
1. Introduction

The Lorenz differential equations [18] have become well known as the prototypical chaotic
dynamical system with a ‘strange attractor’ (see [25], and the references therein). A periodic
orbit in the flow on R3 determined by the Lorenz equations is a closed curve in R3 , which
defines a Lorenz knot , Z). Any

hyperbolic matrix A � PSL(2, Z) defines a periodic orbit, which Ghys called a modular knot ,
in the associated modular flow on the complement of the trefoil knot in S

3 . Ghys proved that
the isotopy classes of Lorenz knots and modular knots coincide. His proof relies on ingenious
deformations, which ultimately show that periodic orbits of the modular flow can be smoothly
isotoped onto the Lorenz template embedded in PSL(2
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the crossing number has a limited geometric meaning, so the tabulated knots serve in some
sense as a random collection.

Ghys and Leys [16] had stressed the scarcity of Lorenz knots in the knot tables. In particular,
Ghys had obtained data showing that among the 1 701 936 prime knots with sixteen crossings
or fewer, only twenty appear as Lorenz knots, with only seven of those nontorus knots. It would
seem that Lorenz knots are a very strange and unfamiliar collection.

The study of hyperbolic 3-manifolds, and in particular hyperbolic knot complements, is
a focal point for much recent work in 3-manifold topology. Thurston showed that a knot is
hyperbolic if it is neither a torus knot nor a satellite knot. His theorems changed the focus of
the knot theory from the properties of diagrams to the geometry of the complementary space.
Ideal tetrahedra are the natural building blocks for constructing hyperbolic 3-manifolds, and
ideal triangulations can be studied using the computer program SnapPea. There are 6075
noncompact hyperbolic 3-manifolds that can be obtained by gluing the faces of at most seven
ideal tetrahedra [5]. For a hyperbolic knot, the minimum number of ideal tetrahedra required
to construct its complement is a natural measure of its geometric complexity.

In [4, 7], it was discovered that twisted torus knots occur frequently in the list of the ‘simplest
hyperbolic knots’, which are knots whose complements are in the census of hyperbolic manifolds
with seven or fewer tetrahedra. Since those twisted torus knots were not all positive, we collected
new data to determine how many were Lorenz knots. By the correspondence in Theorem 1,

€ of the 201 simplest hyperbolic knots, at least 107 were Lorenz knots.
The number 107 could be very small because, among the remaining 94 knots, we were unable
to decide whether five of them were Lorenz or not. Many knots in the census had already been
identified as positive twisted torus knots, though their diagrams did not in any way suggest
the Lorenz template. Lorenz braids for the known Lorenz knots in the census are provided in
a table in §5.

The data in the census suggest a very interesting question.

Question 1. Why are so many geometrically simple knots Lorenz knots?

The heart of the proof of Theorem 1 is simply that the links in question are all positive,
and happen to have two very different kinds of closed positive braid representations: as Lorenz
braids on the one hand, and as T-braids on the other. Theorem 1 has immediate consequences
for T-links. Corollary 1 asserts that all of the properties that were established in [3] for Lorenz
links apply now to T-links, and in particular to positive twisted torus links. For example,
T-links are prime, fibered, nonamphicheiral, and have positive signature.

Another easy consequence for Lorenz links, which was useful in recognizing Lorenz knots in
the census, is Corollary 2: every Lorenz link L has finitely many representations as a Lorenz
braid, up to trivial stabilizations.

Further consequences depend on the observation that the correspondence in Theorem 1
implies certain new symmetries. Corollary 3 applies a somewhat subtle symmetry of T-links,
which generalizes a well-known but not uninteresting fact that T(r, s) = T(s, r) to Lorenz
links. Going the other way, there is an obvious symmetry of Lorenz braids by ‘turning over
the template’, which provides a nonobvious involution for T-braids. The involution exchanges
the total numbers of strands that are being twisted for the numbers of overpasses in the
twisted braid. See Corollary 4. In the special case of positive twisted torus links, it asserts that
T((r 1 , s1), (r 2 , s2)) and T((s2 , r 2 Š r 1), (s1 + s2 , r 1)) have the same link type.

This symmetry, generalized to all T-links below, is quite interesting in its own regard, and it
also enables us to establish new properties of Lorenz links. It is a well-known open problem, with
many related important conjectures, to find the precise relationship between the hyperbolic
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Figure 4. Cutting open the Lorenz template.
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Figure 5. Uncoiling the LL-braid: an example.

been repeatedt times in the passage from sketch (ii) to sketch (iii), because there aret strands
in the LR braid. The uncoiling takes positive braids to positive braids, although the property
of being a Lorenz braid is not preserved. After the t Markov moves illustrated in the passage
to sketch (iii), the braid index will have been reduced from p + rk to p + rk Š t.

We turn our attention to the LL subbraid in sketch (iii), which has p Š t strands. The strands
of type RL and type LR both have t strands. From this it follows that when the LL band is
uncoiled, we obtain a subbraid ont strands, which joins the RL subbraid to the LR subbraid
as illustrated in sketch (iv) of Figure 4. Figure 5 illustrates via an example the uncoiling that
leads to the LL braid. The example shown in Figure5 is the Lorenz braid from Example 1,
shown in Figure 3. It is a rather simple example because the trip numbert = 3. Sketch (i) in
Figure 5 corresponds to sketch (iii) in Figure 4. Sketches (ii) and (iii) of Figure 5 show two
destabilizations, and correspond to two steps in the passage from sketch (iii) to sketch (iv) of
Figure 4.

In the LL braid, we uncoil the i th strand, which is the outer coiled strand in the leftmost
sketch in Figure 5. Let � i be this outer arc running clockwise and crossing over three strands
in the sketch. If � is the permutation associated to the Lorenz braidL, say � i (0) corresponds
to the bottom endpoint i , � i (1/ 2) corresponds to the top endpoint i , and � i (1) corresponds
to � (i ) = i + di . Therefore, in the middle sketch of Figure 5, � i is replaced by an arc that
contributes (� 1� 2 · · · � di Š 1) to the LL braid. Continuing in this way, the LL braid determines� i = pŠ t

i =1 (� 1� 2 · · · � di Š 1).







236 JOAN BIRMAN AND ILYA KOFMAN

The only remaining question is whether every T-braid is obtained from some Lorenz
link. Suppose we are given an arbitrary T-braid T, whose closure is the T-link
T(( r 1, s1), . . . , (r k , sk )). Let �dL = � r s1

1 , . . . , r sk
k � , which determines a Lorenz braidL. By the

proof above,L is braid-equivalent to T. This completes the proof of Theorem1.

There are many consequences of Theorem1. We can immediately establish many new
properties for T-links.

Corollary 1. The following properties of Lorenz links are also satis“ed by allT-links,
and so in particular by positive twisted torus links.

(i) T -links are prime.
(ii) T -links are “bered. Their genus g is given by the formula 2g = c Š n + 2 Š µ, where n

is the braid index of any positive braid representation, c is the crossing number of the same,
and µ is the number of components.

(iii) T -links are nonamphicheiral and have positive signature.

Proof. Property (i) was proved by Williams in [ 26]. His proof is interesting for us, because
it illustrates the nontriviality of Theorem 1. Williams used the fact that all Lorenz links embed
in the Lorenz template, and if a Lorenz link was not prime then a splitting 2-sphere would have
to intersect the template in a way that he shows is impossible. Without the structure provided
by the template, it seems quite di�cult to establish this result for T-links. Properties (ii) and
(iii) were established in [3] for Lorenz links. By Theorem 1, they also hold for T-links.

Theorem 1 provides an easy proof that there are “nitely many nontrivial Lorenz braid
representations for any Lorenz link.

Corollary 2. Every Lorenz link, L has “nitely many Lorenz braid representations up to
trivial stabilizations.

Proof. By Theorem 1, there is a one-to-one correspondence between Lorenz braid represen-
tations and T-braid representations of L . For any T-braid representation, c, g, n, µ as above
satisfy 2g = c Š n + 2 Š µ. From equation (3), sk � 2, which implies that c � 2(n Š 1). Hence
n � c Š n + 2 = 2 g + µ. (Since n = 2g + µ for T(2 , n), this inequality is sharp.) Therefore

c = 2g + µ + n Š 2 � 4g + 2µ Š 2. (13)

With c bounded, there are only “nitely many T-braid representations of L .

Although any given Lorenz knot appears in“nitely often as a component in its many parallel
copies, this does not contradict Corollary2. Essentially, we are counting links rather than their
individual components. Parallel push-o�s result in distinct Lorenz links because the Lorenz
template has a nontrivial framing, so any two such parallel components are nontrivially linked.
For example, parallel push-o�s of the unknot are (n, n)-torus links.

3.1. Symmetries

Another application of the correspondence in Theorem1 is to exploit natural symmetries on
one side to establish unexpected equivalences on the other. We will do this in both directions;
“rst, from T-links to Lorenz links.
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Table 1.

Knot Lorenz vector Knot Lorenz vector Knot Lorenz vector

k 31 � 24, 34 � k 73 � 22, 516� k 755 � 52, 79 �
k 43 � 22, 38 � k 74 � 33, 517� k 756 ?
k 44 � 22, 47 � k 75 � 24, 316� k 757 � 36, 413�
k 51 � 22, 56 � k 76 � 32, 716� k 758 � 44, 710�
k 54 � 22, 58 � k 77 � 22, 718� k 759 � 54, 97 �
k 55 � 22, 311� k 78 � 22, 67 � k 760 � 77, 85 �
k 56 � 33, 56 � k 79 � 102, 114� k 761 � 710, 32 �
k 57 � 22, 57 � k 712 � 32, 87 � k 762 � 88, 103�
k 510 � 42, 54 � k 713 � 22, 712� k 763 � 42, 611�
k 511 � 26, 34 � k 714 � 22, 811� k 764 � 44, 517�
k 514 � 32, 47 � k 715 � 104, 114� k 766 � 53, 611�
k 515 � 44, 73 � k 716 � 53, 811� k 767 � 84, 910�
k 516 � 55, 73 � k 717 � 32, 813� k 768 � 26, 310�
k 517 � 44, 57 � k 720 � 52, 65 � k 769 � 74, 89 �
k 518 � 48, 53 � k 721 � 22, 79 � k 771 � 66, 710�
k 63 � 22, 511� k 722 � 33, 516� k 773 � 86, 98 �
k 64 � 33, 512� k 723 � 515, 72 � k 775 � 33, 58 �
k 65 � 22, 314� k 727 � 32, 415� k 776 � 612, 74 �
k 66 � 32, 79 � k 728 � 48, 56 � k 778 � 612, 75 �
k 67 � 22, 711� k 729 � 72, 911� k 779 � 32, 913�
k 611 � 22, 59 � k 730 � 22, 419� k 782 � 44, 513�
k 612 � 33, 511� k 731 � 53, 913� k 787 � 55, 74 �
k 613 � 22, 512� k 732 � 84, 115� k 788 � 515, 73 �
k 614 � 32, 411� k 733 � 62, 710� k 790 � 26, 38 �
k 615 � 66, 74 � k 734 � 42, 59 � k 799 � 22, 32, 52 �
k 616 � 77, 83 � k 735 � 77, 94 � k 7101 ?
k 617 � 22, 415� k 736 � 66, 79 � k 7102 � 24, 45 �
k 618 � 66, 75 � k 737 � 22, 514� k 7109 ?
k 619 � 26, 35 � k 738 � 22, 813� k 7110 � 22, 35, 54 �
k 621 � 54, 87 � k 739 � 33, 112� k 7111 � 33, 710�
k 625 � 46, 54 � k 742 � 714, 83 � k 7112 � 21, 54, 86 �
k 627 � 33, 411� k 743 � 62, 716� k 7115 � 35, 47 �
k 629 � 36, 72 � k 747 � 44, 67 � k 7119 ?
k 630 � 44, 512� k 748 ? k 7122 � 42, 53, 73 �
k 632 � 44, 58 � k 750 � 64, 75 � k 7123 � 612, 85 �
k 635 � 66, 58 � k 751 � 52, 78 � k 7126 � 48, 83 �
k 636 � 510, 73 � k 752 � 52, 76 �
k 639 � 44, 83 � k 753 � 44, 103�
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