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Fig. 1. A planar shock moving from left to right impinges on a wedge. After contact,
I indicates the incident shock and R indicates the reflected shock. On the right, the
dotted line S indicates a slip line and M is the Mach stem. Regular reflection is
depicted on the left. Irregular reflection is depicted on the right.

Fig. 2. A blow-up of the incident and reflected shock intersection. Regular reflection
is on the left and irregular on the right. The constant states upstream and down-
stream of the incident shock are denoted by U, and U;. Whether or not constant
states indicated by the question marks exist depends on the strength of I.
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where ~ denotes the ratio of specific heats, and M > 1 denotes the shock
Mach number defined as the Rankine—Hugoniot shock speed divided by the
upstream speed of sound ¢ = +/vpr/pr. Following interaction, a number of
self-similar (with respect to the wedge apex) reflection patterns are possible,
depending on the values of M and 6,,.

This wedge reflection problem has a rich history, experimentally, analyt-
ically, and numerically. Probably the earliest and most significant analytical
result was found by von Neumann [Neu43]. In this work were first formulated
the equations which describe two and three planar shocks meeting at a point
separated by constant states, see Figure 2. The two shock theory leads to
what is known as regular reflection. The three shock theory leads to Mach
reflection. For supersonic regular reflection, state U immediately behind the
reflected shock R is supersonic and becomes subsonic across a sonic line down-
stream (toward the wedge’s apex). When the incident shock angle is increased
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Fig. 6. A schematic diagram of the computational domain is on the left. AD is the
line of symmetry. On the right is a computed self-similar solution with x = 1.

The basic finite volume schemes used are quite standard. Each grid cell,
{2, is a quadrilateral and, using v = (¢, ) to denote the normal vector to a
typical side of 2, numerical fluxes are designed to be consistent with
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where 5_: (&-v)and € = (&, 7). Since £ varies in space, numerical flux formulae
are evaluated at ¢ frozen at the midpoint of each cell side. Two distinctly
di erent numerical fluxes are utilized in the results presented below:

1. Lax—Friedrichs:
1/~ ~
Hue = 5 (FU) + F(U) = AU = 1)

where A > 0 is a scalar constant chosen to be larger than the fastest wave
speed found on the computational domain.
2. Roe:

Hroe = 5 (F@) + F(Un) ~ RAL U~ 10))

where A =diag(] — & —¢|,| —&|,| — & +¢|), and R and L are the matrices
of the right and left eigenvectors to the Jacobian of F evaluated at the
midpoint Uree = %(U. +U,). Since we use the equation of state p = 1/2p2,
the midpoint yields an exact Roe average.

In order to investigate the structure of the solution near the triple point
in a manner that has as little numerical bias as possible, we opted to first
solve the problem using the classic first-order accurate Lax—Friedrichs finite
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Fig. 8. Density contours (a) and x-momentum contours (b) for the nonlinear wave
system using a high-order Roe scheme. These were obtained on the same grid de-
picted in Figure 7(c). There is now clear evidence of the sequence of interacting
shocks and expansions seen earlier for the UTSDE. The heavy line is the sonic line
and again delineates the supersonic patch.

The width of the supersonic patch is approximately 5% of the length of the
Mach stem. There is a slight indication of an expansion fan at the triple point,
but at this level of grid refinement there is no evidence yet of the sequence of
shocks and expansions seen in Figure 4.

There comes a time when the results from a first-order scheme are, at
best, inadequate, because of hardware limitations. The large grid results just
displayed used a grid whose smallest grid size was on the order of one millionth
of the extent of the computational domain. Moreover, these problems are
steady and, therefore, require hundreds of thousands of pseudo-time iterations.
At this stage we, therefore, employed a (perhaps) somewhat less unbiased
numerical approach — a high-order scheme based on the Roe numerical flux.
High-order accuracy is achieved by using a piecewise quadratic reconstruction
limited in characteristic variables. We give the finest grid results from this
approach in Figure 8. Three shock/expansion pairs are now clearly evident.
The primary wave is at the triple point and two others can be seen along the
Mach stem, a pattern very similar to that found for the UTSDE.

4 Weak Shock Irregular Reflection for the Euler
Equations

We compute numerical solutions for the Euler equations (2) with v =5/3. A
weak M = 1.04 vertically aligned incident shock impinges on a 6, = 11.5°
ramp. These data correspond to parameter ¢ =~ 1/2 in the UTSDE model from
Section 2. The grid is defined by a conformal map of the form z = w9, and so
it is orthogonal with a singularity at the ramp apex x = y = 0. The upstream
speed of sound ¢, = 1, and boundary data on the left, right and top is given



Fig. 9. The geometry of the M = 1.04/11.5° Euler example. The insert indicates
the region where extreme local grid refinement is performed.

to exactly agree with this shock located at x = 1.04. The lower boundary
condition mimics symmetry about the z-axis for z < 0 and symmetry with
respect to the ramp for = > 0. The grid geometry can be seen in Figure 9.
This problem is well outside the range where regular reflection solutions are
possible. Refer again to the figure to see that its numerical solution (under
the insert) clearly resembles single Mach reflection. However, Mach reflection
(where three plane shocks meet at a point) is also not possible for a shock
this weak [Hen87]. This example demonstrates a classic von Neumann triple
point paradox.

This problem is solved in self-similar coordinates by essentially the same
high order Roe method discussed in the previous section. However, we simplify
the Roe approach by again evaluating the Roe matrix at the midpoint, which
for the Euler equations is only an approximation to the Roe average. Also, to
avoid spurious expansion shocks, artificial dissipation on the order of O(|Uy —
Ui]) is appended to the diagonal part of the Roe dissipation matrix in a field
by field manner.

We locally refine a very small neighborhood around the apparent triple
point as done earlier. The full finest grid has eleven million grid points with
800 x 2000 = 1.6 x 10° (Az ~ 5 x 10~7) devoted to the local refinement.
We plot the sonic number M which is defined as follows. The eigenvalue
corresponding to a fast shock in unit direction n for the self-similar Euler flux
Jacobian is

A=@w—-§&v—n)-n+e

where ¢ = x/t and n = y/t. Define 72 = ¢2 + 72 and set n = (&,n)/r,
un = (u,v) - n to find

A=c<“”_r+1>=c(1M) where M =_—"n
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