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Abstract. We study the Brownian functional

ax,B) = [ [ 5 (W, — W,)dsdt,

where W, is a Brownian path in two or three dimensions. For B off the diagonal
we identify a(x, B) with a local time, and establish the Holder continuity of a(x, B)
in both x and B.

1. Introduction

A classical theorem of Dvoretzky, Erdos and Kakutani [1950] states that a
Brownian path W, will intersect itself in both two and three dimensions. This fact is
at the heart of Symanzik’s approach to Euclidean quantum field theory [1969]
where the key role is played by the purely formal expression

hh
§§8.(W, — W,dsdt. (1.1)
00

Here 6, is the Dirac delta function concentrated at x. When x =0, (1.1) is meant as a
measure of the amount of time ¢, 0 < t < h, spent by the path in intersecting itself.
This expression also appears in the study of polymers, see Edwards [1965] and
Westwater. In this paper we employ the general perspective of the theory of local
times to analyze (1.1). For an excellent overview of local times, together with
extensive references, we refer to the survey paper of Geman and Horowitz [1980].

The only general method for studying local times of Gaussian processes involves
local non-determinism (LND), a concept introduced by Berman [1973], and
generalized by Pitt [1978] and Cuzick. Since the process underlying (1.1) does not
appear to be locally nondeterministic, we are forced to develop a new approach. We
refer the reader to Rosen [1981], and Geman, Horowitz and Rosen [1981], where

* Partially supported by NSF-MCS-80-02940



328 J. Rosen

the local time of other processes are studied without using LND. In the latter paper
we also discuss the question of the general role of LND.

Let us begin with the general definition of local time. If X :RY — R“ is a Borel
function, then for each Borel set B = R we can define the occupation measure y,; on
R¢ by

Hp(A) = Ay(X ™ H(A) N B). (1.2)

Here /A is Lebesgue measure on RY. If u, < A, we say that X has a local time on B,
and define the local time on B, a(x, B), by

du
B 1.3
a(x, B) = i, —2(x). (1.3)
Of course, this only defines a(x, B) a.e. d1,(x). Intuitively, we think of a(x, B) as the
amount of time in B spent by our function at x. As a consequence of these definitions,

J f(x)ou(x, B)dx = l{f (X(T))dAp(T) (1.4)
Rll

for all bounded Borel functions f. Finally, if X is a random field, i.e. if X = X(T, w),
where wis a point in a probability space (2, dPP), we say that X has a local time on B,
if X(-,w) has a local time on B for almost all w. We usually suppress w in our

formulas.
Now apply this setup to (1.1). Let X:R%2 — R% d =2 or 3, be the random field

defined by
X(T)=W,— W, for T=(s). (1.5)
Here R = {(s,#)|s 2 0,t = 0}. We have

Theorem 1. For any bounded Borel set B< R2, X has a local time on B, and
a(x, B)eL*(R% dA,) a.s.

In particular, with H = [0, h]?, a(x, H)e L*(R% d4,). Formal expressions of the
form (1.1), with x =0, are usually interpreted as

lim Hgk(W Wdsdt = lim | g,(X(T))dT, (1.6)

k=0 00 k= o H

for a sequence of functions g, converging weakly to J. For simplicity we take

d/2
gu(x) = (%) exp( — kx?/2). Using (1.5) we have

lim | g(X(T))dT = hm | a(x, H)gi(x)d 2 (x). (1.7)
k= H k— o Rd
If a(x, H) were continuous at x = 0, this limit would be simply «(0, H). Unfortunately,
ofx, H) cannot be continuous at x =0, and in fact the limit in (1.7) is infinite. As we
now explain, this is related to the fact that the image of a Brownian path in R? or R®
has zero Lebesgue measure (Itd and McKean [1965]) and consequently W, itself
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does not have a local time. Let v, ; be the occupation measure for W on [0, #]. Then
hh )
Ag(u) = jjem'(Wt_WS)det = |V[o,h](”)|2a (1.8)
00

so that fy =0, and the monotone convergence theorem now shows that

lim | a(x, H)g,(x)dA,(x)

k- o0 Rd
= lim (2n)~* | o(x, H)(f e™*e™ > du)d} (x)
k— o0 R4
= lim (27) ™ *{ fip(we ~**/**du = (2m) =4 | i (w)du
k—
= (%0, ,@)|%du, by (1.8). (1.9)

But, since W, does not have a local time, a fortiori v, does not have an L?
density, so that (1.9) is infinite.

When d = 2, Varadhan in an appendix to Symanzik [1969] has described a way
to “renormalize” (1.1). Instead of using (1.6), which we saw gives co, Varadhan shows
that it is possibl?l Eo choose, independently of the path, a sequence of constants

¢, — oo such that { | g (W, — W,)dtds — c,h converges in L*(dP). This “renormalized”
00

version of (1.1) is acceptable for the purposes of quantum field theory.

In this paper we focus on a different, and complementary, aspect of (1.1). We shall
see that the infinite result in (1.6), for both two and three dimensions, stems from the
diagonal 4 in H = [0, h]?. In fact, we will prove that for any bounded Borel set B in
R2(e) = {(s,t)|s,t 2 0,|s — t| = &},& > 0 arbitrary, a(x, B) is a continuous function of
x, and then we find the simple identity [ [J(W,— W)dsdt =u(x,B). (By the

B
continuity of the paths, these results persist for x % 0 even if Bn4 % ¢F.) In our
opinion, given the work of Varadhan, the main obstruction to carrying out
Symanzik’s quantum field theory program is in understanding the behavior of
a(x, B) for B < R? (¢). We present here a detailed analysis of the local behavior of
a(x, B).
Our main theorem is

Theorem 2.  If Bis a bounded Borel set in R (g) for some ¢ > 0, then for any compact
K = R* we can choose a version of a(x, B) such that a.s.

— B
qup 1905 )= 20, BY_
x, yeK [x =yl

forany p<1ifd=2,and any f<1/2 ifd=3.

ee}

Remark. Version refers to the fact, mentioned after (1.3), that a(x, B) can be altered
on sets of measure zero d,(x). We can in addition require that for each fixed x, a(x, *)
be a finite measure on R2 (g).

In proving Theorem 2 we need the following result which is of interest by itself.
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Lemma 1.  If B is a bounded Borel set in R (¢) for some ¢ > 0, then for any k we can
find a version of a(x, B) with

a(x, B)e LXdP) for all x.

A celebrated theorem of Trotter [1958] says that the local time «(x, [0, 4]) for
(onedimensional) Brownian motion, W,, is a continuous function of (x, h). Our next
theorem is an analogue of this. Let

Qi ={(s0I0Ss<hy, 0St<h,|s—tfzel.

Theorem 3.  We can choose a version of the local time such that, a.s., «(x,Q,, ,,)isa
continuous function of (x,h,,h,).

We next study the behavior of «(x,B) as a function of B< R ().
Theorem 4 will follow easily from our results and the general theory.

Theorem 4. For each compact K < R%, and any p < 1 — d/4, there is a constant c,
and a random variable 6 = 6(w) such that, a.s.,

a(x, B) < c(Apy(B))?, for all xekK,
for any square B < R%(e)[0,h]? of edge length less than d.

With more work we can show

Theorem 5. For each xeR", TeR? (¢) there exist a.s. finite random variables ¢, &
such that a.s.

a(x, B) < c(Ay(B))" ~*(log|log Ay(B)|)"?

Jor any square B = R% () [0, h]? of edge length less than 6, with a corner at T.

Taylor [1966] for d = 2, and Fristedt [1967] for d = 3, have greatly improved on
the above mentioned theorem of Dvoretzky, Erdos and Kakutani by showing that
the (Hausdorff) dimension of the set of double points of a Brownian path is 4 — d.
(Wolpert [1978] has provided an alternate proof for d =2.) Again, our results
together with the general theory will easily yield

Theorem 6.  With probability one,
dim{(s,1),s £ t{|W,=W,} =2 —d/2.
Using Kaufman’s ideas [1969] in the manner explained in Geman, Horowitz
and Rosen [1981], we recover the Taylor—Fristedt result.
Theorem 7. With probability one,
dim{x|x =W,= W, s#t]=4—d.

Finally, let D={x|x=W,=W, sxt} be the set of double points. Using
Theorem 5 and Kaufman [1969] we can show that, e.g. when d = 2, D has non-zero
Hausdorff measure with respect to t2|logt|®*®. It is a conjecture of Taylor [1973]
that D has zero Hausdorff measure with respect to t2|logt|>. We have no conjecture
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as to the correct Hausdorff measure function for D, but will put forward the
conjecture that the correct measure function for {(s,t), st|W,=W,} is that
appearing in Theorem 5: 12”92 (log|logt|)¥2.

2. Proofs of Theorems 1-3, and Lemma 1

Proof of Theorem 1. Let B <=[0,h]? be a Borel set. It suffices to prove that
[E<j I,ﬁB(u)Izdu> < o0. 2.1
R4

From the definition (1.2) of u; we have

fE( f lﬂg(u)lzdu> L CR
Rd R4

= [ [[E(e™*®=XTNGT AT du

RYBB

= [ [[e WAV XD=XTMGTIT 4y (2.2)
RYB B
where as usual V(x)=E(x?) — E*(x). Let T=(t,t,), T =(t3,t,). If = denotes a
permutation of (1,2,3,4), let 4(n) be the set of (t,,t,,5,t,)eR* such that
Loy < a2) < Lrzy < Lnqay- (2.3)
By checking the few possibilities it is easy to verify that
V(u (X(T) = X(T') = |t (taz) = tairy) + (riay = taz)]
for (T, T')eA(n). Changing variables
(t15t2, 835 La) = (taays Laa) = Erryr bnga) = bays by — L)
we see that the integral in (2.2) over (B x B)n A(n) is bounded by
h
[ je"”z”“'z‘””“)ds “ds,du<c [ (14 |ul®) " 2du, (2.4
R40 R4
which is finite for d < 4. In (2.4) we used the bound

1 —e i

h
fe Psds = <ol + [ul?) ™" (2.5)
0 [u]

Thus (2.2) is finite over each (B x B)n 4(r), and there are only a finite number of
permutations.

Proof of Lemma 1. This follows from the arguments used in proving Lemma 1 of
Rosen [1981] and the following lemma which is basic for all our results.

Lemma 2. Let B be a bounded Borel set in R2 (¢) for some ¢ > 0. Then

[ ]—[ u|? exp[—(l/Z)\/( DT X(T’))]deu <o (2.6)

Rdk Bk [ = j=1
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1 ifd=2
for all keZ . and any y<{l/2 1ifd=3'

k k
In Lemma 2, u',...u*eR% T*,...,T*eR? and dT = []dT’, du= [] dv'.
j=1 j=1
Section 3 is devoted to proving this lemma.

Proof of Theorems 2 and 3. Using Lemmas 1 and 2 we can show that for any x and y
k
IE([OC(X, B) - a(y, )] )_ 27'6) d j l_[ e WX — —zul.Y)

K
X IeXP[*(lﬁ)\/( > “j'X(Tj)>:Ideu.

j=1

The details are spelled out in the proof of Lemma 1 of Rosen [1981]. Using the
bound [e™ ™ X — e~ Y| < |/|”|x — y|” for any y < I, together with Lemma 2 shows
that for any keZ .

1 ifd=2
- B <elx — ylF f .
E([o(x, B) — aly, B)]") = ¢|x — y[*” for y <{1/2 ifd =3

This is an “integrated” version of Theorem 2. To go from this to Theorems 2 and 3
we need only refer to Sect. 27 of Geman and Horowitz [1980].

3. Proof of Lemma 2.

Proof of Lemma 2. Let T’ =(s;,t)) and write (21,25,...,250) = (51511552 L5 -Spo L)
We may assume B < {(s, t)|t > s}, for otherwise, in the region s;>t;, change v’
to — u/. We may also assume that B* is replaced by B* » 4(r) for some permutation n
of {1,..., 2k}, where A(m) = {(z1, ..., Z)| Zu(1) < Zniz) < - -+ Zn(any J» SinCE (2.6) is a sum of
integrals over such regions.

Let us define disjoint intervals

Ri=[zys Zpi 41y 1Si52k— 1 (3.1)
Setting X(R;) = X(2,(;)> Zzq + 1)) WE see that
X(Th= 3 XR) (3.2)
R, c [s,,t5]
The X(R,) are independent so that
(Z w-X(TY) > <Z Wy X(R,)):Z[LT'IZIR,.] (3.3)
i=1 j=1 R, c[s;,1)1 i
on introducing the notation

i= Y W (3.4)

JiR s 55,11
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For later use, we let R, be an interval on the left of R,, and R,, an interval on the
right of R,, ;. We set #® =0, 3% =0.
By (3.3), to prove (2.6) it suffices to show that

k
§ TT 1 exp(= Y |a@'|?|R;|) dTdu < oo. (3.5)

R4 Bk A(m) = 1

From this, it is clear that we may assume U[sj, t;] connected— by working with
J

each component separately.
Each interval [s;,7,] is a union of adjacent R, We define f(/) and r(/) by re-
quiring that R, is the first and R, _; the last of the R, intervals in [s;, 4]. Thus

{suti} =R,y Ry U...UR . (3.6)

Equivalently, z, ;) = 8, Z,,q) = 4.
Clearly from (3.4)

L iy _ i -1
{ =1 i (37)

_ ul — Z7‘(!) _ ﬁr(l) - 1’

and therefore
[ | < (1@ O+ @ O V2@ + @ ® )2 (3.8)
Since the 2k points s;,¢; can be assumed distinct, the maps

FAL k{1 2k =2,
ri{l,..k} +{2,...,2k],

are injective with disjoint range. Now (3.8) yields

k k
[T1 S TT U@+ @O = D 2a®] + a® =)t
1=1 1=1
2k—1

Sc [T +]a@ )3, (3.9)
i=1
since each i is either an f(J) or an r(l) for a unique [, and either an f(m) — 1 or an
¥(m) — 1 for a unique m, and we always have x <1 + x2.
To estimate the inner integral in (3.5),

{ exp(=Y|@|R;dT, (3.10)
Bk A(n) i
we first change variable: (T*,...,T%) = (2,4, IR, Ryls. .., [Rog— 1 IRy ]). Since

Is;—t;l 2 ¢, for each j, 1 <j<k, we can choose some Rdm_[s],t] such that
(Rl >8/2k (Note: the map d(-) is not necessarily injective.) For the d|R )|
integral we use

loe)

[ emtv dr < co-aiVR < (1 4 |0 |2) 72k, @3.11)
&/ 2k
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For the other integrals we use (if B < [0, 4]?)
—hl@|2

- .
¢ <c(l +[#]?) 1. 3.12)

h
~ w2t g, _

e dt = -
g |a'|?

Using (3.9), (3.11), (3.12) we see that the integral in (3.5) is bounded by

k
j n (1 + ,ﬁf(j)|2)—1+v/2(1 + |ar(j)|2)—1+y/2(1 + |L_td(j)|2)_1du
Rikj=1

k . 1/2
g[ [ ITa+ lﬁf“)lZ)‘Z”du]

Rdk j=1

k 1/2
x[j ]_[(1+|12'(f)|2)‘2”(1+|a"‘j)l")_2du] :
Rk j=1

(3.13)

We will prove the following simple lemma.

Lemma 3. The W/, 4/, .. a/® are a nonsingular set of coordinates for R%.

By this lemma, changing coordinates in the first integral of the bottom line of
(3.13), we see that this integral is finite if

J A +1yl?)2 "y,
R4

which means d <4 — 2y, i.e. y <2 —d/2.
The second integral is handled similarly with the help of the following less simple
lemma. This will complete the proof of Lemma 2.

Lemma 4. We can choose a nonsingular set of coordinates for R* from the set
g g@ | g® g g e,

Before proving Lemmas 3 and 4 we offer a simple illustration. Let k =2 and
5;<s,<ty<t,. Then @' =u!, @ =u'+u? @®=u', @*=0, f()=1, f2)=2
and clearly {@',#*} are a nonsingular set of coordinates for R*’. Here r(1)=4,
12) =3, d(1) =d(2) =2, and we see again that {#° i*} are a nonsingular set of
coordinates for R?‘,

Proof of Lemma 3. Let p be the permutation of {1,...,k} such that fp(1) <fp(2) < ...
<fp(k). We prove our lemma by showing inductively that

span{#/?V|j < I} =span{u?P|j <1} forI=1,... k. (3.14)

Equation (3.14) is true for [ = 1, since necessarily #/ ") = ' = u?Y). Assume (3.14) for
=1,...,m— 1. Then by the definitions of f and p
p/pm __p(m) o span{u"‘j’lj <m-— 1}’

so that (3.14) holds for | =m if it holds for [=m — 1.
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Proof of Lemma 4. We cannot expect 'V, 7%, ..., i#'® alone to be a non-singular
set of coordinates since #™® = #** = 0. We begin by showing

span{@®, @ @' ®, .. @ ®} =span{u'|[s;, 11N (R, # S} (3.19)
J

A more suggestive way of expressing (3.15) is to call w/ a component of i if it appears
in (3.4), and then (3.15) says that the span of {#"", ..., #®} is equal to the span of its
components.

Let g be the permutation of {1,...,k} such that rq(1) <rg(2) <... <rg(k). We
establish (3.15), by showing, using downward induction, that

span{#9|j 2 I} =span{u/|[s; ;1" () Ry;) # D}, 1=1,....k (3.16)
isi

Equation (3.16) is easy for ! =k, since rq(k) = 2k, and both spans are 0.

Assume (3.16) for | = m + 1. Then by the definitions of r and ¢ the components of
@™ with the one possible exception of u?™ * V) are included among the components
of @™ * 1 so that (3.16) is true for [ = m if it is true for I = m + 1. This proves (3.15).

We now study these «' which do not appear in (3.15). Consider an i such that

Syt ] UR,“, &. Since Ry, <[s,t;], we have that ' is a component of #*®.

Since u' 1s not a component of any #i" ), we must have (if (I) is the first of the r’s with
d(i) < r(})) that the component of #*" — u are included among the components of
i'®, Hence from (3.15)

span{#" V), ..., a®, 3O} o {1},
This now shows
span{a®, ... a®, q® g0} = R

and proves Lemma 4.

4. Proofs of Theorems 4, 5 and 6

Proof of Theorem 4. Consider the inner integral in (3.5)

[ exp(=X|@*|R])dT. (4.1)

Bk~ A(n) i
Let p be any real number such that 1/p <1—d/4. Then if I/p+ 1/q =1, we have
d<4/q. 4.2)

Applying Holder’s inequality to (4.1) we find

1/q
exp(—ZIQiilei|)dT§(iN(B))k”’< Jexp(— Zl 72| Ry) > .43

Bk~ A(m) Bk~ A(n)
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The proof of Lemma 2 shows that

k ) ) 1/q

(! Iu’ly< | exp(— qZIﬁ‘IZIR'I)dT) <
Rdk =1 Bk~ A(m) i
as long as
d<4/q—2y. (4.4)
By (4.2) we can choose y so small that (4.4) holds. As in Lemma 1 and Theorem 2 this
implies
E([a(x, B)]*) < c(Ax(B))"'?,

and

E([a(x, B) — a(y, B)]*) = c(4y(B))*'?|x — y|*".

With these two inequalities, the proof of our theorem now follows from Sect. 27 of
Geman and Horowitz [1980].

Proof of Theorem 5. Let B=[a,a+ h] x [b,b + h]. We can assume a < b, and h so
small that a + h + ¢/2 < b. In this situation we can make a more detailed analysis of

E([a(x, B)]) < Q2n)~ % | | exp|:—(1/2)V< i uf~X(Tf)>]dudT

Bk R4k j=1
=2n)~*y | | exp[—(1/2)Z|ﬁilz|RiI]dud7",
n Bk A(m) R4k

where we are using the notation of the proofs of Theorem 2 and Lemma 2. Note that
inour case (Basquare)alls; <t;. Letw , 7, be permutations of { 1,..., k], and define

A ) ={(S1s s SIS, 1) <Smyiz) <+ <Suyii )
Amy) = { (gt ) < sy <o+ <layo s
respectively. Then in 4(n,) x 4(n,) we have

1
Z um(])’ 1 §l§k

- =1
=<’
k

S w0, k4 1<is2k—1

J=1—k+1

so that

E([a(x,B)]Y) =

<@m)* Y | [} exp[—— .Z—l|ﬁ"|2|Ri|/2:|dudT

n1,my BXn(A(ry) X A(my)) Rk i=1

R (jexp[—ilaflzazz,-l/z])m

ny,my BXn(A(ny) X A(r2)) \ Rk i=1
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2k—1 1/2
(o] -5 wrrma o

Rdx i=k
k 2k—-1
<@ Y [ TIRITYTT IR|-4T:
n1, 2 Bkn(A(ny) x A(ry)i=1 j=k

But since f, ;) — S, = €/2, the last line is then

k-1
Sty < | Y |Ri|"”4dsl...dsk)

ny,my \[a,a+ hjknA(ny)i=1
2k—1
—d/4
><‘< | Y IRj| ’dtl...dtk)
[byb+hknA(na) j=k + 1
k—1 dt

gc"(k!)2<h jf nm>,

0<ty<ir<...<t-1<hi=1

and by the lemma in Kono [1977] this is

h,h(k— 1)(1 —d/4)((k _ l)!)d/4 2
(k—1)! )

gﬁwW(
< ckhk(Z - d/2)(k !)d/2.
Our theorem now follows as in Kono [1977]. (Although this work seems to
require d/2 < 1, with our estimate it can easily be modified.)
Proof of Theorem 6. Let us first use an argument of Tran [1976], to show that, a.s.,
(0, R2 (¢)) > 0. 4.5)

Let S,={(s,0)ln—1=s,t<n|s—t/=3}. Note that «(0,S,) are independent
identically distributed random variables, since Brownian motion has independent
increments. Furthermore

E@(0,8,))=@2m) " [ [ | e~ W25l dsddu > 0. (4.6)
R4 S,
Hence if 4, ={2(0,S,) >0}, we have
P(A4,)=0>0 4.7
for some 6 >0, and all n=1,2,... The Borel-Cantelli lemma then shows
P(A4, infinitely often) = 1. 4.8)

which implies (4.5).
We now follow Adler [1978], easily modified to cover d # 1. His Lemma 5
together with (4.5) and our Theorem 4 show that, a.s., for every ¢ > 0

dim{ (s, )eR2 (&)| W, = W,} = 2 — d/2. 4.9)
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On the other hand, the Brownian path is Holder continuous of any order <%, so
that Adler’s Lemma 7, together with our Theorem 2, shows that, a.s., for any ¢ >0

dim{(s, )eR% ()| W, = W,} < 2 — d/2. (4.10)

These prove Theorem 6.
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