0, it is clear that we can bound the
remainder Ry, 1(2,t,z,y) of order k + 1 by a polynomial in ||y — z|| of order
at most 2(k + 1).

According to Lemma 2.5, almost surely for all large T', A(y,t) = 0 as
long as ||y|| > T+, Together with (1.1) which implies that the number of
points y with A(y,t) # 0 is bounded by c¢m! and the fact that A is bounded
we have

1
(2.34) s /A S Rt (Tt 2, y) My, t)de < A+t — (),
y

By inspection of Lemma 2.2, the first k£ terms in the Taylor series for
f(z,t,x,y) give rise to the the first line of (2.31), completing the proof of
that formula and hence of our Theorem. &

10



3 LP convergence

In this section we show that if the offspring distribution Y has p moments
for some even integer p then V‘*( ) converges in LP.
Introduce the notation

— n

Zil,...,ijzl = )

i1t =1
i1 im, Vim

for summation over non-repeated indices. Let Z; = ¢(IR% 1), F,.;(t) =
H,(W®(t),t) and

—Z

(3.1) Ua,...atm (£) = Z“, sip=1 ) H o, (

The following Lemma will play an important role in showing that V;—@

converges in L.

Lemma 3.1 Let k be an integer with E(|Y|*) < co. Then for any o™, ... o®
we can find ¢, 3 < oo independent of t such that

(3.2) ‘E (Ua(l)w.’a(k) (t))’ < ctPm™

Proof of Lemma 3.1. We will prove this Lemma by induction on k. The case
of k = 1 1is trivial. Assume that we have proven this Lemma for all £k < p—1.
We can write

(3-3) Ua<1),_,_,a<p)(t) = Zlh ,zp_l H F . lh
P =% Yip t—1
- ];1 Z’il,--.,ikZI N Z H Z]s—l VsEAp, H a(m). $ihsdm )
= 1U-UA,=[1,p] h=1 meAp

where the sum -4, ..ua, =1 p) Tuns over all partitions of [1 [ ,pl ={1,...,p} by
k non-empty sets Ay, ..., Ay and F,.;,,(t) = H,(WE™(#),t). Introducing
the falling factorial notation (x)r = z(x —1)---(z — k 4+ 1)) we have that

k[ —Vi, 11
(3.4) E (H (ZjS}LVSEAh H Fa(m)ﬂh:jm(t)) ‘f(t B 1))
meAy



.....

ZXPIZiI =1 > ﬁE(( |A;\) II Foomis,(t—1)

.....

k=1 AU UAE=[1,p] h=1 meAp,
=mPU,0) 4w (t — 1)

-----

Y Y HE(0)w) I Faal— 1)

k=1 A1U--UAR=[1,p] h=1 meAy,

Note that by (2.11)

(3.) S (1) 30 S Hy (1) = €7 e,
n=0 n! m=0 m!

_ 2
_ €(r+s)x t(r+s) /26trs

B SLALTS

|
=0 J: k=0

B

o il(y —a)! = K

k!

Equating coefficients of r"s™ we find that

(3.7) Hylw,t)Ho(a,1) = ”‘m‘mzm Zw k)!l(m k)|

Hn+mf2k(x7 t)
Using this to reduce products of Hermite functions to sums we find that

..........

J=180) .. 3G
where > 51 g0) is a finite Sum over S, ... 3Y) such that Z{Zl |5(l)| <
S |a®W| and the c(a; p; BV, ..., BY):t) are polynomials in . Hence by our

1nduct10n hypothesis

(3.9 E (Uam a® (t)) =m"E (Uau) ot (t — 1)) + Row,.. aw (1)

7777777777777

.....

[terating this completes the proof of our Lemma for k = p. &
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Proposition 3.2 Let p be an even integer with E(|Y|P) < co. Then V;jl—(f)
converges in LP.

Proof of Proposition 3.2. Note that because of the presence of the polynomial
factor t% in (3.2) we cannot simply use Lemma 3.1 to show that V;—@ is
bounded uniformly in LP. Rather, we will show that for some ¢, < oo
independent of ¢

(3.10) IE ({V(t) — mVia(t — D)| < etPmt@D,
Then
- ‘E ( {v;ff) A }>

and therefore (it is here that we need p even)

< ctPm

| Valt)  Va(t—1 >
(3.12) > ) _ (t_l ) <c) tAlPm =P < o
t=1 m » t=1

which will complete the proof of the proposition.

The basic idea of the proof of (3.10) is that the subtraction eliminates
the highest order term in the expectation leaving only sums of terms of the
form Uya) o0 (t) with £ <p— 1.

.....

We now prove (3.10). We have that

(3.13) E(

—

Valt) = mValt = DY)
(3) vt (vt - )

M=

k

Il
=)

I
ol
1
(e}

(Z) (—VFm*E (B (V2 )| £t - 1) VEE - 1))

By (2.18) we have

Zi—1 Y4
(3.14) Foimlt

=1 m=

s

—

where F,.; . (t) = Ho(WE™(#),t). Thus

(3.15) V7

------



yeeeybn—

.....

+HZI/ZVIZt 1 > (lh_T_l_ | lj) ﬁ (YZ Fa;ih,r(t))lh

l1+"'+l]‘:n h=1 \ r=1
and
Yi, t—1 ln
(3.16) ( Fo.i, (t))
r=1
zh t—1 as
Z Zfrl ,,,,, re=1 Z H Fa 3 Ths rf
s=1 gt =ty N0 4
Thus

am o((5 ) fres

ln

DILTCSRIND S R B EICACIE ]

s=1 Q1 Fqs=ln

Using (3.7) to reduce products of Hermite functions to sums we find that
by (3.15)-(3.17) we can write, with ¥ =a,i=1,...,n

(3.18) E (VI ()| F(t = 1)) = m"Upa,._atn (t = 1)

.....

n—1
3> oy BV, B Uy g (E— 1)
j=1 ) 36)
where Y 50) g0 is a finite sum and the c(a; n; 8 B9 1) are polyno-
mials in ¢.

We next observe that

(3.19) V(t — 1) (ZEFM )
- zn:iit 1 i;=1 Z <lla nj[]) H Fulv}:zh@ - 1)

.....

li+-Flj=n h=1
= Uy, am(t —1)
n—1l—z_, n J L
+Zzzl ..... ij Z l L HFa;i;L<t_1)
ll+"'+lj_n Lot/ p=1



am (t —1)

n—1
+3 Y dles iy, AU e (= 1)

J=1 1) ()

= Ua

.....

-----

where we have again used (3.7) to reduce products of Hermite functions to
sums, and the d(a; n; 7Y, ..., 7y);t) are polynomials in ¢.
Similarly

(3.20) Uﬁu) /@(j)(t — 1)U M), k) (t — 1)

----------

...........

Jt+k—1

+ 3 > By MU e (= 1)

m=1 C(l) (m)

,,,,,

where we have abreviated 3 = (81, ..., 59), v = (1), ... ),
Combining (3.18)-(3.20) we have that for each k£ < p

(3.21) m'E (V2R | F e - 1) VEE - 1)
= mpUa(l) a(p)(t — 1)

-----

+3 Y flay gy, AU e (= 1)

.....

where the f(a; n;y™M, ..., 74);t) are polynomials in ¢. Substituting back
into (3.13) and using the fact that >7_, (i)(—l)k = 0 we find that the
mPU,1) o (t —1)’s cancel, and we can write

-----

—mV,(t—=1)})

)
= > glasmy @, ADHE (U ot — 1))

.....

where the g(a; n; ¥, ..., 4;¢) are polynomials in ¢. (3.2) then completes
the proof of (3.10) and hence of our Proposition. o

Remark 3.3 Note that by Proposition 3.2 we have that || V;‘I—(f) ||, is bounded

uniformly in ¢, so that
(3.23) [Va@ll, < emt.

15



Arguing as before, any U, o0 (t), where oV, ... a® are now arbitrary,
can be written as

p
(3.24) Uy (t) = [ Vaw (t) + terms of ‘lower order’
i=1

and thus using (3.23), Holder’s inequality and (3.2) for £ < p — 1 we can
refine (3.2) and find ¢, § < 0o independent of ¢ such that

(3.25) E Uy, atn (1))] < em.

(Here we require that Y have r momnets for some even r > p).
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