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°­@x��±�²S³z²U?�´ 1
VXQBYµZ^T\ZN]wZ¶IL·BKvt�Z¨djZNTlYµZ^Tl�3]BQBO ¸¹dagBK[YNk¨gB_�TlQBG\Tlk¨gB�j_�TJZ^Y[ZNgB_�`aKNTl_jmUº9_�k¨gwQBTlY[k¨gB_-¡�QwT\§�_�KNY[T\Z¨»fZ�¸¼T\_�Q�m�¸¼Tl_�OBQB_�K
nHdj]BywZ^YµZ^KNdaYNY[_ ¤ � ��¥S½U�r¥S� F�� ��¥a�S¥3¦ Tl_�QBQxdwmxF�]BY[ZNKNTpdU|¶�.�EhidjTlG�daOBOBK[_�YNY��cK[_�§a_�YN¾�y«�­KN_�Q�R�T®|¯g�]

¿-À&Á&Â�ÃNÄ�Å&ÂÆ�Ç�v`�QBY[TlOB_�KNTlQwo)dÈYNT\h ywGl_sYµRUh'h'_�Z^K[Tlk�KNdaQBOB`�h ©(daG\�ÉTlQ¼OBT\h _�QBYNT\`�Q
d ≥ 3

mH©c_ÊY[Z^]wOwR
Z^gw_ djGlh'`�Y[Z-Y[]BKN_HË[`�T\QSZ�daY[R�h'ywZ^`aZNTlk�Ìz_�gBd�§�T\`�K�`aIcZX©c`,`�Ì�Ë[_�k&Z^Y���ÍxK[Y[Z�Z^gw_'G\`Uk�daG}ZNTlh'_�Y­`jI(d�yxdaT\K­`aI
QB_�Tlo�g�Ìz`�KNT\QBo�y�`aTlQSZ^Y�mwZ^gB_�Q,ZNgB_�Gl`�krdaGzZ^T\h _­`jI.d�yz`�TlQSZ�daQwO,ZNgB_�`Uk�k�]ByxdfZ^Tl`aQ�Z^Tlh'_­`aI9Z^gw_�Y[]BK[I�djk�_�`aI
Z^gw_�]wQBT\Z�ÌxdjGlG�djKN`�]BQwOÎTJZr|

F-bet �a¥a¥�¥ tU]BÌ�Ë[_�k�ZH�vGpdaY[YNTJÍxkrdjZNTl`�Q �¬{¬KNTlh daKµR ��¥SÏ�Ða¥wÑ tU_�k�`�QBOxdjK[R ��¥�Òc�<Ð m �a¥SÓSÐ�Ð |

Ô _�R�©c`�KNOBY��}Y[Tlh'yBGl_WK^daQBOw`�hÕ©vdaGl�­T\Q
d
�XOBT\h _�QBYNT\`�Q�m�G\`Uk�daGjZNTlh'_am<`Uk�k�]ByBdjZ^T\`�Q­Z^T\h _jmfYµZ^K[`�QBoqZ^gB_�`�KN_�h Y�|

P�]BQBQBT\QBo�Z^T\ZNGl_j� Ó `�T\Q�Z�G\`Uk�daG5daQwO,`�k�k�]ByxdjZNTl`�Q�ZNTlh'_
ÖØ×5Ù[Ú®Ù[Û&Ü�ÝEÞqÚ®ß<à<àaá&Ü®â®ÙNã(ä�åcâ®ÞfÙ}æ�ßfç<è�Û&Ü®éêÛÆçqë9ÛÆâ®é�á&çfÛ&ìjífá&ß<çfãfÛ¨â®é�á&ç(îïá�Ü�ð�Ýµé¯Ù[ç�â�é�î®é�ÝW×5Ù[Ú®Ù[Û&Ü�ÝEÞ�ñ�òWÜ�Û&ç�â�ë�ájówô�õ�ö�÷¨ø�ø&ù

ÛÆçjã�ôeõÆú�ö&õ&ör÷ró
û[×5Ù[Ú®Ù[Û&Ü�ÝEÞHÚ�ßfà<àjá�Ü�â�Ù[ãHärå�Ûvü�ðfýeý þ9ë�ÿ¹òWÜ�Û&ç�â[ñ<ë�ájóxù&ùÆú��Æú��põ�õ&ö��<ó
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�v`�QBY[TlOB_�K>dÉYNT\h yBG\_¹YµRUh'h'_�Z^K[Tlk KNdaQBOB`ah ©vdaGl� {Sn}∞n=1

YµZ¨daKµZ^TlQwo¼djZsZ^gw_ `�KNT\o�TlQ
0
`�Q Z^gw_

d
�

OBT\h _�QBYNT\`�QxdaG�TlQSZ^_�o�_�K3GpdjZ[Z^Tlk�_ Zd

m¬T�|�_a|
S0 = 0

m
Sn =

∑n
k=1 Xk

m
n = 1, 2, . . .

m¬©�gB_�K[_
Xk, k =

1, 2, . . .
daKN_-T®|¯T®|¯O |.K^daQwOB`�h §jdaK[TpdaÌBG\_�Yv©�TJZ^g�OBT\Y[Z^K[TlÌB]UZ^Tl`aQ

P(X1 = ei) =
1

2d
, i = 1, 2, . . . , 2d

daQBO {e1, e2, ...ed}
TlY}dHY[R�Y[ZN_�h `aI«`�KµZ^gB`�oa`�QxdaG�]BQBTJZ}§a_�k&Z^`�K[Y.TlQ Zd

daQBO
ed+j = −ej, j = 1, 2, . . . , d.� _&ÍxQB_�Z^gB_�Gl`�krdjG�Z^T\h _H`aI}ZNgB_-©(djGl��ÌSR

ξ(z, n) := #{k : 0 < k ≤ n, Sk = z}, n = 1, 2, . . . , � � | ���
©�gB_�KN_

z
T\Y�daQSR�GpdfZNZ^T\k�_­yz`�T\Q�Z�`jI Zd.

ºqgB_�h d��UTlh daGzGl`�krdaGzZ^T\h _­`jI}ZNgB_-©(daG\��TlYqOw_�ÍxQB_�OsdaY
ξ(n) := max

z∈Zd

ξ(z, n). � � | �	�
� _�ÍBQB_3djGlYN`�ZNgB_-IL`�GlG\`<©�T\QBo�
�]xdaQSZNT\Z^T\_�Y��

η(n) := max
0≤k≤n

ξ(Sk,∞), � � | ���

Q(k, n) := #{z : z ∈ Zd, ξ(z, n) = k}, � � | �
�

U(k, n) := #{j : 0 < j ≤ n, ξ(Sj,∞) = k, Sj 6= S` (` = 1, 2, . . . , j − 1)}
= #{z ∈ Zd : 0 < ξ(z, n) ≤ ξ(z,∞) = k}. � � | Ð	�

� _�Qw`aZ^_�Ì�R
γ(n) = γ(n; d)

Z^gw_3yBK[`�ÌxdaÌBT\GlTJZXR ZNgxdjZ�TlQ�Z^gB_�ÍxKNYµZ
n− 1

Y[Z^_�yBY�ZNgB_
d
�EOBTlh'_�QwYNTl`aQxdaG

yxdjZNg�OB`U_�Y�QB`aZ�KN_&Z^]BK[Q,ZN` ZNgB_�`�KNT\o�TlQ |WºqgB_�Q

1 = γ(1) ≥ γ(2) ≥ ... ≥ γ(n) ≥ ... > 0. � � | ���
VEZq©vdaY�ywKN`�§�_�OeTlQ�� ��� ZNgxdjZ��� ;
�z:<;�� � � � §�`aKN_�ZN¾��SRÎdaQBOÎ�¬KNO���Y�� ��������� Ã

d ≥ 3

lim
n→∞

γ(n) = γ = γ(∞; d) > 0, � � | �	�
Ä �"!

γ < γ(n) < γ +O(n1−d/2). � � | ¤	�
�
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P(ξ(0, n) = 0, ξ(0,∞) > 0) = O

(

n1−d/2
) � � |
� �

ÄfÁ
n→ ∞ |tU`

γ
T\Y�Z^gB_�ywKN`�ÌxdjÌBTlG\T\ZXRÈZ^gxdfZ�Z^gB_

d
�XOBT\h _�QBYNT\`�QxdaG�Y[Tlh'yBGl_sYµR�h h'_�ZNKNTlkeK^daQBOw`�h ©vdaGl�)QB_�§a_�K

KN_&Z^]BK[QBYqZ^` T\ZNYqY[Z^daK[ZNTlQBo yz`�TlQSZr|
� _�Z

ξ(z,∞)
Ìz_3Z^gw_�Z^`aZ^daG}G\`Uk�daG5Z^T\h _3djZ

z
`aI¬ZNgB_�TlQwÍBQBT\ZN_�yxdfZ^g�TlQ Zd

|-ºqgB_�Q�IL`�K
d ≥ 3 � Y[_�_�¬KNO��aY�djQBOÎº}drR�Gl`�K � � ���

ξ(0,∞)
gBdaY�o�_�`�h'_�ZNKNT\k­OBTlYµZ^K[TlÌB]wZNTl`�Q �

P(ξ(0,∞) = k) = γ(1 − γ)k, k = 0, 1, 2, ... � � | ��¥��
�¬KNO��aY�djQBOÎº}drR�Gl`�K � � � yBK[`�§�_�O,Z^gB_-IL`�G\Gl`�©�TlQwo�Y[ZNKN`�QBo Gld�©ªIL`�K(Z^gw_�h d��UTlh daGzGl`�krdaGzZ^T\h _j�
��� ;
�«:f;�� � � �¬KNO��aY�djQBOÎº}drR�Gl`�K � � ������� Ã d ≥ 3

lim
n→∞

ξ(n)

log n
= λ a.s., � � | ��� �

��� �&Ã��
λ = λd = − 1

log(1 − γ)
. � � | �<�	�

Ò `�GlG\`<©�T\QBo3ZNgB_�yBKN`�`aI9`aIW�¶K[O���Y�daQBO�º}d�R�G\`�K�mw©�TJZ^gB`a]wZ�daQSR�QB_�©ÕTlOB_�dwmB`�Qw_�k�daQ,yBKN`�§�_-ZNgxdjZ

lim
n→∞

η(n)

logn
= λ a.s. � � | ���	�

�¬KNO���Y�daQwOÎº}drRUG\`�K � � � daGlY[`�TlQS§�_�Y[ZNTloSdjZN_�O�Z^gB_�yBK[`�yz_�K[ZNTl_�Yq`aI
Q(k, n)

|¶ºqgB_�R�ywKN`�§�_�O

��� ;
�«:f;�� = � �¬KNO���Y�daQwOÎº}drRUG\`�K � � � ��� � Ã d ≥ 3
Ä �"!�� � Ã�Ä ��


k = 1, 2, . . .

lim
n→∞

Q(k, n)

n
= γ2(1 − γ)k−1 a.s. � � | �r���

{¬T\ZNZ�� ¤�� ywKN`�§�_�O � � | �r�
� IL`�KHoa_�QB_�K^daG9K^daQwOB`�h ©(djGl�,daQBO�n�dah daQxd � Ð�� m � ��� yBK[`<§a_�O>k�_�QSZ^K^djG}G\Tlh'T\Z
Z^gw_�`�K[_�h'Y�IL`aK

Q(k, n)
|

VXQ � � � ©v_�YµZ^]BOwTl_�OÎZ^gB_ 
�]w_�Y[ZNTl`�Q,©�gB_�ZNgB_�K
k
krdjQeÌz_3KN_�yBGpdjk�_�OeÌ�RÎd'YN_ 
�]B_�QBk�_

t(n) = tn ↗ ∞`aI}y�`aYNT\ZNT\§a_-TlQSZ^_�o�_�K[Y�T\Q � � | �r�
� | � _�Z
ψ(n) = ψ(n,B) = λ logn− λB log log n. � � | �<Ð	�

�



��� ;
�«:f;�� � � �&Â
d ≥ 3 � µ(t) := γ(1− γ)t−1

Ä �"!
tn := [ψ(n,B)], (B > 2) � ��� �&Ã�� ψ(n,B) � Á! ��� � � !�À�
 � � | �<Ð ���	� � � � � � � Ä�
 �

lim
n→∞

sup
t≤tn

∣

∣

∣

∣

∣

Q(t, n)

nγµ(t)
− 1

∣

∣

∣

∣

∣

= lim
n→∞

sup
t≤tn

∣

∣

∣

∣

∣

U(t, n)

nγµ(t)
− 1

∣

∣

∣

∣

∣

= 0 a.s.

n�_�K[_�T\Q
supt≤tn

m
t
K[]BQBYqZ^gwKN`�]BoagÎyz`�YNTJZ^TJ§�_-TlQSZN_�o�_�KNY�|

Ò `�K�d�YN_�Z
A ⊂ Zd

Z^gB_-`�k�k�]ByxdjZNTl`�Q�ZNTlh'_­`aI
A
T\YqOB_�ÍBQB_�OÎÌ�R

Ξ(A, n) :=
∑

z∈A

ξ(z, n). � � | �r���
�v`�QBY[TlOB_�K�Z^gw_3Z^KNdaQBYNGldjZ^_�Y�`jI

A
mzT�|�_a|

A + u = {z + u : z ∈ A} ©�TJZ^g u ∈ Zd

djQBOsOB_&ÍxQB_3ZNgB_
h d��UTlh�]Bh `�k�k�]wyxdjZ^T\`�Q�Z^T\h _­ÌSR

Ξ∗(A, n) := sup
u∈Zd

Ξ(A+ u, n). � � | ���	�
VEZ�©(daY�Y[gB`�©�QeTlQ�� ���

��� ;
�«:f;�� 6 ��� Ã
d ≥ 3

Ä �"! � � Ã3Ä ��
���
 � !�� � � Â �-Á��&Â A ⊂ Zd

lim
n→∞

Ξ∗(A, n)

log n
= cA a.s. � � | ��¤	�

� � Â � Á ��� ��� � Á � Â � 
 ��Å � �wÁ&ÂEÄ �xÂ cA � ! ����� �"! � ��� � �
A
�

¢�`�© ©c_ yBKN_�YN_�Q�Z�YN`ah _�h'`�KN_�Qw`aZ¨djZNTl`�QwY�| Ò `�K
z ∈ Zd

Gl_&Z
Tz

Ìz_ ZNgB_�ÍxK[Y[Z�gBT\Z[Z^T\QBoiZ^T\h _3`aI
z
m

T�|�_a|
Tz := min{i ≥ 1 : Si = z} ©�T\Z^g�ZNgB_�k�`�QS§�_�Q�ZNTl`�Q�Z^gBdjZ Tz = ∞ TJI}ZNgB_�K[_�T\YqQB`

i
©�TJZ^g

Si = z
|

� _�Z
T = T0

|(VXQsoa_�QB_�K^daG®m«IL`aK�d'YN]BÌwYN_�Z
A
`jI Zd

mzGl_&Z
TA

OB_�QB`aZ^_�Z^gB_�ÍxK[Y[ZHZNTlh'_­Z^gB_�K^daQwOB`�h
©vdaGl�
§�TlY[T\Z^Y

A
m5T®|¯_j|

TA := min{i ≥ 1 : Si ∈ A} = minz∈A Tz

| � _�Z
Pz(·)

OB_�QB`aZN_�Z^gB_�ywKN`�ÌxdjÌBTlG\T\ZXR�`aI
Z^gw_�_&§�_�QSZHTlQ�Z^gB_�ÌBK^djk¨�a_�ZH]BQBOB_�K�ZNgB_�k�`�QBOwT\Z^T\`�Q�Z^gxdfZ�ZNgB_�K^daQBOw`�h
©(djGl��YµZ¨daKµZ^Y�ILKN`�h

z ∈ Zd

|c¸�_
OB_�QB`aZ^_

P(·) = P0(·)
| � _&ÍxQB_

γz := P(Tz = ∞). � � | � � �
� _�Z S(r)

Ì�_-ZNgB_�YN]BKµI�dak�_�`aI}Z^gB_-ÌxdjGlG�`aI}K^djOBTl]BY
r
k�_�QSZN_�KN_�O�djZqZNgB_�`�KNT\o�TlQ�m�T�|�_a|

S(r) := {z ∈ Zd : ‖z‖ = r},
©�gB_�KN_ ‖ · ‖ TlY(ZNgB_��¬]Bk�G\TlOB_�daQ�QB`�KNh,| � _�QB`aZN_

Ξ(z, n) := Ξ(S(1) + z, n),

�



T�|�_a|.ZNgB_�`Uk�k�]ByBdjZ^T\`�Q�Z^Tlh'_­`aI9Z^gw_�Y[]BK[I�djk�_�`aI9Z^gB_�]BQBTJZ�ÌxdaG\G�k�_�Q�ZN_�K[_�OsdfZ
z ∈ Zd

|
VXQSZ^KN`�OB]Bk�_�IL]wK[Z^gw_�K

p := Pe1(TS(1) < T ). � � | �a¥	�
VXQ'©c`�K[OBY�m

p
TlY}Z^gB_�yBK[`�ÌxdaÌBT\GlTJZXR�ZNgxdjZ¬ZNgB_qK^daQwOB`�h ©vdaG\�zmSYµZ¨daKµZ^T\QBo­ILKN`�h

e1 � `aK¬daQSR�`aZNgB_�K¬yz`�TlQSZNY`aI S(1)
� mxKN_&Z^]BK[QBYqZ^` S(1)

Ìz_�IL`�K[_�KN_rdjk¨gBTlQBo
0 � TlQBk�Gl]BOwTlQBo�ZNgB_�krdaY[_ TS(1) < T = ∞ � |

VXQÎyBdaK[ZNTlk�]wGpdaK(TJZ(©vdaY�Y[gB`�©�QeT\Q � ���

lim
n→∞

sup
z∈Zd

Ξ(z, n)

logn
=

1

− log
(

p+ 1
2d

) =: κ a.s. � � | �U� �

VEZ�TlYq_rdjY[R�ZN` Y[_�_-Z^gxdfZ�ºqgw_�`�K[_�h � Tlh'yBGlT\_�Y
= �z7}?�;�����;�7���;��	�
��� � Â � �zÃ � À¨ÄSÀ � � � Â 
�
 Â � �&Ã�� � 
 � Á&Â Á�Ä'ÃNÄ �"! ��� 
fÄaÃ � ÄSÀ�� � n0

Á �xÅ � Â � ÄaÂ � � n ≥ n0Â � � � � � Ã�Ä � �
k = 1, 2 . . . , ψ(n,B)

Â � �&Ã � � 
 � Á&Â
� T � z ∈ Zd

Á �«Å � Â � ÄaÂ ξ(z, n) = k �
� T\T � j ≤ n

Á �«Å � Â � ÄaÂ ξ(Sj,∞) = k
�

VEZ�©c`�]BG\OÎÌz_�TlQSZ^_�KN_�YµZ^T\QBo'ZN` T\QS§�_�YµZ^T\oSdjZ^_�Z^gw_qË[`�T\QSZ�Ìz_�gBd�§�T\`�K�`aIWZNgB_�G\`Uk�daG ZNTlh'_�`jI¬d y�`�T\QSZHdjQBO
Z^gw_-`Uk�k�]ByxdfZ^Tl`aQiZ^T\h _�`aI}d Y[_�Z�mBÌB]wZ�T\Q�o�_�QB_�K^daG�Z^gBT\Y(YN_�_�h'Y(Z^`�Ìz_�d3§�_�KµR�k�`ah yBG\Tlk�djZ^_�O 
�]B_�YµZ^Tl`aQ,Y[`
©c_H©�TlG\GzOw_rdaGz`�QBGJR�©�T\Z^g Z^gB_HIL`aGlGl`�©�T\QBo-ZX©v`�Y[y�_�k�TpdjG�k�daYN_�Y�|¬¸¹_�©�TlG\Gzk�`�QBY[TlOB_�KcZ^gw_¶Ë[`�T\Q�ZvÌ�_�gxdr§�Tl`�K�`aI
Z^gw_�G\`Uk�daG Z^T\h _�Y�`aIWZX©c`iQB_�Tlo�g�Ìz`�KNT\QBo y�`aTlQSZ^Y�m�djQBO,ZNgB_�Gl`�krdaG�ZNTlh'_-`aI¬d y�`aTlQSZ�daQBOÎZNgB_�`Uk�k�]ByxdfZ^Tl`aQ
Z^T\h _¬`jI«d�ÌBdaGlGS`aIwK^daOwTl]BY � k�_�QSZ^_�KN_�O djZ�Z^gB_�y�`aTlQSZr|W�v`�QBk�_�KNQwTlQBo�Z^gB_¶ÍxKNYµZ 
�]B_�Y[Z^T\`�Q3`aQB_ch'Tloag�Z�G\Tl�j_¶ZN`
��QB`�©Ç©�gB_&Z^gB_�KcTJZ¬TlYWy�`�Y[YNT\ÌBGl_(ZNgxdjZ¶TlQ�ZX©c`�QB_�T\o�g�Ì�`�K[TlQBo-yz`�T\Q�ZNYWZ^gw_�G\`Uk�daGUZNTlh'_�Y¬djKN_qYNT\h�]BGJZ¨daQB_�`�]BY[G\R
daK[`�]BQBO

λ logn.
b,`�KN_�o�_�QB_�KNdaGlGJR�mw©c_�h T\o�gSZ�daYN� ©�gB_�ZNgB_�K�Z^gB_�yxdjTlKNYq`jIWyz`�YNY[TlÌBG\_­§jdaGl]B_�Y�`aI

(ξ(z, n), ξ(z + ei, n)) � � | ��� �
k�`ah yBG\_�ZN_�G\R'ÍxG\G Z^gB_�GldjZNZNTlk�_Hy�`�T\QSZ^YqTlQ�ZNgB_�YN_�Z

(log n)A ©�gB_�K[_ A TlYqOw_�ÍxQB_�OsdaY

A := {(x, y) ∈ Zd : 0 ≤ x ≤ λ, 0 ≤ y ≤ λ}.
ºqgB_�daQBY[©c_�K�IL`�K(ZNgBTlY 
�]B_�Y[Z^T\`�Q�Z^]BK[QBY�`�]wZqZ^` Ìz_�QB_�oSdfZ^T\§a_a|�n�`�©c_�§a_�K�©c_-©�TlG\G yBK[`<§a_�ZNgxdjZqIL`�K
B := {y ≥ 0, x ≥ 0 : −(x + y) log(y + x) + x log x+ y log y − (x+ y) logα ≤ 1}, � � | �j���

©�gB_�KN_
α :=

1 − γ

2 − γ©c_�gBd�§a_

Ð



��� ;
�«:f;�� � �
�	� � �&Â
d ≥ 4

� � � Ã �NÄ�Å � ε > 0 � � � Â � �zÃ � À¨ÄSÀ � � � Â	
 
3Â � �&Ã�� � 
 � Á&Â ÁHÄ � n0 = n0(ε)
Á �«Å �

Â � ÄaÂ � � n ≥ n0

Â � � �
� T � (ξ(z, n), ξ(z + ei, n)) ∈ ((1 + ε) logn)B, ∀z ∈ Zd, ∀i = 1, 2, . . . , 2d

� T\T � � � Ã�Ä ��
 (k, `) ∈ ((1 − ε) logn)B ∩ Zd

Ä �"!�� � Ã�ÄaÃ�À � Â®Ã[ÄaÃ 
 i ∈ {1, 2, . . . , 2d} Â � �&Ã�� � 
 � Á&ÂÃ[Ä �"! ���
z1, z2 ∈ Zd

� � Ã ��� � Å �
(ξ(z1, n), ξ(z1 + ei, n)) = (k + 1, `)

(ξ(z2, n), ξ(z2 + ei, n)) = (k, `+ 1).
¸¹_-©�T\GlG�ÍBKNY[Z�Y[gB`�© Z^gxdfZq©�T\Z^gw`�]wZ�KN_�Y[ZNKNTlk&Z^T\`�Q�`�Q�Z^gB_�OBT\h _�QBYNT\`�Q�©v_�gxdr§�_

��� ;
�«:f;�� � � � � � �&Â
d ≥ 3

� � � Ã �NÄ�Å � ε > 0 � � � Â � �zÃ � À¨ÄSÀ � � � Â	
 
3Â � �&Ã�� � 
 � Á&Â ÁHÄ � n0 = n0(ε)
Á �«Å �

Â � ÄaÂ � � n ≥ n0

Â � � �
� T � (ξ(Sj,∞), ξ(Sj + ei,∞)) ∈ ((1 + ε) logn)B, ∀j = 0, 1, 2, . . . , n, ∀i = 1, 2, . . . , 2d

� T\T � � � Ã�Ä ��
 (k, `) ∈ ((1 − ε) logn)B ∩ Zd

Ä �"!�� � Ã�ÄaÃ�À � Â®Ã[ÄaÃ 
 i ∈ {1, 2, . . . , 2d} Â � �&Ã�� � 
 � Á&Â Á�ÄÃ[Ä �"! ��� � �xÂ � � �&Ã j = j(k, `) ≤ n
� � Ã ��� � Å �

(ξ(Sj,∞), ξ(Sj + ei,∞)) = (k + 1, `).
�v`�QBk�_�KNQwTlQBo­ZNgB_v`�k�k�]ByxdjZNTl`�Q3ZNTlh'_c`jIBZ^gB_v]BQBT\ZWÌxdaG\G�mj�v`�QBY[_ 
�]B_�Qwk�_ � | � daQBO�ºqgB_�`�KN_�h �>YN]wo�o�_�YµZ

Z^gw_�IL`aGlGl`�©�T\QBo
= �z7���;��a� ��:<;�� �
� ��� Ã­Ä ��


ε > 0 � � Â � �zÃ � À¨ÄSÀ � � � Â 
 
'Â � �&Ã�� � 
 � Á&Â Á�Ä�Ã[Ä �"! ��� 
fÄaÃ � ÄSÀ�� � n0 = n0(ε)Á �xÅ � Â � ÄaÂ � � n ≥ n0

Â � � � � � Ã Ä � �
k = 1, 2, . . . , [(1 − ε)κ logn]

Â � �&Ã�� � 
 � Á&ÂLÁ z ∈ Zd

Á �xÅ � Â � ÄaÂ
Ξ(z, n) = k.
FÕY[Tlh'yBGl_�k�`aQBYN_ 
�]w_�QBk�_-`aI�`�]BK�ºqgB_�`aKN_�h � | � T\Y�ZNgxdjZ��v`aQfË[_�k&Z^]BK[_ � | � TlY¶Z^K[]B_a|¬F�Yc©c_­TlQwOBTlk�djZ^_�O

daÌz`�§�_amB©c_�daKN_-T\Q�ZN_�K[_�Y[ZN_�OÎTlQ�Z^gB_vË[`�T\QSZ�daY[R�h'ywZ^`jZ^Tlk-Ìz_�gBd�§�T\`�Kq`aI9Z^gB_�K^djQBOB`�h
Y[_ 
�]B_�QBk�_
(ξ(z, n),Ξ(z, n)), z ∈ Zd

daY
n→ ∞ |¬~­QB_(h'Tloag�Z.daYN�3daoSdaT\Q3©�gB_&Z^gB_�K¶ZNgBTlYWK^daQBOw`�h §a_�k�ZN`�K.©�TlG\G�ÍBGlGw`a]wZ¶daG\G�ZNgB_qGpdjZ[Z^T\k�_vyz`�T\Q�ZNY`aI9Z^gB_-ZNKNTpdjQBo�Gl_

(log n)C mB©�gB_�KN_

C = {(x, y) ∈ Zd : 0 ≤ x ≤ λ, x ≤ y ≤ κ}.
FHY�Ì�_&IL`�KN_jm«T\Z�Z^]BK[QBY�`a]wZ�ZNgxdjZ�Z^gB_3daÌz`<§a_�ZNKNTpdjQBo�Gl_­©�T\GlG5QB`jZHÌz_�ÍxG\Gl_�O�|(VXQBYµZ^_rdjO�m�©c_�©�T\GlG5yBK[`<§a_�ZNgB_
IL`�G\Gl`�©�TlQBo�Z^gB_�`�KN_�hÎ|
� _�ÍBQB_�ZNgB_�YN_&Z D daY

D := {y ≥ x ≥ 0 : −y log y + x log(2dx) + (y − x) log((y − x)/p) ≤ 1}, � � | �f�
�
©�gB_�KN_

p
©(daY�OB_&ÍxQB_�OeTlQ � � | �j¥�� daQBO,T\ZNY(§adjGl]B_-T\Q�Z^_�K[h Y�`aI γ T\Yqo�T\§a_�Q,ÌSR � � | Ð	� Ìz_�Gl`�©�|

�



��� ;
�«:f;�� � ��� � � �&Â
d ≥ 4

� � � Ã �NÄ�Å � ε > 0 � � Â � �zÃ � À¨ÄSÀ � � � Â 
 
'Â � �&Ã � � 
 � Á&ÂLÁ�Ä � n0 = n0(ε)
Á �«Å �

Â � ÄaÂ � � n ≥ n0

Â � � �
� T � (ξ(z, n),Ξ(z, n)) ∈ ((1 + ε) logn)D, ∀z ∈ Zd

� T\T � � � Ã�Ä ��
 (k, `) ∈ ((1 − ε) logn)D ∩ Zd

Â � �&Ã�� � 
 � Á&Â Á3ÄiÃ[Ä �"! ��� z ∈ Zd

� � Ã ��� � Å �

(ξ(z, n),Ξ(z, n)) = (k, `+ 1).

��� ;
�«:f;�� � ��� � � �&Â
d ≥ 3

� � � Ã �NÄ�Å � ε > 0 � � Â � �zÃ � À¨ÄSÀ � � � Â 
 
'Â � �&Ã � � 
 � Á&ÂLÁ�Ä � n0 = n0(ε)
Á �«Å �

Â � ÄaÂ � � n ≥ n0

Â � � �
� T � (ξ(Sj + ei,∞),Ξ(Sj + ei,∞) ∈ ((1 + ε) logn)D, ∀j = 1, 2, . . . , n, ∀i = 1, 2, . . . , 2d

� T\T � � � Ã�Ä ��
 (k, `) ∈ ((1 − ε) logn)D ∩ Zd

Ä �"!�� � Ã�ÄaÃ�À � Â�Ã[ÄaÃ 
 i ∈ {1, 2, . . . , 2d} Â � �&Ã�� � 
 � Á&ÂLÁ3ÄÃ[Ä �"! ��� � �xÂ � � �&Ã j = j(k, `) ≤ n
� � Ã ��� � Å �

(ξ(Sj + ei,∞),Ξ(Sj + ei,∞)) = (k, `+ 1).

±�;��¹�B:<A �	�
� ºqgB_�k�`�QBOBTJZ^T\`�Q
d ≥ 4

TlQeºqgw_�`�K[_�h � | � daQBOsºqgw_�`�K[_�h � | � TlY�QB_�_�OB_�O>`�QBGJR�IL`�K�Z^gB_
k�`aQ�§a_�K[o�_�QBk�_3`aI � � | �	� ©�gwTlGl_-ywKN`�§�TlQBo yxdaKµZ^Y � T � |¬ºqgB_�yBK[`U`aILYq`jIWyxdjK[Z^Y � TlT � TlQ�Ì�`jZ^g�Z^gB_�`�KN_�h Yq©c`�KN�daG\YN`�IL`�K

d = 3
|

� � � !W�q$&��� ����	-!}
 #j	��c�9� 	���* !}����+�$&�9�

P�_�krdjGlG ZNgB_�OB_�ÍxQwT\Z^T\`�Q�`aI
γ
m
γz

m
T
daQBO

Tz

TlQÎtU_�k�ZNTl`�Q � |
�¶; � �¹� � �
� � � � Ã

i = 1, 2, . . . , 2d

γei
= γ, � � | ���

P(T < Tei
) = P(Tei

< T ) =
1 − γ

2 − γ
= α, � � | �	�

P(T = Tei
= ∞) =

γ

2 − γ
= 1 − 2α. � � | ���

°�:�� ��� � ucR�YµRUh'h'_�Z^KµR
γei

= γe1 , i = 1, 2, . . . , 2d.
n�_�QBk�_

1 − γ =
2d
∑

i=1

P(S1 = ei)(1 − γei
) =

2d
∑

i=1

1

2d
(1 − γei

) = (1 − γe1)

�



Z^g�]BYq©c_�gBd�§a_ � � | ��� | Ò ]BKµZ^gB_�KNh'`�KN_-`�ÌwYN_�Kµ§�_�Z^gxdfZ
1 − γ = P(T <∞) = P(T < Tei

) + P(Tei
< T )Pei

(T <∞)
daQBO

1 − γ = P(Tei
<∞) = P(Tei

< T ) + P(T < Tei
)P(Tei

<∞).
tU`�GJ§�TlQBo�Z^gBT\Y3YµRUYµZ^_�h `aIq_ 
�]xdjZ^T\`�QBY3IL`aK

P(Tei
< T )

daQBO
P(T < Tei

)
m}©v_�oa_�Z � � | �	� mWdaQBO � � | �	�IL`�G\Gl`�©�YvILKN`ah

P(T = Tei
= ∞) = 1 − P(T < Tei

) − P(Tei
< T )

|
�¶; � �¹� � � � � � � Ã

i = 1, 2, . . . , 2d

P(ξ(0,∞) = k, ξ(ei,∞) = `) = (1 − 2α)

(

k + `

k

)

αk+`, k, ` = 0, 1, . . . � � | �
�

°�:�� ��� � ucR � � | �	� m�ZNgB_ yBKN`aÌxdaÌBT\GlT\ZXRÎ`aI k §UT\YNTJZ^Y�TlQ 0
daQwO

`
§�T\YNT\ZNY-TlQ

ei

T\Q�djQ�R>yBdaK[ZNTlk�]wGpdaK­`aKNOB_�K
TlY
αk+`

|�ºqgB_�ÌBT\QB`�h'TpdaG�k�`U_��'k�Tl_�QSZ-TlQ � � | �
� TlY�ZNgB_3Q�]Bh3Ì�_�KH`aI¶yz`�YNY[TlÌBG\_�`aKNOB_�KNY�| Ò TlQBdaGlGJR�mx`�ÌBY[_�Kµ§�_Z^gBdjZ3YµZ¨daKµZ^T\QBo,ILK[`�h _�TJZ^gB_�K�`jI(Z^gB_'ZX©v`ey�`�T\QSZ^Y�m�Z^gw_iyBK[`�ÌxdaÌBT\GlTJZXReZ^gBdjZ�ZNgB_ ©vdaG\��OB`U_�Y3QB`jZ3K[_�Z^]wKNQ
Ìxdak¨� Z^` Z^gB_�Y[Z^daK[ZNTlQBo�yz`�T\Q�Z�mBQB`�K(ZN`�Z^gB_�`aZNgB_�K�yz`�TlQSZ�TlY

1 − 2α.
n�_�Qwk�_�Z^gB_�Gl_�h h d�IL`�G\Gl`�©�Y�|

2P�_�krdaG\G Z^gw_�Ow_�ÍxQBTJZ^T\`�Q�`aI
p
T\Q � � | �a¥�� |

�¶; � �¹� � �����

p = 1 − 1

2d(1 − γ)
, � � | Ð �

P(Ξ(0,∞) = j) =
(

1 − p− 1

2d

)(

p+
1

2d

)j−1

, j = 1, 2 . . . , � � | ���

P(ξ(0,∞) = k, Ξ(0,∞) = `+ 1) =

(

`

k

)

(

1 − p− 1

2d

)

p`−k
(

1

2d

)k

, � � | � �
` = 0, 1, . . . , k = 0, 1, . . . , `.

°�:�� ��� � � _�Z
Z(A)

OB_�QB`aZN_ Z^gw_iQ�]Bh�Ìz_�K�`aI(§�TlY[T\Z^Y�T\Q�Z^gw_iYN_&Z
A
]By¹ZN`ÎZNgB_ ÍxK[Y[Z3KN_�ZN]BKNQÊZ^`Î¾�_�K[`B|

�vGl_�daKNGJR

P(Z(S(1)) = j, T <∞) = pj−1 1

2d
, j = 1, 2, . . . � � | ¤��

tU]Bh'h'TlQBo�]wy � � | ¤	� TlQ j mw©v_�o�_&Z

1 − γ = P(T <∞) =
∞
∑

j=1

pj−1 1

2d
=

1

2d(1 − p)
, � � |
� �

¤



Tlh'yBGJRUT\QBo � � | Ð	� |VXQSZ^KN`�OB]Bk�_�IL]wK[Z^gw_�K

τ =
∞
∑

j=1

I{Sj ∈ S(1), ‖Sj+1‖ > 1},
Z^g�]BY

τ
T\YcZ^gw_HQ�]Bh�Ìz_�K�`aI�`�]wZX©vdaK[O�_ �Uk�]wKNYNT\`�QBYvILK[`�h S(1)

Z^` S(1)
mwTlQwk�Gl]wOBTlQBo-ZNgB_HGldaY[ZcTlQBk�`�h'yBGl_&Z^_

`�QB_j|�n�_�Qwk�_
Ξ(0,∞) = τ + ξ(0,∞).

tUT\QBk�_
p
TlY�Z^gB_3yBKN`�ÌBdaÌBTlG\T\ZXR�ZNgxdjZ�Z^gB_�KNdaQBOB`ah"©vdaG\�,YµZ¨daKµZ^T\QBo ILK[`�h4daQSReyz`�TlQSZH`aI S(1)

KN_�ZN]BKNQwYHZ^`
S(1)

ILK[`�h `�]wZ^Y[TlOB_jm¬©�gBTlG\_
1/(2d)

TlY3ZNgB_�yBKN`aÌxdaÌBT\GlT\ZXR>`jI�ZNgB_�Y^djh _�K[_�Z^]wKNQ Z^gBK[`�]Bo�g ZNgB_�`�K[Tlo�T\Q�m
p+ 1/(2d)

TlYcZNgB_­yBK[`�ÌxdaÌwTlGlTJZXR�Z^gxdfZ(Z^gB_HK^daQBOw`�h ©vdaG\�zmUY[Z^daK[ZNTlQBo3ILK[`�h daQSR�yz`�TlQSZv`aI S(1)
mBKN_&Z^]BK[QBY

Z^` S(1)
T\Q�ÍxQBT\ZN_­Z^T\h _jm � � | ��� T\YqTlh'h _�OBTpdfZ^_a| Ò ]BK[ZNgB_�K[h `�K[_amBTJZqTlY�_�daY[R�ZN` YN_�_�Z^gBdjZ

P(ξ(0,∞) = k, τ = M + 1) =

(

k +M

k

)

(

1 − p− 1

2d

)

pM
(

1

2d

)k

,

Tlh'yBGJRUT\QBo � � | �	� | 2P�_�krdaG\G5daQBO,OB_&ÍxQB_

γz := P(Tz = ∞), γz(n) := P(Tz ≥ n), � � | ��¥	�
qz := P(T < Tz), qz(n) := P(T < min(n, Tz)), � � | ��� �
sx := P(Tx < T ), sz(n) := P(Tz < min(n, T )). � � | ���	�

bÎ`�K[_�`�§�_�K�m«yB]wZ
p(n) := Pe1(TS(1) < min(n, T )).

tUTlh'TlGldaKNGJR�Z^` ºqgB_�`�KN_�h F3mw©c_�ywKN`�§�_

�¶; � �¹� � ��� �

1 − γz +
O(1)

nd/2−1
≤ 1 − γz(n) ≤ 1 − γz, � � | �����

qz +
O(1)

nd/2−1
≤ qz(n) ≤ qz, � � | �r�
�

sz +
O(1)

nd/2−1
≤ sz(n) ≤ sz � � | �<Ð	�

p+
O(1)

nd/2−1
≤ p(n) ≤ p, � � | �����

Ä �"!
O(1) � Á ��� � � � Ã � � � z

�

�



°�:�� ��� � Ò `�K(Z^gB_�yBK[`U`jI}`jI � � | �r��� YN_�_ Ó daT\Q�daQBOÎ{¬KN]BTJZNZ�� ��� |
º}`'yBK[`<§a_ � � | �r�
� daQwO � � | ��Ð	� mB`aÌBYN_�K[§�_�Z^gBdjZ

0 ≤ qz − qz(n) = P(T < Tz, n ≤ T <∞) ≤ P(n ≤ T <∞) = γ(n) − γ,

0 ≤ sz − sz(n) = P(Tz < T, n ≤ Tz <∞) ≤ P(n ≤ Tz <∞) = γz(n) − γz.

º}`'yBK[`<§a_ � � | ����� mUTlQSZ^K[`UOw]Bk�_ bj = e1 + ej, j = 1, 2, . . . , 2d,
ZNgB_�Q�©v_�gxdr§�_

0 ≤ p− p(n) = Pe1(n ≤ TS(1) <∞) =
2d
∑

j=1

Pe1(S1 = bj, n ≤ TS(1) <∞). � � | �<� �
~­ÌBYN_�K[§a_�ZNgxdjZ�ÌSR � � | ����� mB_rdjk¨g,ZN_�KNh TlQ�Z^gB_�daÌz`�§�_�YN]wh krdaQ,Ì�_-_�Y[ZNTlh djZ^_�O,ÌSR

Pe1(S1 = bj, n ≤ TS(1) <∞) =
1

2d
Pbj

(n− 1 ≤ TS(1) <∞) =
O(1)

nd/2−1
,

yBK[`<§�T\QBo�Z^gB_�Gl_�h h dw|
2

�¶; � �¹� � ����� � � Ã
i = 1, 2, . . . , 2d � k + ` > 0 � n > 0 � � � Ä�
 �

P(ξ(0, n) = k, ξ(ei, n) = `) ≤
(

k + `

k

)

αk+`, � � | ��¤��
Ä �"!�� � Ã

i = 1, 2, . . . , 2d � ` > 0 � n > 0 � � � Ä�
 �

P(ξ(ei, n) = k, Ξ(ei, n) = `) ≤
(

`

k

)

p`−k
(

1

2d

)k

. � � | � � �
°�:�� ��� � º9`ÈYNgB`�© � � | ��¤�� m�KN_�krdaG\G�ZNgxdjZ�ÌSR � _�h'h d � | � m

qei
= sei

= α
| ºqgB_sZNTlh'_sÌz_�ZX©c_�_�Q

k�`aQBYN_�k�]wZNT\§�_�§UT\YNTJZ^Y�Z^`
0
`aK

ei

T\Y�G\_�Y[Y�ZNgxdaQ
n
m�gB_�QBk�_3]BYNT\QBo ZNgB_�]wyBy�_�KHT\QB_ 
�]xdaG\T\ZNTl_�Y�T\Q � � | ���
� djQBO� � | �<Ð � mwTJZ(T\Y(_rdaYµR�Z^`�Y[_�_-Z^gBdjZ(Z^gw_-yBKN`�ÌBdaÌBTlG\T\ZXR'`aI k §�TlY[T\ZNY(TlQ 0

daQBO
`
§�T\YNT\ZNY(TlQ

ei

]By�ZN` ZNTlh'_
n
T\Q

daQSR�yxdaKµZ^T\k�]BGldaKq`�KNOw_�K�m«T\Y�G\_�Y[Y�ZNgxdaQ
αk+`

|q¢�`�© � � | �r¤�� TlY�YN_�_�QsÌSR,`�ÌBY[_�K[§�T\QBo ZNgxdjZ�Z^gB_�Q�]Bh�Ìz_�K�`aIyxdaKµZ^T\k�]BGldaK(`�K[OB_�K[Y�T\Y(Z^gB_�ÌBT\QB`�h'TpdaGzk�`�_ �'k�Tl_�QSZ�TlQ � � | �r¤�� |tUTlh'TlGldaKNGJR�mS©c_�k�daQ,o�_�Z � � | � � � ÌSR�]BYNT\QBo � � | ����� | 2

� � � �����,	��5��� ���'+�	����&���,�

VEZqIL`�G\Gl`�©�Y(ILKN`�h � _�h'hid � | � daQBOet�Z^T\KNG\TlQBo3IL`aKNh�]BGld�Z^gBdjZqZ^gB_�daYµR�h ywZN`aZ^T\k-KN_�GpdjZNTl`�Q

logP(ξ(0,∞) = [x logn], ξ(ei,∞) = [y log n]) ∼ −g(x, y) logn, n→ ∞ � � | ���
��¥



gB`�G\OBY(IL`�K
i ∈ {1, 2, . . . , 2d} m x ≥ 0, y ≥ 0

mw©�gB_�K[_

g(x, y) = −(x + y) log(y + x) + x log x + y log y − (x + y) logα.

VEZcIL`aGlGl`�©�Y¬Z^gBdjZ
P(ξ(0,∞) = [x logn], ξ(ei,∞) = [y log n])

TlY¶`aI5`�K[OB_�K
1/n

TJI
(x, y)

YNdjZ^T\Y[Íx_�Y
Z^gw_�ÌBdaYNT\k-_ 
�]xdjZNTl`�Q

g(x, y) = 1, x ≥ 0, y ≥ 0. � � | � �
~­ÌBYN_�K[§a_�Z^gBdjZ

g(x, y)
TlY�Z^gw_�IL]BQwk�Z^T\`�Q�OB_�ÍBQBTlQBo'Z^gB_�YN_&Z B TlQ � � | �a�	� |vºqgw_�QB_ ��ZHG\_�h'hid�OB_�YNk�K[TlÌz_�YZ^gw_�h d<Ë[`�KvyBKN`�yz_�KµZ^T\_�Y�`aI9Z^gB_�Ìz`�]BQBOxdjK[R�`aI9Z^gw_�Y[_�Z B |

�¶; � �¹� � �
� �

� T � � � Ã­Â � ��� � � �xÂLÁ (x, y)
Á�ÄaÂ � Á � 
 � ��� � � | �	� � � � Ä�
 �

xmax = ymax = λ, � � | ���
(x+ y)max =

1

log 1
2α

, � � | ���
��� � �sÂ � � Á � Ä 
 � � � � � Å¨Å ��Ã^Á�Â � � � x = y.

� T\T ��� � x = xmax = λ � Â � � � y = λ(1 − γ)
Ä �"! 
 � ÅNÄ 
 �&Ã^Á�Ä �

� �
x = 0 � Â � � � y = 1

log(1/α)

Ä �"! 
 � ÅNÄ 
 �&Ã^Á�Ä �

� T\TlT ����� Ã�Ä � � 
 � � x � Â � � �����wÄaÂ � � � � � | �	� � ÄfÁ � � �-Á � ���UÂ � � � � � y � � Ã
x < x0 � Ä �"! � � Ã

x = λ
Ä �"!

Â � � Á � ����Â � � �wÁ � � Ã x0 ≤ x < λ � ��� �&Ã �

x0 =
1

log(1/α)
.

°�:�� ��� � � T���_�KN_�QSZ^TpdfZ^TlQwo � � | �	� djY-daQ>Tlh'yBGlT\k�TJZqIL]BQBk�ZNTl`�Q�`jI x, y Z^da�a_�Y�TJZ^Y­h d��UTlh3]Bh � y′ = 0
� djZ

x = λ(1 − γ)
daQBO,Z^gB_�§jdaGl]B_�`aIWZ^gBT\Y�h d��UTlh�]wh
TlY

y = λ,
©�gBTlk¨gÎyBKN`�§a_�YHZNgB_�ÍxK[Y[Z�Y[Z^djZ^_�h _�Q�ZNY­TlQ

� T � daQBO � T\T � |tUTlh'TlGldaKNGJR�m�T\I9©c_�h d��UTlh'Tl¾�_
x + y

daY�d IL]wQBk�ZNTl`�Q�`aI
x � T®|¯_j| 1 + y′ = 0

� ZNgB_�Q,©v_�o�_�Z�ZNgxdjZ�Z^gBT\Y
`�k�k�]wKNYq©�gB_�Q

x = y
daQBO�Z^gw_�Y[_�k�`�QBO,yxdaK[Z�`aI � T � IL`�G\Gl`�©�Y�|tU`�GJ§UT\QBo � � | �	� ©�gw_�Q x = 0

IL`�K
y
mw©c_�o�_�Z�Z^gw_�Y[_�k�`�QBO,yxdaK[Z�`aI � T\T � |¢�`�© ©c_3Z^]BK[QeZ^`'Z^gB_�yBKN`�`aI¬`jI � T\TlT � | Ò `�K�o�T\§a_�Q 0 ≤ x ≤ λ

k�`�QBY[TlOB_�K
g(x, y)

daYHd'IL]BQwk�Z^T\`�Qe`jI
y
|W¸¹_�gxdr§a_

∂g

∂y
= log

y

α(x+ y)

���
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(
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log α

)

Ò Tlo�]BK[_ � �¶ºqgB_�YN_&Z B T\Q�Z^gB_�krdjYN_�`aI}ZNgB_-ZX©v`f�Xyz`�TlQSZqY[_�Zrm d = 3
|

daQBO�Z^gwTlY�TlYq_ 
�]BdaG5Z^`'¾�_�K[`iTJI
y = x(1 − γ)

|�VEZ�TlYq_rdjY[R�Z^` YN_�_�ZNgxdjZ
g
Z^da�a_�YHd h'TlQBT\h�]Bh gB_�K[_3daQwO

TlYqOw_�k�K[_rdaY[TlQBo'TlQ
(0, x(1 − γ))

daQwOÎT\QBk�K[_rdaY[TlQBo TlQ
(x(1 − γ), λ)

|�bÎ`�K[_�`�§�_�K�m

∂2g

∂y2
=

1

y
− 1

x+ y
> 0,

gB_�QBk�_
g
T\Yqk�`�QS§�_ ��ILKN`�h Ì�_�Gl`�©�|.¸¹_�gxdr§a_�IL`�K

0 ≤ x < λ,
Z^gBdjZ�Z^gBT\Yqh T\QBTlh�]wh T\Y

g(x, x(1 − γ)) =
x

λ
< 1,

daQBO�`�Qw_�k�daQ,_rdaY[TlG\RiYN_�_�ZNgxdjZ

g(x, 0) = x log(1/α)











< 1 if x < x0,
= 1 if x = x0,
> 1 if x > x0.

ºqgBT\Y}Y[gB`�©�Y}Z^gBdjZW_ 
�]xdjZ^T\`�Q � � | �	� gxdaY9`�QB_�YN`�G\]wZ^T\`�Q�TJI 0 ≤ x < x0

daQBO�ZX©v`HYN`�G\]wZ^T\`�QBY�T\I
x0 ≤ x < λ

|
Ò `�K

x = λ
mBTJZ�krdaQ�Ìz_�YN_�_�QÎZNgxdjZ

y = λ(1 − γ)
TlYqZ^gw_-`�QBG\RiYN`�G\]wZ^T\`�Q�`aI

g(x, y) = 1
|

ºqgB_�yBKN`�`aI9`aI � _�h h d � | � T\Yqk�`�h'yBG\_�Z^_j|
2Ò `�KWIL]BKµZ^gB_�K�K[_�IL_�KN_�Qwk�_�TlQSZ^K[`UOw]Bk�_(ZNgB_(IL`�GlG\`�©�TlQBo­Qw`aZ¨djZNTl`�QwYWZ^`-OB_�YNk�KNTlÌz_qZ^gB_qÌz`�]BQwOxdaK[R�`aI B �}IL`aK

x0 ≤ x < λ
Gl_�Z

y1,B(x) < y2,B(x)
OB_�QB`jZ^_.Z^gw_.ZX©v`�YN`�G\]wZ^T\`�QBY daQBO-IL`�K

0 ≤ x < x0

Gl_&Z
y2,B(x)

OB_�QB`jZ^_

�<�



Z^gw_(`�QBGJR�Y[`�Gl]UZ^Tl`aQ3`aI � � | �	� | � _�ÍxQB_ y1,B(x) = 0
IL`aK

0 ≤ x < x0

daQBO
y1,B(λ) = y2,B(λ) = λ(1−γ) |ºqgB_�Q,ZNgB_�YN_�Z B krdaQ�Ìz_�o�T\§a_�QÎdaY

B = {0 ≤ x ≤ λ, y1,B(x) ≤ y ≤ y2,B(x)}.
Ò `�K(IL]BK[ZNgB_�K�OBT\YNk�]BYNY[Tl`�Q�`aI}yBKN`ay�_�K[Z^T\_�Y�`aI9Z^gB_�Y[_�Z B YN_�_3tU_�k�Z^T\`�Q � |�v`�QBk�_�KNQwTlQBo�Y[Tlh'TlGpdjK­OB_�Y[k�K[TlywZNTl`�Q `jIqZ^gB_ YN_�Z D Ì�_�Gl`�Qwo�TlQBo�Z^`ÎZ^gB_�`jZ^gB_�K3yBK[`�ÌBGl_�hÎm}T\Z�IL`�GlG\`�©�Y

ILKN`ah � � | �	� `jI � _�h'h d � | � daQwOst�ZNTlK[GlTlQwo3IL`�KNh3]BGpd�ZNgxdjZ�Z^gw_�djY[R�h yUZ^`aZNTlk­K[_�GpdfZ^Tl`aQ
log P(ξ(0,∞) = [x log n], Ξ(0,∞) = [y logn]) ∼ −f(x, y) logn, n→ ∞ � � | Ð	�

gB`�G\OBY(IL`�K
0 ≤ x ≤ y

mw©�gw_�KN_

f(x, y) = −y log y + x log x + (y − x) log(y − x) + x log(2d) + (y − x) log(1/p).

VEZvIL`�G\Gl`�©�Y¬Z^gxdfZ
P(ξ(0,∞) = [x log n], Ξ(0,∞) = [y log n])

T\Yc`jI5`�KNOw_�K
1/n

T\I
(x, y)

YNdjZ^T\Y[Íx_�Y
Z^gw_�ÌBdaYNT\k-_ 
�]xdjZNTl`�Q

f(x, y) = 1, 0 ≤ x ≤ y. � � | �	�
�¶; � �¹� � � � �

� T � � � Ã­Â � � � Ä 
 � � � � 
fÄ ��� �¨Á � �
x, y � Á�ÄaÂ � Á � 
 � ��� � � | ��� � � � � Ä�
 �

xmax =
1

log(2d(1 − p))
= λ, � � | �	�

ymax =
−1

log(p+ 1
2d

)
= κ. � � | ¤��

� T\T ��� � x = xmax = λ � Â � � � y = λ/(1 − p)
� � �

y = ymax = κ � Â � � � x = κ/(2dp+ 1)
� � �

x = 0 �Â � � � y = 1/ log(1/p)
�

� T\TlT ����� Ã�� � 
 � � x Â � � �����wÄaÂ � � � � � | ��� � ÄfÁ � � �HÁ � ���UÂ � � � � � y � � Ã
0 ≤ x < 1/ log(2d)

Ä �"! � � Ã
x = λ � Ä �"!iÂ � � Á � ����Â � � �wÁ � � y � � Ã

1/ log(2d) ≤ x < λ
�

°�:�� ��� � � T �¬Ò TlK[Y[Zck�`�QBY[TlOB_�K x djYvd�IL]BQBk�ZNTl`�Q `aI y YNdjZ^T\Y[I R�TlQwo � � | ��� |W¸�_�Y[_�_�� Z^gw_Hh d��UTlh�]Bh,m�©�gB_�KN_Z^gw_�Ow_�KNTJ§jdjZ^TJ§�_
x′(y) = 0

| � T � _�KN_�QSZNTpdjZNTlQBo � � | �	� daQBO,yB]wZNZNTlQBo x′ = 0
mxd YNT\h ywGl_­k�daGlk�]BGpdjZNTl`�QiGl_rdjOBY

Z^`
− log y + log(y − x) + log(1/p) = 0,

T�|�_a|
y = x/(1 − p).

���
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Ò T\o�]BKN_ � �¬ºqgB_�YN_�Z D TlQ�Z^gw_�k�daYN_�`aI9Z^gw_�]wQBT\Z�ÌxdjGlG�m d = 3
|

VEZ�krdaQÎÌ�_�YN_�_�QeZNgxdjZ�Z^gwTlY�TlYqZ^gB_�§jdaGl]w_�`jI
y
©�gB_�Q

x
Z^da�a_�YHTJZ^Y�hid��wT\h�]Bh,|(t�]BÌBY[ZNT\ZN]wZ^T\QBo�Z^gBT\Y�T\Q�ZN`

� � | ��� mw©c_�oa_�Z
xmax =

1

log(2d(1 − p))
= λ,

§�_�KNTJI RUT\QBo � � | �	� |¢�_ �UZ�k�`�QBYNT\OB_�K
y
daY¶d­IL]BQBk�ZNTl`aQ'`jI

x
daQBO h d��UTlh'Tl¾�_

y
Y[]BÌ�Ë[_�k&ZcZN` � � | ��� |}FHoSdjTlQ�m�OwT���_�KN_�QSZ^TpdfZ^TlQwo� � | ��� ©�TJZ^g�KN_�YNyz_�k&Z�ZN` x daQBO�yB]wZ[Z^T\QBo y′ = 0

mw©c_�o�_&Z

− log(y − x) + log x− log(1/p) + log(2d) = 0

ILKN`ah ©�gBT\k¨g
x = y/(1 + 2pd)

|¶tU]wÌBY[ZNT\Z^]UZ^TlQwo'T\Q � � | ��� ©c_�oa_�Z ymax = κ
|

ºqgBTlYck�`�h'yBG\_�Z^_�YcZNgB_HyBK[`U`jI5`aI � _�h'h d � | � � T � daQBOiZNgB_�ÍBKNY[ZvZX©v`�YµZ¨djZN_�h'_�QSZ^YvTlQ � _�h h d � | � � TlT � |FHQ,_rdjY[R�k�daGlk�]BGpdjZNTl`�QiYNgB`�©�Y�Z^gxdjZ�TJI
x = 0

mUZ^gB_�Q
y = 1/ log(1/p)

|
¢�`�© ©v_�Z^]BK[QsZ^` ZNgB_�yBK[`U`jI¬`aI � _�h'hid � | � � T\TlT � | Ò `�KHo�TJ§�_�Q 0 ≤ x ≤ λ

k�`�QBYNT\OB_�K
f(x, y)

daY­d
IL]BQBk&Z^T\`�Q�`aI

y
|W¸�_�gxdr§�_

∂f

∂y
= log

y − x

py
daQBO�ZNgBTlYcTlY(_ 
�]xdaG ZN`�¾�_�KN` T\I

y = x/(1− p)
|¬VEZqT\Yv_rdjY[RiZN`�YN_�_­Z^gxdjZ

f
Z¨da�j_�Y�d3h'TlQBT\h�]Bh0gB_�KN_�daQwO

�r�



TlYqOw_�k�K[_rdaY[TlQBo'T\I
y < x/(1 − p)

daQBO�T\QBk�K[_rdaY[TlQBo T\I
y > x/(1 − p)

|cbÎ`aKN_�`�§a_�K�m

∂2f

∂y2
=

1

y − x
− 1

y
> 0,

gB_�QBk�_
f
TlYqk�`aQ�§a_ �,ILKN`ah Ìz_�Gl`�©�|.¸�_�gxdr§�_�IL`�K

0 < x < λ,
Z^gxdjZqZNgBTlY�h'TlQBT\h�]Bh TlY

f

(

x,
x

1 − p

)

= x log((1 − p)2d)) =
x

λ
< 1,

daQBO

f(x, 0) = x log(2d)











< 1 if x < 1/ log(2d),
= 1 if x = 1/ log(2d),
> 1 if x > 1/ log(2d).

ºqgBT\Y-YNgB`�©�Y�Z^gxdjZ­_ 
�]xdjZNTl`�Q � � | ��� gBdaY-`�QB_�Y[`�Gl]wZNTl`�Q�TJI 0 ≤ x < 1/ log(2d)
djQBO�ZX©v`,YN`�G\]wZ^T\`�QBY­TJI

1/ log(2d) ≤ x < λ
|

Ò `�K
x = λ

mBTJZ�krdaQ�Ìz_�YN_�_�QÎZNgxdjZ
y = λ/(1 − p)

T\Y(Z^gB_�`�QwG\R�Y[`�Gl]UZ^Tl`aQ�`aI
f(x, y) = 1

|
ºqgB_�yBKN`�`aI9`aI � _�h h d � | � T\Yqk�`�h'yBG\_�Z^_j|

2Ò `�K¬IL]BK[ZNgB_�K�KN_&IL_�KN_�QBk�_�`�QBk�_Hdao�daTlQ TlQSZNKN`�OB]Bk�_�Z^gw_�IL`�G\Gl`�©�TlQwo-QB`aZ¨dfZ^Tl`aQBY¬Z^`�OB_�Y[k�KNT\Ì�_�Z^gw_�Ìz`�]BQBO��
daKµR `aI D �iIL`�K 1/ log(2d) ≤ x < λ

Gl_�Z
y1,D(x) < y2,D(x)

OB_�Qw`aZ^_�Z^gw_�ZX©v`ÊYN`�G\]wZ^T\`�QBY�djQBO IL`�K
0 ≤ x < 1/ log(2d)

Gl_&Z
y2,D(x)

Ow_�QB`aZN_�Z^gB_�`�QBGJR YN`aGl]wZNTl`�Q `aI � � | ��� | � _�ÍxQw_ y1,D(x) = x
IL`�K

0 ≤ x < 1/ log(2d)
daQBO

y1,D(λ) = y2,D(λ) = λ/(1 − p)
|¬ºqgB_�Q,Z^gB_�YN_&Z D k�daQÎÌz_�o�T\§a_�QÎdaY

D = {0 ≤ x ≤ λ, y1,D(x) ≤ y ≤ y2,D(x)}.
Ò `�K(IL]BK[ZNgB_�K�OBT\YNk�]BYNY[Tl`�Q�`aI}yBKN`ay�_�K[Z^T\_�Y�`aI9Z^gB_�Y[_�Z D YN_�_3tU_�k�Z^T\`�Q � |

� � � !W� ��#%��# � ���q��!}��� ��� � 	-!9�9�������
VXQ¹ZNgBTlY�YN_�k&Z^T\`�Q¹©c_�yBKN`�§a_�yxdaK[ZNY � T � `aIqZ^gB_'Z^gB_�`�KN_�h Y3TlQ�ZNgB_iIL`�G\Gl`�©�TlQwo,`aKNOB_�K�� ºqgB_�`aKN_�h � | � � T � mºqgB_�`�KN_�h � | � � T � m�ºqgB_�`aKN_�h � | � � T � mSºqgw_�`�K[_�h � | � � T � |WVXQ Z^gw_�yBK[`U`jILY¶ZNgB_�k�`�QBYµZ¨daQSZ c hidrR�§jdaKµR�ILKN`�hGlT\QB_HZN`'G\TlQB_j|

°�:�� ��� � � ��� ;
�z:<;�� � � ��� C
	 �
¸¹_�YNd�R�ZNgxdjZ

Sj (j = 0, 1, . . .)
T\YqQB_�© � k�IØ| � ����� T\I9_�TJZ^gB_�K j = 0

mB`�K
j ≥ 1

daQwO

Sm 6= Sj, for m = 1, 2, . . . , j − 1.

� _�Z
Aj

Ì�_­ZNgB_�_�§�_�QSZHZ^gBdjZ
Sj

TlYqQB_&©�|

�<Ð



�v`�QBY[TlOB_�K�Z^gw_3KN_&§�_�KNYN_3K^daQBOw`�h ©(daG\��Y[Z^daK[ZNTlQBo ILKN`�h
Sj

m�T®|¯_j|
S
′
r := Sj−r − Sj

m
r = 0, 1, . . . , jdaQBOÈdjGlYN`sZNgB_iIL`�Kµ©(djKNOÈK^daQwOB`�h�©(daG\�

S
′′
r := Sj+r − Sj

m
r = 0, 1, 2, . . .

ºqgB_�Q {S′
0,S

′
1, . . . ,S

′
j}daQBO {S′′

0,S
′′
1, . . .}

daKN_-T\QBOB_�y�_�QBOB_�QSZ�daQBO�Y[` djKN_­Z^gw_�TlKvKN_�Y[y�_�k�ZNT\§�_�G\`Uk�daG�ZNTlh'_�Y
ξ′
djQBO

ξ”
|¬~-Qw_�k�daQ

_rdjYNTlGJR�Y[_�_-Z^gxdfZ
ξ(Sj, j) = ξ′(0, j) + 1, ξ(Sj + ei, j) = ξ′(ei, j)daQBO

ξ(Sj,∞) − ξ(Sj, j) = ξ”(0,∞), ξ(Sj + ei,∞) − ξ(Sj + ei, j) = ξ”(0 + ei,∞),

gB_�QBk�_�ÌSR � _�h'hidaY � | � daQBO � | Ð

P(ξ(Sj,∞) = k, ξ(Sj + ei,∞) = `, Aj)

= P(ξ′(0, j) = 0, ξ”(0,∞) = k − 1, ξ ′(ei, j) + ξ”(ei,∞) = `)

=
∑̀

`1=0

P(ξ′(0, j) = 0, ξ′(ei, j) = `1)P(ξ”(0,∞) = k − 1, ξ”(ei,∞) = `− `1)

≤
∑̀

`1=0

α`1

(

k − 1 + `− `1
`− `1

)

αk−1+`−`1 = αk+`−1
∑̀

`1=0

(

k − 1 + `− `1
`− `1

)

=

(

k + `

`

)

αk+`−1.

� _�Z
(k, `) 6∈ ((1 + ε) logn)B |�tUT\QBk�_ g(cx, cy) = cg(x, y)

IL`aK­daQSR
c > 0

mz©v_3k�`�QBk�Gl]BOw_3ILKN`�h
� � | ��� ZNgxdjZ

P(ξ(Sj,∞) = k, ξ(Sj + ei,∞) = `, Aj) ≤
c

n1+ε

daQBO�]BY[TlQBo Z^gwTlY�daQBO � � | �r¥��
P(ξ(Sj,∞), ξ(Sj + ei,∞)) 6∈ ((1 + ε) logn)B, Aj)

≤
∑

(k,`)6∈((1+ε) log n)B
k≤(1+ε)λ log n

`≤(1+ε)λ log n

P(ξ(Sj,∞) = k, ξ(Sj + ei,∞) = `, Aj)

+
∑

k>(1+ε)λ log n

P(ξ(Sj,∞) = k, Aj) +
∑

`>(1+ε)λ log n

P(ξ(Sj + ei,∞) = `, Aj)

≤ c log2 n

n1+ε
+ 2

∑

k>(1+ε)λ log n

(1 − γ)k ≤ c

n1+ε/2
. � � | � �

n�_�QBk�_�YN_�Gl_�k&Z^T\QBo'd Y[]BÌBY[_ 
�]B_�Qwk�_
nr = r4/ε

©c_�gxdr§�_

P(∪j≤nr+1 ∪2d
i=1 {(ξ(Sj,∞), ξ(Sj + ei,∞)) 6∈ ((1 + ε) lognr)B})

���



= P(∪j≤nr+1 ∪2d
i=1 {(ξ(Sj,∞), ξ(Sj + ei,∞)) 6∈ ((1 + ε) lognr)B} ∩ Aj) ≤

c

n
ε/2
r

.

uv`�K[_�Gï�µ�(daQSZ^_�GlG\T�G\_�h'hid,Tlh'yBGlT\_�Y-Z^gBdjZ�©�T\ZNg yBKN`aÌxdaÌBT\GlT\ZXR � IL`aK�daG\GcGldaKNo�_
r
daQwO IL`�K�daG\G

j ≤ nr+1

m
i ≤ 2d

©v_�gxdr§a_
(ξ(Sj,∞), ξ(Sj + ei,∞)) ∈ ((1 + ε) lognr)B.

VEZqIL`�G\Gl`�©�Y(Z^gxdfZq©�T\Z^g�yBK[`�ÌxdaÌwTlGlTJZXR � ZNgB_�K[_�_ �UTlY[ZNY
n0

Y[]Bk¨gÎZNgxdjZ�TJI
n ≥ n0

ZNgB_�Q

(ξ(Sj,∞), ξ(Sj + ei,∞)) ∈ ((1 + ε) logn)B
IL`�K�daG\G

i = 1, 2, . . . , 2d, j ≤ n
|

ºqgBTlY�yBK[`�§�_�Y � T � `aI}ºqgB_�`�K[_�h � | � | 2

°�:�� ��� � � ��� ;
�z:<;�� � � � � C
	 �
VXQSZ^KN`�OB]Bk�_�ZNgB_-IL`�GlG\`�©�TlQBo�QB`aZ¨dfZ^Tl`aQ��

ξ(z, (n,∞)) := ξ(z,∞) − ξ(z, n) � � | �	�
Ò T �

i ∈ {1, 2, . . . , 2d} djQBOÎOw_�ÍxQB_�Z^gw_�IL`aGlGl`�©�T\QBo3_&§�_�QSZNY�IL`�K j ≤ n
|

B(j, n) := {(ξ(Sj, n), ξ(Sj + ei, n)) /∈ ((1 + ε) logn)B}, � � | ���
B∗(j, n) := {(ξ(Sj, j), ξ(Sj + ei, j)) /∈ ((1 + ε) logn)B}, � � | �
�
C(j, n) := {Sm 6= Sj,Sm 6= Sj + ei, m = j + 1, . . . , n}, � � | Ð	�
D(j, n) := {ξ(Sj, (n,∞)) > 0} ∪ {ξ(Sj + ei, (n,∞)) > 0}. � � | ���

�v`�QBY[TlOB_�KNTlQwoedao�daTlQsZNgB_ KN_�§a_�K[YN_iKNdaQBOB`ah ©(djGl�sYµZ¨daKµZ^TlQwo�ILK[`�h
Sj

m�T®|¯_j|
S
′
r = Sj−r − Sj

m
r =

0, 1, . . . , j
©v_�gxdr§�_

ξ(Sj, j) = ξ′(0, j) + 1, ξ(Sj + ei, j) = ξ′(ei, j),

©�gB_�KN_
ξ′
TlY(ZNgB_�Gl`�krdaGzZ^T\h _­`jI}ZNgB_�K^daQBOw`�h ©vdaGl�

S
′ |ucR � � | �r¤�� `aI � _�h h d � | Ð daQBO � � | ��� mwT\I (k, `) /∈ ((1 + ε) logn)B mxZNgB_�Q

P(ξ′(0, j) = k − 1, ξ′(ei, j) = `) ≤ k

k + `

(

k + `

k

)

αk+`−1 ≤ c

n1+ε
.

n�_�QBk�_jmzdaYqTlQ � � | ��� mw©c_�gxdr§a_
P(B∗(j, n)) ≤ c

n1+ε/2
.

�<�



~­ÌBYN_�K[§�_�Z^gxdfZ

B(j, n)C(j, n)D(j, n) = B∗(j, n)C(j, n)D(j.n).
Ò ]BK[ZNgB_�K[h `�K[_ {S′

r, r = 0, 1, . . . , j} daQwO {Sm−Sj, m = j, j+1, . . .} daKN_�TlQBOw_�yz_�QBOB_�QSZr|¬n�_�QBk�_

P(B(j, n)C(j, n)D(j, n)) = P(B∗(j, n))P (C(j, n)D((j, n)).
�v`�h�ÌBT\QBTlQwo�Z^gB_�YN_�©�T\Z^g�ºqgB_�`�KN_�h F Tlh'yBGlT\_�Y

P(B(j, n)C(j, n)D(j, n)) ≤ c

n1+ε/2(n− j + 1)d/2−1
,

k�`aQBYN_ 
�]w_�QSZ^GJR�IL`�K
d ≥ 4

∞
∑

n=1

n
∑

j=1

P(B(j, n)C(j, n)D(j, n)) <∞. � � | �	�
n�_�QBk�_�©�T\ZNgÎywKN`�ÌxdjÌBTlG\T\ZXR � mxZ^gB_�KN_�_ �UTlYµZ^Y

n0

Y[]Bk¨gÎZNgxdjZ�IL`�K
n ≥ n0

Z^gw_�_&§�_�Q�Z
B(j, n) ∪ C(j, n) ∪

D(j, n)
`�k�k�]BKNY�|v¸¹_�h d�R�daYNY[]Bh _�Z^gBdjZ

n0

YNdjZ^T\Y[Íx_�YHdaG\YN` Z^gB_�K[_ 
�]BTlK[_�h'_�QSZ�TlQ,ºqgB_�`�K[_�h � | � � T � |�VEI
B(j, n)

`�k�k�]BKNY�mBZ^gB_�Q
(ξ(Sj, n), ξ(Sj + ei, n)) ∈ ((1 + ε) logn)B.

VEI
D(j, n)

`Uk�k�]BK[Y�mBZNgB_�Q

(ξ(Sj, n), ξ(Sj + ei, n)) = (ξ(Sj,∞), ξ(Sj + ei,∞)) ∈ ((1 + ε) logn)B
ÌSR�ºqgB_�`�KN_�h � | � � T � |¢�`�© k�`�QwYNTlOw_�K

z ∈ Zd

Y[]Bk¨g�Z^gxdjZ
ξ(z, n)+ξ(z+ei, n) > 0

m�ÌB]UZ¶daKNÌwT\Z^KNdaK[R�`jZ^gB_�K[©�TlY[_�daQBO�G\_�Z
LÌz_�ZNgB_�ZNTlh'_q`aI ZNgB_�GpdaYµZ�§�T\YNT\Z¶ZN` {z, z+ei}

Ìz_�IL`aKN_
n
m�T�|�_a|

L := max{m ≤ n : Sm ∈ {z, z+ei}}
|

ºqgB_�Q
B(L, n) ∪ C(L, n) ∪ D(L, n)

`Uk�k�]BK[YHIL`�K
n ≥ n0

|�tUT\QBk�_
C(L, n)

k�daQBQB`jZ-`Uk�k�]BK�m ©c_�gxdr§�_
Z^gBdjZ

B(L, n) ∪D(L, n)
`�k�k�]BKNY�|¶VEI

SL = z
mwZ^gBT\YqTlh'yBGlT\_�Y

(ξ(SL, n), ξ(SL + ei, n)) = (ξ(z, n), ξ(z + ei, n)) ∈ ((1 + ε) logn)B.
VEI

SL = z + ei

mBZ^gB_�QedaywyBG\R�TlQwo�Z^gB_�daÌz`�§�_�yBKN`�k�_�OB]BK[_�]BY[TlQBo�ZNgB_�]BQBT\Zq§a_�k&Z^`�K −ei

©c_�oa_�Z�Z^gxdfZ

(ξ(SL, n), ξ(SL − ei, n)) = (ξ(z + ei, n), ξ(z, n)) ∈ ((1 + ε) logn)B.
ucR�YµR�h h'_�ZNK[R�`aI9Z^gw_�Y[_�Z B Z^gBT\YqTlh'yBGlT\_�YvdaGlY[`

(ξ(z, n), ξ(z + ei)) ∈ ((1 + ε) logn)B.
��¤



tUTlQwk�_
i ∈ {1, 2, . . . , 2d} T\Y�daKNÌwT\Z^KNdaK[RamwZ^gwTlYqk�`ah yBG\_�ZN_�Y(Z^gw_�ywKN`�`aIW`jIWºqgB_�`�KN_�h � | � � T � | 2

°�:�� ��� � � ��� ;
�z:<;�� � � � � C
	 �
ºqgB_iywKN`�`aIqTlY�Y[Tlh'TlGpdjKHZ^`,Z^gxdjZ�`aIqºqgw_�`�K[_�h � | � � T � | � _�Z

z ∈ Zd

djQBO¹k�`�QBYNT\OB_�K�Z^gw_i]BQBTJZ3ÌBdaGlG
k�_�QSZ^_�K[_�OÕdjZ

z
| � _�Z,QB`�©

Aj

Ì�_�Z^gw_Ê_&§�_�Q�Z,Z^gBdjZ�Z^gB_>K^djQBOB`�h ©vdaG\�ÇgBTJZ^Y�Z^gwTlY�]BQBTJZ�ÌxdaGlG�ÍxKNYµZ
djZ�Z^T\h _

j
|,¡�QBOw_�K�ZNgBTlY�k�`�QBOBTJZ^Tl`aQ

(ξ(z,∞),Ξ(z,∞))
gxdjY�Z^gw_ � ]BQBk�`aQBOBT\ZNTl`�QBdaG � OBT\Y[ZNKNTlÌw]wZ^T\`�Q>`aI

(ξ(0,∞),Ξ(0,∞))
|.n�_�QBk�_�T\I

(k, `) /∈ ((1 + ε) logn)D mUZ^gB_�QÎÌSR�]BY[TlQBo � � | Ð �
P(ξ(z,∞) = k,Ξ(z,∞) = `, Aj) ≤

c

n1+ε
.

ºqgB_-YNdah _�©(drR�daYvTlQ�Z^gw_­yBKN`�`aI9`aI9ºqgB_�`�KN_�h � | � � T � ©c_-krdaQ�Y[gB`�©ªZNgB_­IL`�GlG\`�©�TlQBo�_�Y[ZNTlh djZ^T\`�Q�mS©�T\ZNgZ^gw_�h `�OBTJÍxkrdjZNTl`�Q�ZNgxdjZH©�gw_�QB_&§�_�K-©c_�gxdr§�_ d YN]Bh'hidfZ^Tl`aQÎÌSR
`
m
λ
Y[gB`�]BG\OsÌz_�KN_�yBGpdak�_�OsÌSR

κ
daQBO

TlQwY[Z^_�daO�`aI}]BYNT\QBo � � | ��¥�� ©c_3djyByBG\R � � | ��� |
P((ξ(z,∞),Ξ(z,∞)) /∈ ((1 + ε) logn)D), Aj) ≤

c

n1+ε/2
.

Ò `�K
nr

daYqT\Q�ZNgB_�yBKN`�`aI}`aI}ºqgB_�`�K[_�h � | � � T � mU`�QB_�o�_&Z^Y�YNT\h T\GpdaK[G\R
P(∪j≤nr+1 ∪2d

i=1 {(ξ(Sj + ei,∞),Ξ(Sj + ei,∞)) 6∈ ((1 + ε) lognr)B})

= P(∪j≤nr+1 ∪2d
i=1 {(ξ(z + ei,∞),Ξ(z + ei,∞)) 6∈ ((1 + ε) lognr)B} ∩ Aj) ≤

c

n
ε/2
rdaQBO�©c_�k�daQ,k�`�h'yBGl_&Z^_­ZNgB_�yBKN`�`aI9ÌSR�]BYNT\QBo'uv`�KN_�GJ�Ø�(daQSZ^_�G\GlTzGl_�h h dw|

2

°�:�� ��� � � ��� ;
�z:<;�� � � � � C
	 �
ºqgB_�yBKN`�`aI9TlYqY[Tlh'TlGpdjKcZ^`�ZNgxdjZ�`aI}ºqgB_�`aKN_�h � | � � T � |VXQSZ^KN`�OB]Bk�_�ZNgB_-IL`�GlG\`�©�TlQBo�QB`aZ¨dfZ^Tl`aQ��

Ξ(z, (n,∞)) := Ξ(z,∞) − Ξ(z, n). � � | ¤��
� _&ÍxQB_

Γ = Γi := {ei + S(1)} | Ò `�K i ∈ {1, . . . , 2d} TlQSZ^K[`UOw]Bk�_jm�djY�Ìz_�IL`�K[_amxZ^gw_�IL`�G\Gl`�©�TlQwo�_�§a_�QSZ^YIL`�K
j ≤ n

|

B(j, n) := {(ξ(Sj + ei, n),Ξ(Sj + ei, n)) /∈ ((1 + ε) logn)D}, � � | � �
B∗(j, n) := {(ξ(Sj + ei, j),Ξ(Sj + ei, j)) /∈ ((1 + ε) logn)D}, � � | ��¥	�
C(j, n) := {Sm /∈ Sj + Γ, m = j + 1, . . . , n }, � � | �����
D(j, n) := {Ξ(Sj + ei, (n,∞)) > 0}. � � | �<�	�

� �



�v`�QBY[TlOB_�KNTlQwoedao�daTlQsZNgB_ KN_�§a_�K[YN_iKNdaQBOB`ah ©(djGl�sYµZ¨daKµZ^TlQwo�ILK[`�h
Sj

m�T®|¯_j|
S
′
r = Sj−r − Sj

m
r =

0, 1, . . . , j
©v_�KN_�hidaK[�

ξ(Sj + ei, j) = ξ′(ei, j), Ξ(Sj + ei, j) = Ξ′(ei, j) − 1,

©�gB_�KN_
Ξ′ TlY(Z^gw_�`�k�k�]ByxdjZNTl`�Q�ZNTlh'_­`aI9Z^gB_�]BQBTJZ�ÌxdaG\G�`aI9Z^gB_�K^djQBOB`�h ©vdaG\�

S
′ |

� Ò K[`�h ZNgBTlY�©v_�krdaQ,IL`�GlG\`�©ªZNgB_�ywKN`�`aI.`aI.ºqgB_�`�K[_�h � | � � T � mx]BY[TlQBo � � | � � � djQBO � � | Ð � T\QBY[ZN_rdaOÎ`aI� � | ��¤	� daQBO � � | ��� daQwOedaywyBG\R�TlQwo�ºqgB_�`�K[_�h � | � � T � T\QBY[ZN_rdaO�`aI}ºqgB_�`aKN_�h � | � � T � | 2
� � � !W� ��#%��# � ���q��!}��� ��� � 	-!9�9�����&� �
VXQ�Z^gBT\Y�tU_�k&Z^Tl`aQ�©c_�yBKN`�§�_�yxdaKµZ^Y � TlT � `aI}ZNgB_�ºqgB_�`aKN_�h'Y�|°�:�� ��� � � ��� ;
�z:<;�� � � � � C�C
	��x798 � � ;
�«:<;�� � � ��� C�C 	 �
¸¼T\ZNgB`�]wZ�Gl`�Y[Y�`jIqo�_�Qw_�K^djGlT\ZXR�©c_�o�TJ§�_ Z^gB_ yBKN`�`aI(IL`aK

i = 1
| � _�ÍBQB_iZ^gw_ ZX©c`j�Xyz`�TlQSZ�YN_&Z

Υ :=
{0, e1}

|.¸�_�Y^drR�Z^gxdfZ
Sj (j = 1, 2, 3 . . .)

TlY
Υ
�XQB_&© TJI}_�T\ZNgB_�K

j = 1
mx`aK

j ≥ 2
daQBO

Sm /∈ Sj + Υ, (m = 1, 2, . . . , j − 1).

�¶; � �¹� � �
� � � �&Â
ζn

! � � � Â ��Â � ����� � À �&Ã � �
Υ �

� � � � � � �xÂLÁ � �ÊÂ � Â � � �
n
� � � � �

lim
n→∞

ζn
n

= 1 − 2α a.s.

°�:�� ��� �q� _�ÍBQB_

Zj =

{

1 if Sj is Υ−new
0 otherwise

ºqgB_�Q
ζn =

∑n
j=1 Zj

daQBO,gB_�QBk�_

E(ζn) =
n
∑

j=1

P (Zj = 1),

E(ζ2
n) = E





n
∑

j=1

n
∑

i=1

ZjZi



 = E





n
∑

j=1

Zj



+ 2E





n
∑

j=1

j−1
∑

i=1

ZjZi





≤ n+ 2
n
∑

j=1

j−1
∑

i=1

P(Zi = 1)P (Zj−i = 1).

�a¥



�v`�QBY[TlOB_�KNTlQwo'ZNgB_�KN_�§a_�K[YN_3KNdaQBOB`ah
©(daG\�iILKN`ah
Si

ZN`
S0 = 0

mB©v_�YN_�_�ZNgxdjZ�Z^gB_�_&§�_�QSZ {Zi = 1}TlY�_ 
�]wT\§jdaGl_�QSZqZ^` Z^gB_�_�§a_�QSZHZNgxdjZ�Z^gB_�K[_�§�_�KNY[_�O�K^djQBOB`�h ©vdaG\��Y[Z^daK[ZNTlQBo ILKN`�h daQSR�y�`aTlQSZ�`aI
Υ
OB`�_�Y

QB`aZ�K[_�ZN]BKNQ�Z^`
Υ
]wy,ZN` ZNTlh'_

i
|�¡�YNTlQwo � _�h h d � | � djQBO � | � ©c_�oa_�Z

P(Zi = 1) = 1 − qe1(i) − se1(i) = 1 − 2α+O(i1−d/2).

n�_�QBk�_

E(ζ2
n) ≤ n+ 2

n
∑

j=1

j−1
∑

i=1

(

1 − 2α+O(i1−d/2)
) (

1 − 2α +O((j − i)1−d/2)
)

= n(n− 1) (1 − 2α)2 +O(n3/2),
Z^g�]BY

V ar(ζn) = O(n3/2).
ucR,�vgw_�ÌSR�YNgB_&§���Y­T\QB_ 
�]xdaG\T\ZXR

P (|ζn − n (1 − 2α)| > εn) ≤ O

(

1√
n

)

.

�v`�QBY[TlOB_�KNT\QBo�ZNgB_�YN]BÌwYN_ 
�]B_�QBk�_
nk = k3

m�daQBO ]BYNT\QBo�uv`�KN_�GJ�Ø�(daQSZ^_�G\GlTUGl_�h'h d-daQBO ZNgB_�h `�Qw`aZ^`�QwTlk�TJZXR
`aI
ζn
mB©c_�`�ÌUZ¨daT\Q�Z^gB_�Gl_�h h dw|

2

�¶; � �¹� � � � � � � Ã �NÄ�Å � δ > 0 � Â � �&Ã�� � 
 � Á&Â�ÄiÁ �BÀ&Á�������� � Å � nr

Ä �"!
r0
Á �«Å � Â � ÄaÂ � � r ≥ r0

Â � � �
� � Ã'Ä ��


(k, `) ∈ ((1 − δ) lognr)B ∩ Zd

Â � �&Ã�� � 
 � Á&Â ÁiÄÎÃ[Ä �"! ��� � �xÂ � � �&Ã jr = jr(k, `) ≤ nr

� � Ã
��� � Å �

(ξ(Sjr
, nr), ξ(Sjr

+ e1, nr)) = (ξ(Sjr
,∞), ξ(Sjr

+ e1,∞)) = (k + 1, `).

°�:�� ��� � � _�Z {an}
daQBO {bn} � an logn� bn � n

� Ì�_­ZX©c`'YN_ 
�]B_�QBk�_�YHZ^` Ìz_�k¨gB`�YN_�QeGldjZ^_�K�| � _&ÍxQB_
θ1 = min{j > bn : Sj is Υ−new},

θm = min{j > θm−1 + bn : Sj is Υ−new, } m = 2, 3, . . .
daQBO,Gl_&Z

ζ ′n
Ìz_�ZNgB_�Q�]wh�Ì�_�K�`jI

θm

y�`aTlQSZ^Y�]By�Z^` Z^T\h _
n− bn

|(~-ÌS§�Tl`a]BYNGJR
ζ ′n(bn + 1) ≥ ζn

mxgB_�Qwk�_
ζ ′n ≥ ζn/(bn +1)

daQBO'T\Z.IL`aGlGl`�©�Y.ILK[`�h � _�h'h d Ð | � Z^gBdjZ¬IL`�K
c < 1−2α

mS©c_�gxdr§�_�©�TJZ^g yBK[`�ÌxdaÌBT\GlTJZXR
� Z^gxdfZ

ζ ′n > un := [cn/(bn + 1)]
_ �Uk�_�ywZ�IL`aK(ÍxQBT\ZN_�GJR�h daQSR

n
|

Ò `�K
1 ≤ i ≤ un

G\_�Z

ρi
0 = 0, ρi

h = min{j > ρi
h−1 : Sθi+j ∈ Υ}, h = 1, 2, . . .

�U�



Ò `�K�d�Í �U_�OeyBdaTlK(`jIWT\Q�ZN_�o�_�KNY
(k, `)

OB_�ÍBQB_�ZNgB_-IL`�GlG\`�©�TlQBo�_&§�_�Q�ZNY��

Ai = {ξ(Sθi
, θi + ρi

k+`) = k + 1, ξ(Sθi
+ e1, θi + ρi

k+`) = `,

ρi
h − ρi

h−1 ≤ an, h = 1, . . . , k + `, Sj 6∈ Sθi
+ Υ, j = θi + ρi

k+` + 1, . . . , θi + bn},
Bi = {Sj 6∈ Sθi

+ Υ, j > θi + bn},
Cn = A1B1 + A1A2B2 + A1A2A3B3 + . . .+ A1 . . . Aun−1Aun

Bun
.

¢�`aZN_�Z^gxdfZ�T\I
(k, `) ∈ ((1 − δ) logn)B m¶ZNgB_�Q k + ` ≤ c logn

IL`�K�Y[`�h _�k�`�QBYµZ¨daQSZ
c
m¬gB_�QBk�_

ρi
h − ρi

h−1 ≤ an, h = 1, . . . , k + `
T\h ywGlTl_�Y

ρi
k+` ≤ (k + `)an ≤ can log n ≤ bn

djQBOÇY[`ÊZNgB_
_�§a_�QSZ^Y

Ai

daK[_�©c_�G\GxOB_�ÍBQB_�O�djQBOidjKN_�TlQBOw_�yz_�QBOB_�QSZrm�YNTlQwk�_
Ai

OB_�y�_�QBOBYv`aQBG\R3`�Q'ZNgB_�yxdaK[Z¶`jI�K^djQBOB`�h
©vdaGl�ÊÌ�_&ZX©v_�_�Q

θi

daQBO
θi+1

| b,`�KN_�ywKN_�k�TlY[_�G\Ram�ZNgB_�_�§a_�QSZ^Y
A1, . . . , Ai−1, AiBi

daKN_�T\QBOB_�y�_�QBOB_�QSZ�|
bÎ`�K[_�`�§�_�K�m

P(Ai) = P(A1)
daQBO

P(AiBi) = P(A1B1)
m
i = 2, 3, . . .

n�_�Qwk�_�©v_�gxdr§�_

P(Cn) = P(A1B1)
un−1
∑

j=0

(1 − P(A1))
j =

P(A1B1)

P(A1)
(1 − (1 − P(A1))

un.

P(Cn) ≤ 1 − P(A1B1)

P(A1)
+ e−unP(A1)

P(A1B1) = P(D ∩ {Sj 6∈ Υ, j = ρk+` + 1, ρk+` + 2, . . .}) = (1 − 2α)P(D),

P(A1) = P(D ∩ {Sj 6∈ Υ, j = ρk+` + 1, . . . , bn}) = (1 − 2α+O(b1−d/2
n ))P(D), � Ð | ���

©�gB_�KN_
ρ0 = 0, ρh = min{j > ρh−1 : Sj ∈ Υ}, h = 1, 2, . . . ,

D = {ξ(0, ρk+`) = k, ξ(e1, ρk+`) = `, ρh − ρh−1 ≤ an, h = 1, . . . , k + `}.
VXQ � Ð | ��� ©v_�]BY[_�O�Z^gxdjZ�ÌSR � _�h'h daY � | � m � | � daQBO,KN_�h'_�h3Ì�_�KNTlQwo�Z^gxdjZ

qe1 = se1 = α
mw©c_�gxdr§�_

P(D ∩ {Sj 6∈ Υ, j = ρk+` + 1, . . . , bn})

≤ P(D)(1 − qe1(bn − (k + `)an) − se1(bn − (k + `)an)) = P(D)(1 − 2α +O(b1−d/2
n )).

�v`�QBY[_ 
�]B_�Q�ZNG\Ram
P(A1B1)

P(A1)
= 1 +O(b1−d/2

n ),

Z^gw_�KN_&IL`�KN_
P(Cn) ≤ O(b1−d/2

n ) + e−cnP(A1)/bn .

���



�vgB`�`�YNT\QBo
bn = nδ/2

m
an = nδ/4

mB©c_�yBKN`�§�_

P(A1) ≥
c

n1−δ
. � Ð | � �

¡�Y[TlQBo � � | ���
� daQBO � � | �<Ð � `aI � _�h h d � | � IL`aK z = e1

©v_�o�_&Z

P(A1) ≥ (1 − 2α)

(

k + `

`

)

(

α +O(a1−d/2
n )

)k+` ≥ c

(

k + `

`

)

αk+`,

YNT\QBk�_'T\I
(k, `) ∈ (logn)B m}ZNgB_�Q k + ` = O(logn)

|�¢�`�© � Ð | �	� IL`aGlGl`�©�Y-ILKN`ah�t�Z^T\KNG\TlQBo�IL`�K[h�]BGpdUmYNT\h T\GpdaK[G\R�ZN` � � | ��� |¡�Y[TlQBo � Ð | �	� ©c_�krdaQ�§�_�KNT\I RiZ^gxdjZ ∑r P(Cnr
) <∞ IL`aK

nr = rρ
©�T\ZNg

ρδ(d− 2) > 4
|

ucR uv`�K[_�GJ�Ø�(daQSZ^_�GlGlTwGl_�h'h dwm�©�T\ZNg yBK[`�ÌxdaÌwTlGlTJZXR � m
Cnr

`Uk�k�]BK[YcIL`�K�daG\G«ÌB]wZ�ÍxQBT\ZN_�GJR�hidjQ�R
r
|.ºqgBT\Y

k�`ah yBG\_�ZN_�Y(Z^gw_�ywKN`�`aIW`jI � _�h'h d Ð | � |
2~­QÎk¨gB`�`�Y[TlQBo

δ = ε/2
mw©c_�krdaQ,YN_�_�IL`�K

nr ≤ n < nr+1

((1 − ε) logn)B ⊂ ((1 − ε/2) lognr)B
IL`�K�GpdjKNo�_�_�Qw`�]Bo�g

r
djQBOsYNT\QBk�_

ξ(Sjr
, n)

daQwO
ξ(Sjr

+ e1, n)
OB`iQB`jZHk¨gxdjQBo�_�IL`aK

n ≥ nr

mx©v_�gxdr§�_
Z^gw_�ºqgw_�`�K[_�h � | � � T\T � daQBO Z^gB_qÍxK[Y[Z�Y[Z^djZ^_�h _�Q�Z�`aI�ºqgB_�`�KN_�h � | � � TlT � |�ºqgB_�YN_�k�`�QwOiY[Z^djZ^_�h _�QSZcT\Q�Z^gBT\YºqgB_�`�KN_�h
IL`�GlG\`<©�YvÌ�R�Y[R�h h'_�ZNK[Ra|

2

°�:�� ��� � � ��� ;
�z:<;�� � � � � C�C
	��x798 � � ;
�«:<;�� � ��� � C�C 	 �
ºqgB_3ywKN`�`aI.T\Q,ZNgBTlY�YN]wÌBYN_�k�Z^T\`�QsT\YHdaG\h `aY[ZqZ^gw_�YNdah _�daY�TlQ�Z^gB_�yBK[_�§�Tl`�]wY�`�Qw_amzYN` ©c_3Y[��TlyeY[`�h'_

OB_&Z¨daT\GlY�|}¸¼T\Z^gw`�]wZ(G\`�YNYv`aI9o�_�QB_�K^daG\T\ZXRamUZ^gw_-yBKN`�`aI�TlYvo�T\§a_�Q�IL`�K
i = 1

| � _�Z
Γ = Γ1

daYvOB_�ÍxQw_�O,TlQiZNgB_
yBK[`U`aIc`aIcºqgB_�`aKN_�h � | � � T � m�T�|�_a| Γ

T\Y­Z^gB_ ]BQwT\Z�ÌxdaG\G.k�_�QSZ^_�K[_�O dfZ
e1

|
Sj (j = 1, 2, 3 . . .)

TlY-k�daGlG\_�O
Γ
�XQB_&© TJI}_�T\ZNgB_�K

j = 1
mB`�K

j ≥ 2
daQBO

Sm /∈ Sj + Γ, (m = 1, 2, . . . , j − 1).

�¶; � �¹� � ����� � �&Â
νn

! � � � Â ��Â � ����� � À �&Ã � �
Γ �

� � � � � � �xÂ Á � �>Â � Â � � �
n
� � � � �

lim
n→∞

νn

n
= 1 − p− 1

2d
a.s.

°�:�� ��� �q� _�ÍBQB_

Zj =

{

1 if Sj is Γ−new
0 otherwise

ºqgB_�Q
νn =

∑n
j=1 Zj

|

�a�



�v`�QBY[TlOB_�KNTlQwo'ZNgB_�KN_�§a_�K[YN_3KNdaQBOB`ah
©(daG\�iILKN`ah
Si

ZN`
S0 = 0

mB©v_�YN_�_�ZNgxdjZ�Z^gB_�_&§�_�QSZ {Zi = 1}TlY�_ 
�]BTJ§adjGl_�QSZ�Z^`ÎZNgB_�_&§�_�QSZ�ZNgxdjZ3ZNgB_�K[_�§�_�KNY[_�OÈK^daQwOB`�h�©(daG\�>Y[Z¨djK[Z^T\QBoÎILK[`�h daQSR¹yz`�T\Q�Z3`aI
S(1)OB`�_�Y�QB`aZ�K[_�ZN]BKNQ�Z^`

S(1)
]By,ZN`�Z^Tlh'_

i
|¶¡�YNT\QBo � _�h h d � | � ©c_�o�_�Z

P (Zi = 1) = 1 − p(i) − 1

2d
= 1 − p− 1

2d
+O(i1−d/2).

ºqgB_�KN_�YµZ�`aI}ZNgB_�daKNoa]Bh _�QSZ�TlYqTlOw_�QSZ^T\krdaG ©�TJZ^g�Z^gBdjZ�`aI � _�h h d Ð | � |

�¶; � �¹� � ��� � � � Ã �NÄ�Å � δ > 0 � Â � �&Ã�� � 
 � Á&Â�ÄiÁ �BÀ&Á�������� � Å � nr

Ä �"!
r0
Á �«Å � Â � ÄaÂ � � r ≥ r0

Â � � �
� � Ã'Ä ��


(k, `) ∈ ((1 − δ) lognr)D ∩ Zd

Â � �&Ã�� � 
 � Á&Â Á ÄÎÃ[Ä �"! ��� � �xÂ � � �&Ã jr = jr(k, `) ≤ nr

� � Ã
��� � Å �

(ξ(Sjr
+ e1, nr),Ξ(Sjr

+ e1, nr)) = (ξ(Sjr
+ e1,∞),Ξ(Sjr

+ e1,∞)) = (k, `+ 1).

°�:�� ��� � � _�Z {an}
daQBO {bn} � an logn� bn � n

� Ì�_­ZX©c`'YN_ 
�]B_�QBk�_�YHZ^` Ìz_�k¨gB`�YN_�QeGldjZ^_�K�| � _&ÍxQB_
θ1 = min{j > bn : Sj is Γ−new},

θm = min{j > θm−1 + bn : Sj is Γ−new}, m = 2, 3, . . .
daQBO,Gl_&Z

ν ′n
Ìz_-Z^gB_�Q�]Bh�Ìz_�K�`aI

θm

yz`�TlQSZ^Y�]By�Z^`�ZNTlh'_
n− bn

|c~­Ì�§�T\`�]BYNGJR
ν ′n(bn + 1) ≥ νn

mBgB_�Qwk�_
ν ′n ≥ νn/(bn + 1)

daQBO T\Z�IL`aGlGl`�©�Y3ILK[`�h � _�h'h d Ð | � ZNgxdjZ IL`�K
c < 1 − p − 1

2d

m¶©v_,gxdr§�_�©�T\ZNg
yBK[`�ÌxdaÌBT\GlTJZXR � Z^gBdjZ

ν ′n > un := cn/(bn + 1)
_ �Uk�_�ywZ�IL`aK(ÍxQBT\ZN_�GJR�h daQSR

n
|

� _�Z
ρi

0 = 0, ρi
h = min{j > ρi

h−1 : Sθi+j ∈ Γ}, h = 1, 2, . . .
Ò `�K�d�Í �U_�OeyBdaTlK(`jIWT\Q�ZN_�o�_�KNY

(k, `)
OB_�ÍBQB_�ZNgB_-IL`�GlG\`�©�TlQBo�_&§�_�Q�ZNY��

Ai = {ξ(Sθi
+ e1, θi + ρi

`) = k,Ξ(Sθi
+ e1, θi + ρi

`) = `+ 1,

ρi
h − ρi

h−1 ≤ an, h = 1, . . . , `, Sj 6∈ Sθi
+ Γ, j = θi + ρi

` + 1, . . . , θi + bn},
Bi = {Sj 6∈ Sθi

+ Γ, j > θi + bn},
Cn = A1B1 + A1A2B2 + A1A2A3B3 + . . .+ A1 . . . Aun−1Aun

Bun
.

tUTlh'TlGldaKNGJR>Z^`�ZNgB_,yBKN`�`aI-`aI � _�h'hid Ð | � m
P(Ai) = P(A1)

djQBO
P(AiBi) = P(A1B1)

m
i =

2, 3, . . .
daQBO

P(Cn) = P(A1B1)
un−1
∑

j=0

(1 − P(A1))
j =

P(A1B1)

P(A1)
(1 − (1 − P(A1))

un,

�j�



P(Cn) ≤ 1 − P(A1B1)

P(A1)
+ e−unP(A1).

P(A1B1) =

(

`

k

)

(

1 − p− 1

2d

)

(p(an))`−k
(

1

2d

)k

,

P(A1) ≤
(

`

k

)

(

1 − p(bn − `an) − 1

2d

)

(p(an))`−k
(

1

2d

)k

.

ucR � _�h h d � | �
P(A1B1)

P(A1)
= 1 +O(b1−d/2

n ),

Z^gw_�KN_&IL`�KN_
P(Cn) ≤ O(b1−d/2

n ) + e−cnP(A1)/bn .
�vgB`�`�YNT\QBo

bn = nδ/2
m
an = nδ/4

mB©c_�krdaQ,yBKN`�§a_�Y[Tlh'TlGpdjKNG\R�ZN` � Ð | �	�

P(A1) ≥
1

n1−δ

daQBO�§a_�KNTJI R�Z^gBdjZ
∑

r P(Cnr
) <∞ IL`�K

nr = rρ
©�TJZ^g

ρδ(d− 2) > 4
|

ucR uv`�K[_�GJ�Ø�(daQSZ^_�GlGlTwGl_�h'h dwm�©�T\ZNg yBK[`�ÌxdaÌwTlGlTJZXR � m
Cnr

`Uk�k�]BK[YcIL`�K�daG\G«ÌB]wZ�ÍxQBT\ZN_�GJR�hidjQ�R
r
|.ºqgBT\Y

k�`ah yBG\_�ZN_�Y(Z^gw_�ywKN`�`aIW`jI � _�h'h d Ð | � |
2~­QÎk¨gB`�`�Y[TlQBo

δ = ε/2
mw©c_�krdaQ,YN_�_�IL`�K

nr ≤ n < nr+1

((1 − ε) logn)D ⊂ ((1 − ε/2) lognr)D
IL`�K�GpdjKNo�_�_�Qw`�]Bo�g

r
djQBOeY[TlQBk�_

ξ(Sjr
+ e1, n)

daQBO
Ξ(Sjr

+ e1, n)
OB` QB`aZ�k¨gxdaQBo�_�IL`�K

n ≥ nr

mz©c_
gxdr§�_�Z^gw_�YµZ¨djZN_�h'_�QSZ^Y � TlT � `aIWÌz`aZNg,ºqgw_�`�K[_�h'Y � | � daQBO � | � | 2

� � � +�!9�9���(!4*������(+��9�5�&�3���

~­ÌBYN_�K[§a_�ZNgxdjZ�Z^gB_­IL`aGlGl`�©�T\QBo�yz`�TlQSZ^Y�djKN_�`�Q�Z^gB_�k�]BK[§a_
g(x, y) = 1 � Y[_�_ Ò Tloa]BKN_ � � �

(

0,
1

log(1/α)

)

,

(

1

log(1/α)
, 0

)

,

(λ, λ(1 − γ)) , (λ(1 − γ), λ) ,
(

1

2 log(1/(2α))
,

1

2 log(1/(2α))

)

.

��Ð



VXQ�Z^gB_�IL`�G\Gl`�©�TlQwo OBT\YNk�]BYNY[Tl`�Q�©c_ daKN_�gxdr§�TlQwo�daGlh'`�Y[Z�YN]wKN_ Y[Z^djZ^_�h _�Q�ZNY�m�©�gBT\k¨g�©v_�©�T\GlG9QB`aZ�Ìz_
_�h'yBgxdjYNTl¾�_-`�§�_�K�daQBO,`�§�_�K�djoSdaTlQ |
~­]BK�ºqgB_�`�K[_�h � | � YNgB`�©�Y�Z^gxdfZqZ^gB_�KN_�daKN_�yz`�TlQSZNY

zn

©�T\ZNg

ξ(zn, n) = 0, and ξ(zn + e1, n) ∼ log n

log(1/α)
.

~­Q�Z^gB_�`aZNgB_�K�gxdaQwO�mxT\I�IL`�K�d y�`aTlQSZ
zn

m

ξ(zn, n) > (1 + ε)
logn

log(1/α)
,

Z^gw_�QÉIL`�KidaGlG�`aI�TJZ^YiQw_�Tloag�Ìz`�K[Y ©c_�gxdr§�_
ξ(zn + ei, n) > c log n

IL`�KiY[`�h'_
c > 0

| b,`�KN_�`<§a_�K�m
T\I
ξ(zn, n) ∼ λ logn

Z^gB_�Q IL`aK�daGlGv`aI�T\Z^Y�Qw_�Tloag�Ìz`�K[Y
ξ(zn + ei, n) ∼ λ(1 − γ) logn

|ÈP�`�]Bo�gBGJR
YNyz_rdj��T\QBo�TJI9d3y�`aTlQSZvgBdaY(QB_�daKNGJR h d��UTlh daGxG\`Uk�daGzZNTlh'_am�T\Zv_�Y[YN_�QSZNTpdaG\G\R'OB_�ZN_�K[h T\QB_�Y�Z^gB_­G\`Uk�daGxZ^T\h _�`aI
T\ZNYqQB_�T\o�g�Ì�`aKNY�mBdaQBO,gB_�QBk�_�ZNgB_�`Uk�k�]ByBdjZ^T\`�Q�Z^Tlh'_­`aI9Z^gw_�Y[]BK[I�djk�_�`aI9Z^gB_�]BQBTJZ�ÌxdaG\G5daKN`a]BQBO�T\Z�|
Ò `�K(Z^gB_�h d��UTlh daGz`Uk�k�]ByxdfZ^Tl`aQ�ZNTlh'_­`aI}QB_�T\o�g�Ì�`aKNTlQwo�yxdaTlK[Y(©v_�krdjQ,`aÌwZ¨daT\Q

lim
n→∞

sup
z∈Zd

(ξ(z, n) + ξ(z + ei, n))

log n
=

1

log 1
2α

,

daQBO�IL`�K
zn

mB©�gB_�KN_�Z^gB_�YN]wyÎT\Y�djZNZ^daTlQB_�O�mw©c_�gxdr§�_amzdaY
n→ ∞ m

ξ(zn, n) ∼ ξ(zn + ei, n) ∼ log n

2 log 1
2α

.

VEZqTlYc_rdaYµRiZN`�krdaG\k�]BGldjZ^_�Z^gB_Hhid��UT\hidaGxG\`Uk�daGxZ^T\h _�OBT���_�K[_�QBk�_­Ì�_&ZX©v_�_�Q�ZX©v`�Qw_�Tloag�Ìz`�K[TlQBo�y�`�T\QSZ^Y�|

lim
n→∞

sup
z∈Zd

(ξ(z, n) − ξ(z + ei, n))

log n
=

1

log 1+
√

1−4α2

2α

,

daQBO�IL`�K
zn

©�gw_�KN_�Z^gw_�Y[]By,TlY�djZ[Z¨daT\QB_�O�mU©v_�gxdr§�_jm�djY
n→ ∞ m

ξ(zn, n) ∼ 1 +
√

1 − 4α2

2
√

1 − 4α2

logn

log 1+
√

1−4α2

2α

, ξ(zn + ei, n) ∼ 1 −
√

1 − 4α2

2
√

1 − 4α2

log n

log 1+
√

1−4α2

2α

.

�v`�QBY[TlOB_�KNTlQwo'Qw`<©ªZ^gB_vË[`�T\QSZqÌ�_�gxdr§�Tl`�Kq`aI9Z^gw_�G\`Uk�daG�ZNTlh'_­`aIWd'yz`�T\Q�ZqdaQBO�Z^gB_�`�k�k�]wyxdjZ^T\`�Q�Z^T\h _
`aI.ZNgB_3Y[]BK[I�djk�_�`aIWZ^gB_�]BQBT\Z�ÌxdaG\G9daKN`�]wQBOsT\Z�m«`�ÌBYN_�K[§a_�Z^gxdjZ�Z^gw_�IL`�G\Gl`�©�TlQBo yz`�TlQSZNY­daK[_�`�QÎZ^gB_�k�]BKµ§�_
f(x, y) = 1 � YN_�_ Ò T\o�]BKN_ �	� �

(

0,
1

log(1/p)

)

,

(

1

log(2d)
,

1

log(2d)

)

,

(

κ

2dp+ 1
, κ

)

,

(

λ,
λ

1 − p

)

.

�a�



FHY�d�k�`�Qwk�Gl]wYNTl`aQ,`jIWºqgB_�`�KN_�h � | � ©c_�gxdr§�_�Z^gxdjZqZNgB_�K[_�daKN_�yz`�TlQSZ^Y
zn

©�T\Z^g

ξ(zn, n) = 0 and Ξ(zn, n) ∼ logn

log(1/p)
.

~­Q�Z^gB_�`aZNgB_�K�gxdaQwO�mxT\I�IL`�K�d y�`aTlQSZ
zn

Ξ(zn, n) > (1 + ε)
log n

log(1/p)
,

Z^gw_�Q�IL`�KqT\ZNYqk�_�QSZN_�K�©v_�gxdr§�_
ξ(zn, n) > c logn

IL`�KqY[`�h _
c > 0

|�bÎ`aKN_�`�§a_�K�mzT\I
ξ(zn, n) ∼ λ logn

m
Z^gw_�Q�IL`�K(Z^gB_�]BQwT\Z�ÌxdaG\G

Ξ(zn, n) ∼ λ logn

1 − p
.

P�`�]Bo�gBGJR Y[y�_�da��TlQBo�T\IHdÊyz`�TlQSZ'gxdaY QB_�daKNGJRÈhid��wT\hidjGvGl`�krdjGvZ^T\h _jmcTJZ _�YNY[_�QSZ^TldaGlGJR OB_&Z^_�K[h T\QB_�Y�ZNgB_
`�k�k�]wyxdjZ^T\`�Q�Z^T\h _­`jI}ZNgB_�YN]BKµI�dak�_�`aI9Z^gB_�]BQwT\Z�ÌxdaG\G5daK[`�]BQBO�T\Z�|
~­ÌBYN_�K[§�_�Z^gxdjZ�ILKN`ah � � | Ð	� T\Z�IL`�GlG\`�©�Y�ZNgxdjZ λ/(1 − p) = 2dλ(1 − γ)

m«gB_�QBk�_�©v_�hidrR�k�`aQBk�G\]BOB_
Z^gBdjZHIL`�K�diÌxdjGlG�gxdr§�TlQBo hid��UT\hidaG5G\`Uk�daG5Z^T\h _�djZ�Z^gB_�k�_�QSZN_�K�m�Z^gB_�`Uk�k�]ByxdfZ^Tl`aQeZ^T\h _�`aI¬ZNgB_3Y[]BK[I�dak�_
TlY

2d
Z^T\h _�Y�ZNgB_���Ow_�Z^_�KNh'TlQBT\Y[ZNTlk��-Gl`�krdjG9ZNTlh'_�`aI�d y�`�T\QSZHgxdr§�TlQwo�diQB_�T\o�g�Ì�`aK�©�T\ZNgsh d��UTlh daG5Gl`�krdaG

Z^T\h _j|.�v`aQBYN_ 
�]w_�QSZ^GJR�mBdjGlGBY[]BK[I�dak�_�yz`�T\Q�ZNY¬`aI5d�]BQBTJZ¶ÌxdaG\GBgxdr§�TlQBo�hid��wT\hidjGUG\`Uk�daGwZ^T\h _(djZ¶Z^gB_�k�_�QSZ^_�K�m
gxdr§�_3dayByBK[` �wT\hidfZ^_�GJR ZNgB_�Y^dah'_�G\`Uk�daG ZNTlh'_a|cbÎ`�K[_�`�§�_�K�m TJI}ZNgB_�`Uk�k�]ByxdfZ^Tl`aQ�ZNTlh'_-`aIWZNgB_�YN]BKµI�dak�_�`aI
d3]BQwT\Z(ÌBdaGlGzTlYvdaKN`�]wQBOiZ^gw_­hid��wT\hidjGB§adjGl]B_jmwT�|�_a|

Ξ(zn, n) ∼ κ log n
mUZNgB_�Q�IL`�K�Z^gB_HGl`�krdaGxZ^T\h _�`aI�TJZ^Y

k�_�QSZ^_�K�©c_�gBd�§a_

ξ(zn, n) ∼ κ logn

2dp+ 1
.

Ò T\QxdaGlGJRe©c_ik�`�QBk�G\]BOB_'Z^gxdjZ�_�§a_�Q ZNgB`�]Bo�g¹T\Z�TlY�QxdjZN]BK^daG¬ZNgxdjZ�©v_�k�daQ�ÍBQBO ]BQBTJZ3ÌBdaGlG\Y�gBd�§�T\QBoÎZNgB_
Y^djh _�`�k�k�]ByxdjZNTl`�Q�Z^T\h _�`jIcZNgB_ YN]BKµI�dak�_ daY-Z^gB_ G\`Uk�daGWZ^T\h _3`aIvTJZ^Y�k�_�QSZ^_�K�m9ZNgB_�I�dak�Z�ZNgxdjZ�T\Z-T\Y�daGlY[`
yz`�YNY[TlÌBG\_­©�gB_�Q�Z^gBT\Yqk�`�h'h'`�Q�§jdaGl]B_-T\Y(I�daTlK[G\R ÌBTlo�T\Y 
�]BT\ZN_�Y[]BKNywKNTlY[TlQBow|¬¢Hdah'_�GJR�TJZqTlYqyz`�YNY[TlÌBG\_­Z^gxdfZ

ξ(zn, n) ∼ Ξ(zn, n) ∼ log n

log(2d)
.

¸¼T\ZNg¹d,GlT\Z[Z^G\_�_ ��Z^KNdÎk�`�h yw]wZ¨djZNTl`�Q>`�Qw_ k�daQ¹_�daYNT\G\R�k�daGlk�]BGpdjZN_ � daYµRUh'ywZN`aZ^T\krdaG\G\R � Z^gw_ h d��UTlh daG©c_�Tloag�Z�`aI9Z^gw_�]wQBT\Z�ÌxdjGlG Ñ

w(z, n) := ξ(z, n) + Ξ(z, n), w(n) := sup
z∈Zd

(ξ(z, n) + Ξ(z, n)).

ºqgBT\Y¶©vdaYvdaGlK[_rdaOwR�OB`�QB_�TlQ � ��� |¬n�`�©v_&§�_�KcILKN`�h ºqgw_�`�K[_�h � | � ©c_�oa_�Z�Z^gB_�IL`�GlG\`�©�TlQBo-`�ÌwYN_�Kµ§jdjZ^T\`�QidjY
©c_�GlG®�9IL`aK

d ≥ 4
T\Iz©v_���QB`�©ÉZ^gxdfZc_�T\ZNgB_�K¶`�QB_�`aI�Z^gB_qZNgBKN_�_ 
�]xdaQSZNT\Z^T\_�Y¶`aI

ξ(z, n), Ξ(z, n)
`�K
w(z, n)

���



TlY � daYµRUh'ywZN`aZ^T\krdaG\G\R � h d��UTlh daG®m�Z^gB_�Q,ZNgBTlY(h d��UTlh daGx§jdaGl]w_­]BQBT 
�]w_�G\R OB_&Z^_�K[h T\QB_�Y(ZNgB_­§jdaGl]w_�Y(`aI�ZNgB_`aZNgB_�K(ZX©c` � daY[R�h'ywZ^`aZNTlk�daGlGJR � | Ò `�K(k�`�h'yBGl_&Z^_�Qw_�YNY�gB_�KN_�daKN_­ZNgB_�Q�]Bh _�KNT\krdaG�K[_�Y[]BG\ZNY Ñ

lim
n→∞

w(n)

logn
= − 1

log
(

p
2

+
√

p2

4
+ 1

2d

) =: C a.s.

¸¼gB_�Qw_�§�_�K
w(zn, n) ∼ C log n

mBZ^gB_�Q

ξ(zn, n) ∼ C

2 + A
log n, and Ξ(zn, n) ∼ C

1 + A

2 + A
log n,

©�gB_�KN_
A = dp2 +

√

d2p4 + 2dp2.
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