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1 Introduction

Let W = (W;,W3) be a planar Brownian motion, where W; and W5 are two independent
one-dimensional Brownian motions. Let f : R? — R be a measurable locally integrable
function. The additive functional, ¢ — fot F(W(s))ds, together with other functionals of
planar Brownian motion such as windings and crossing numbers, have been a subject of
many studies, see for instance Pitman and Yor [23], [25], Hu and Yor [15] for studies and
references. Here, we will turn our attention to the additive functionals. The following two
results describe respectively the first-order and the second-order asymptotic behaviors:

Theorem A (Kallianpur-Robbins [17]) Let fi, fo € L*(R?) and fo > 0, both having
compact supports. Then as t — o0,

f(]t fl(W(S))dS a.s. Cl(fl)

f(f fo(W (s) —> Ci(f2)’ (L)
@ Ci(f)
logt/ fiW(s))ds — o © (1.2)

where e denotes a standard exponential variable and Cy(f) o Jgo f2)da.

Ergodic results similar to (1.1) hold for a large class of recurrent Markov process, see e.g.
2] for a general statement. The convergence in law (1.2) can be extended as the convergence
in terms of processes, furthermore, the following result holds:

Theorem B (Kasahara and Kotani [19]) Assume that f : R* — R is a bounded function
such that [ |f(x)||x|"dz < oo for some v > 2. Then as A — oo,

/ F(W (s))ds, t > 0) d) (%Tf)e(t), t > 0), (1.3)

d.
where “Y 7 means the convergence in the finite marginal sense, and (e(t),t > 0) denotes an

inhomogeneous Lévy process such that e(t) is an exponential variable with mean t. Moreover,

if C1(f) =0, then

( ~
> >
\/_/ F(W(s))ds, t o) <C’2(f)ﬁ(e(t)),t_0>, A — oo,
where E is a standard one-dimensional Brownian motion, independent of e(-), and

Coih) = (== [ [ sl —uis)sdedy) (1.4)

The constant Co was given in Kasahara [18] by evaluating the asymptotics of the resol-
vent. Let us briefly describe the idea of Kasahara and Kotani [19]: Identifying C = R? and



assuming without loss of generality that W (0) = 1, we recall the following skew-product
representation (cf. [16], pp. 270):

W(t) = R) e = exp (3E0) + (E0))), (15)

¢
ds
=(t) = —_—, 1.6
0 = | 7 (1.6
where ( and v denote two independent real-valued Brownian motions both starting from 0.
Then the additive functionals of the planar Brownian motion can be transferred to that of

the Brownian motion (3, %) on the cylinder R x (R/27Z), with x'défx(mod 27); Therefore,
we can make use of the ergodicity of ¥ to solve the two-dimensional problem.

In this paper, our main goals are to unify Theorems A and B and to obtain the fluctuations
in these convergences in law. This will be done by establishing a strong approximation of
the vector of additive functionals ( fg fi(W(s))ds,1 < j <n). Before stating our results, we
remark that the Lévy process e(+) in Theorem B can be realized as

e(t) Z(o(t/2)),  t=0, (L.7)
where (€(t),t > 0) denotes the process of local times at 0 of the one-dimensional Brownian
motion [ and o(-) is the first passage process of [:

def

o(x) = inf{s > 0: 3(s) > =z}, x > 0. (1.8)

The inverse process of (e(t)) is called an extremal process, see Resnick [26] and Watanabe
[29].

Theorem 1.1 Fiz n > 1. Let fi,..., fn : R2 — R be n measurable real-valued functions.
Assume that there exists some constants K > 0 and v > g such that for all 1 < j <n,
K

su i(2) < , r > 0. 1.9
W 15) S o o (19)

Then, possibly in an enlarged probability space, we may define a version of the planar Brown-
ian motion W, a R"-valued Brownian motion Y = (Y1,...,Y,) starting from 0 and a process
e such that € has the same law as e, Y and e are independent and such that almost surely
for any 1 < 7 <n and for all large t,

/0fj(W(S))dS—Me(logt)—Cz(fj)Yj(’é(logt)) = o((logt)>™),  (1.10)

2m
le(logt) —e(logt)] = o((logt)'™), (1.11)

where & > 107° denotes some constant, and the covariance matriz of the n-dimensional
Brownian motion Y is given by E(Y;(1) Yy (1)) = Cs(f;, fr), with

Cir) (= [av [ s osly -y
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s5a0) [ durwosmaxl ) (L12)

(Ca(f; + fu)* = (Calfy — fk))Q'

def 1
C3(fjvfk) - 4 CQ(fj)02<fk)

(1.13)

It is essential that the Brownian motion Y and the inhomogeneous Lévy process € are
independent. But Y is not independent of the process e, which is defined from W in terms
of (1.5) and (1.7). We also mention that it is impossible to choose Y independent of W,
otherwise (1.10) would contradict the usual law of iterated logarithm.

Besides the unification of Theorems A and B, we deduce from (1.10) and (1.11) the
central limit theorem for the ergodic result (1.1):

Corollary 1.2 Under the assumptions of Theorem 1.1 and assuming C1(f2) # 0, we have

fozp (L V(s Gy @ N .
logt(fJfQ(W(s))ds Cay) i) st

where N denotes a standard Gaussian variable, independent of e(1) which is exponentially
distributed with mean 1, and

a(fi, fo) = % VOHFICHf) + CH)CR) — 20 (£)Cr(f2) Cal £1)Cal £2) Gl . fo):

It is also interesting to compare (1.10) with the logarithmic average of Kallianpur and
Robbins’ law obtained by Mérters ([22], Theorem 1.1).

Theorem 1.1 yields in particular the almost sure behaviors of the additive functionals,
for instance, we can obtain the following laws of iterated logarithm:

Corollary 1.3 Let f : R* — R satisfying (1.9) and such that Ci(f) = 0 and Cy(f) > 0.
We have

y J fW(s)ds — Ca(f)
im sup = )
t—oo  V1o0gt logloglogt V2

Let k : Ry — Ry be a nondecreasing function such that /logt/k(t) is a nondecreasing
function. Then

B [rwean < SEY (] [Tt {2
P( sup | f(W(u))du|<@>:{$ — / #{@O.

o<s<t Jo k(t) t)K2(t) | = o0

a.s. (1.14)




Chen [7] and [8] obtained (1.14)-type results for a Harris’ recurrent Markov chain, see
[3] for an interesting application. However it is not clear how to reduce the problem for the
planar Brownian motion to a recurrent random walk problem in our settings.

The strong approximations of additive functionals of a one-dimensional diffusion process
or a recurrent Markov chain have been extensively studied, see [14] for a survey and refer-
ences. Let us also mention that Cséki and Foldes [10] developed a general principle when the
underlying Markov process is point-recurrent, this principle can not be applied here because
every single point is polar for a planar Brownian motion.

The rest of this paper is organized as follows: In Section 2, we present some exponential
moments related to a one-dimensional Brownian motion and a martingale representation;
In Section 3, we state the corresponding results (Propositions 3.1 and 3.2) for the additive
martingales on the cylinder, which imply in particular Theorem 1.1. We prove Propositions
3.1 and 3.2 in Section 4. Finally, some applications to winding numbers and Cauchy process
are given in Section 5.

Throughout this paper, ¢,¢, ¢’ > 0 denote some generic constants whose values may
change from one paragraph to another one, whereas (C;,1 < j < 20) denote some more
important constants which may depend on f; and on v. In the sequel, we write that f
satisfies some condition, say (1.9), to mean that (1.9) holds for f in lieu of f;, and the
condition v > g may be relaxed to v > 1 or strengthened to v > 2, this will be stated

explicitly in each case. For the sake of notational convenience, we shall sometimes write &

instead of &(t).

2 One-dimensional Brownian motion

Let (¢(t,x),t > 0,z € R) be the family of local times of the one-dimensional Brownian
motion 3. Let us write £(t) = ¢(¢,0) and define

MY inf{t >0:0¢)>r},  r>0.

2.1 Exponential moments

For the next result see Kazamaki ([20], pp. 9):

Lemma 2.1 Let (Ny,t > 0) be a continuous real-valued local martingale with respect to the
filtration (G;). Denote by ((N);) its bracket. Then for any (G;)-stopping time T finite or
not, we have

Eexp (|N7[) < 2+/Eexp (2(N)7).

Recall Borell’s inequality for a Gaussian process (cf. [1], pp. 43, Theorem 2.1):



Lemma 2.2 Let {{(t),t € A} be a centered Gaussz’an process with a.s. bounded sample

paths, where A denotes some parameter set. Then C’4 ]EsupteAf( ) < 00, and

P<|216111\)§(t)—04|>/\> §2exp<—2>\—;5), A >0,

with C5 % sup,., EE2(1).

Denote in this section by (B(z),z € R) a standard one-dimensional Brownian motion
defined on R. We have

Lemma 2.3 Let h: R — R be a measurable function such that

e 1
Co(h) % /R ()| o] oglos(Ja| + 7 + 16)dr < oo,

Then there exists some universal constant ¢ > 1 such that for all 0 < a < we have

40 ’
E exp (a/R|h(x)|BQ(x)dx> < ¢

In Cg(h), the term loglog(|x| + ﬁ + 16) > 1 comes from the usual laws of iterated
logarithm both for |z| — 0, and for || — co.

+B(z) = R}

Proof: Applying Lemma 2.2 twice to the Gaussian processes {« - ,
|z| log log(\xH—m-‘rlG)

we obtain: et
Cr; = Em* < o0,
where m* % SUP,cr < |5(z)| < 00, a.s. by the usual law of iterated logarithm at 0
|z| loglog(|z|+ +16)
. B?%(z) _ 1
and at oco. Since Elw\ o Tog(el + (L 716) — fogloa{lel T L 110 < 1 we have

]P’(m*>C7+>\> §4exp<—%2>, A > 0.

Remark that

1
/\h | B2(2)dx < ( /|h e logog([a] + 7 + 16)dz = Cyfh) om 2,

Hence Eexp( Jg |h(z)|B?(x) ) < Eexp <aC’6 (m*)2> S]Eexp<(m£)2> = ¢ < oo. [ |



Proposition 2.4 Let h: R — R be a measurable function such that
U/“]h(x)|[1—%|x|loglog(Lz|+—16)hit«< . (2.1)
R

Then there ezists some constant Cg(h) > 1 such that for all 0 < a < Cis and r > 0, we have

Besp (o [ h(a)lds) < et (29)
0
]Eexp(a OTTh(ﬁs)ds—r/_Zh(a:)da:D < Cgetsa (2.3)

Proof: According to Ray-Knight’s theorem (cf. [27], Chap. XI), z — {(7(r),z) is the
square of a zero-dimensional Bessel process, which is the unique nonnegative solution of the
stochastic equation

r(r),z)=r+ 2/036 VA(T(r),y) dB(y), reR, (2.4)

for some one-dimensional Brownian motion (B(x),z € R). Remark that z — ¢(7(r),x) is
stochastically smaller than x — (y/r+ B(z))?, by using the comparison theorem of diffusions
with different drift terms (cf. [27], Theorem 1X.3.7). It follows that for 0 < a <

have from Lemma 2.3 that
E exp (a /OTT|h(ﬁs)|ds> = Eexp a/|h(x)|€(7’(r),x)dx>
a [ [h(@)|(VT + B(x))dz)

8Cs (h) we

< Eexp

/N N
=

< Eexp(a [ |h(z ur+3%)m@

R

< cexp <2ar /

IM@MO, (2.5)

=

yielding (2.2). Define



by integration by parts. It is elementary to check that H? satisfies the condition of integra-
bility:

/ H*(x) [1+ |z| loglog(|z| + 16)]dz < oco.
R

Using Lemma 2.1 with N (%) g ffoo H(x)+/{(7,,z)dB(x), we obtain that

o0

Eexp (ol /0 h(B,)ds — r/_

Applying (2.5) to H?(z) instead of h, we have that for 8a* < m (the constant Cg(H?)

h(x)dx|) < 2\/Eexp (8@2 /_Z H2(z) l(1(r), x) dx).

[e.9]

has been defined in Lemma 2.3),

Eexp (ol /O h(B,)ds — 7’/00

implying (2.3) by choosing a sufficiently large constant Cs. Finally, we shall also make use
of the following simple fact (for example, by using (2.4)):

IEZ(/OT1 %)2<oo, I/>; (2.6)

h(x)dx|> < 2y/cexp (8@27" /RH2(x)dx),

oo

2.2 Martingale representation

Define
B(t) = sup B(s), t>0.

0<s<t

Let (B:) be the natural filtration generated by the Brownian motion £.

Lemma 2.5 Let r > 2 and u € R. We have

tAT,

E(eiuﬁ(ﬁ) |Bt> _ E(ewﬁ(”)) +/ Colr,u) df,, t>0,
0

for some (B,)-predictable process (,(r,u). Furthermore

13~ _
Gulr ] < 2(=22 +15, (1 + fullog(1/5,)) ).

v

Proof: The two parameters r and u are fixed. Using the Markov property at ¢, we obtain

def iuB(T, iufB (T n
D, = ]E(e B \Bt> = ™ T)l(tzn) + Li<r)0(Be, By, — L), (2.7)

8



with

(ﬁ(l‘,@/, 3) =K, <eiu(y\/ﬁ(rs))>’ Yy > OVazx,s>0,

where y V a = max(y,a) and E, (resp: P,) denotes the expectation (resp: probability) with
respect to the Brownian motion [ starting from z. Write in this proof oy = inf{t > 0: 3, =
0} and define

n(a,s) = Ey (ei“(“vB(Ts))>, a>0,s>0.

Therefore applying the strong Markov property at oy, Ew(ei“(yvﬁ(“)) 1B,,) =n(yV Bloo), s),
we get

ow,y.5) = Eu(nyV B(o0),))
> da

= 1a<oyn(y, 5) + Lo<a<y) (77(% s)(1— g) + x/y gn(a, 3))7 (2.8)

by using the fact that if x > 0, P, <B(00) € da) = Sl(@>zda. On the other hand, it is
known (cf. [26], [29], [6] pp. 191) that

Py (B(Ts) < a) =%/ a,s > 0. (2.9)

Hence S
_ iua—s/(2a) e iub—s/(2b)
n(a,s) =e —i—/ o2 5 .

a

Observe from (2.8) that 22 = 0 when z < 0. Elementary computations show that for x > 0,
ox

d¢ n(y,s) [ da
%(Q?,y,S) = _T_F\/y ?n(a’as) (210)
A
= lim/ @@(a,s)
A=co [, a Oa
A
— utim [ 29 e (2.11)
A—o00 y a

Going back to (2.7) and applying Itd’s formula to the RHS of (2.7), we obtain that
tAT, a¢ . tAT,
D; = Dy + / —(By, By, — ) dB, = Do + / Col(r,u) dB,,
0 Ox 0
the other terms vanish since (D;) is a martingale. This gives that ,(r,u) = %(ﬁv, By, —1y).

It remains to bound 22. Let 0 < z < y. Using the fact that |n| < 1 to (2.10) yields that
ox

06 2
|mj_y y>0



When 0 < y < 1, we deduce from (2.11) that %(:{:,y, 5) — g¢(x, 1,s) = iu fyl da gina=s/(2a),

Since |%(:f;, 1,s)] <2, we have

8 —S a
Sl <2 lul [ e < uftonti ),

ending the proof. [ |

Lemma 2.6 Let v > % There exists some constant ¢ > 0 such that for all r > 2,

Lz soe

Proof: Observe that

™ ds 1 def §j
/0 (1+18sl) 1+5 < 2 L 1+|ﬁs 1+ B(rj-1) Z 1+ B(rj21)

1<j<r ¥ Ti 1<5<r

with obvious definition of £;. The sequence (¢;) are i.i.d. and we have

() =5 wp) <

by virtue of (2.6). Thanks to the independence of &; and B.,_,, the sequence (LE&J)))

14+8(rj-1) /7=
is a square-integrable martingale difference, hence

E( Y %)2 < 2( Z 5] > +2E&)E( Y mf

1<<r 1<5<r 1<<r
B 1 ) 1 2
= 2Val"(§1)E 1§T (1 + B(ijl))2 + 2<E§1) E( S 1+ B(le)>
1 2
< 4E()*E —— 2.12
< 4E() (Z ) (2.12)

Applying the strong Markov property at 7,_;, we obtain that for [ > j,

C/

1 1
=gt P <Elmm ) <y

by using the law of 3(7,_;) given in (2.9). This law also implies that E
j > 1. It follows that

1 2 1 1
E( m) < 2 B gt E1+ﬁTg D T4 B

S S
(1+8(m;))? J

1<<r 1<5<r 1<j<I<r J
1
</ Z j_2+2(cl)2 Z :
1<j<r 1<j<i<r AGE)

< d'(logr)?, r>2,

10



which in view of (2.12) completes the proof. [ ]

3 Additive martingales and additive functionals on the
cylinder

Let G denote the cylinder RxR/(27Z) endowed with the Haar measure dz = dxdf, where z =
(x,0) € G denotes a generic element of G. A Brownian motion X on the cylinder is a Feller
process taking values in GG, with homogeneous probability transition (px (¢, (z,))dzdd):

(0+27k)2
px(t, (z,0)) = %e % Z P (x,0) e R x [0,27] = G.
It is clear that X can be realized as X = (f3,7), where (3, ) is a planar Brownian motion,

i.e. 0 and 7 are independent Brownian motions on the line, and ydéfy(mod 27). The main
result in this section is a strong approximation of additive martingales on the cylinder.

Fixn >1. For1<j<mn,let FU:2¢c G — (Fl(j)(z),FZ(j)(z)) € R? be n measurable

functions. Assume that there exist some constants v > % and K > 0 such that for all
1<jy<n,
sup [FO(z,0)] < —2 _  reRr (3.1)
0<h<2m (1+ |5L‘|)
Define the martingales N from X:
i def t
NO(@t)= / dX, = / (B, ), + / FY) (B, 4s)ds, t > 0.

Recall (1.7) and (1.8) and that ¢(-) denotes the local time at 0 of 5. We have

Proposition 3.1 Assume (3.1) for some v > % Possibly in a larger probability space,

we may define a version of X = (8,%) a Brownian motion on the cylinder G and an n-
dimensional Brownian motion Y = (Y1,...,Y,) starting from 0 and a process L such that
L(-) has the same law as {(-), Y and L are independent and such that almost surely for all
1 <75 <n and all large t,

NP = \JCo(FD) (L) = o(ti™), (3.2)
6, — L] = oftz7%), (3.3)

where 6 > 107° denotes some constant and the covariance matriz of the n-dimensional
Brownian motion Y is given by ]E(Y(l)Yk( )) = C1o(FYW, F®)Y with

Cy(F0) < / dz / K a0 (P (x,0))" + (FY (2,0))°) (3.4)
109 +Fk)) Co(F) — F)
4 VCo(FO)) Coy(F®) '

Cro( P, P9 &

11



Similarly to Theorem 1.1, it is essential that the process L is independent from Y. To
obtain Theorem 1.1, we also need an analogue of (3.2) such that (Y;) are independent of
(e(t)), where the process (e(t)) = (¢(o(t/2))) is defined in (1.7).

Proposition 3.2 Assume (3.1) for some v > % On some suitable probability space, we
may define a version of X = (5,7), a n-dimensional Brownian motion ¥ = (Y1,...,Y,)
starting from 0 with the covariance matrix (C]_O(F(j),F(k)))]_Sj,kSn and an inhomogeneous
Lévy process €(-) such that Y and €(-) are independent, € has the same law as e and such

that almost surely for all large r and for allt € [o(r —2logr), o(r + 2logr)], we have

= o(r'™). (3.6)
for some positive constant § > 1075,
Let us postpone the proofs of Propositions 3.1 and 3.2 in Section 4. The rest of this

section is devoted to a strong approximation of additive functionals on the cylinder and to
the proof of Theorem 1.1.

3.1 Additive functionals of X

Let g : G — R be a measurable function. First we define two constants related to g (when
the integrals are well defined):

1

Ciulg) ¥ o dm/ o g(z,0), (3.7)

def 1 o i
Culg) (- 272/GXGdfdl"d@d@’g(x,0>g<x',e'>log|e O 2

+ Cilg / / g(z,0) dxdG) " (3.8)

The constant Ciy is well defined, see (3.15) below. Now we will prove the following conse-
quence of Proposition 3.1:

Corollary 3.3 Fizn > 1. Let g1,¢0,...,9, : G — R be n measurable functions. Assume
that there exist some constants v > g and K > 0 such that for all 1 < 7 <mn,

K
su (z,0) < ——, r € R. 3.9
0§€§p27r |g]( )| (1 + |x|)y ( )

Then, possibly in a larger probability space, we may define a version of X = (3,7), an
n-dimensional Brownian motion Y = (Y1,...,Y,) starting from 0 with covariance matriz

12



(Ci3(fj, fr))jk<n and a process L such that L(-) has the same law as ((-), Y and L are
independent and such that almost surely for all 1 < j <n and all large t,

¢
/ 9;(X(s))ds — C11(g;) £(t) — Chalgy) Vi (L) = ofti™°), (3.10)
0
6, — Li| = o(tz%), (3.11)
where § > 107° denotes some constant and

Cis(g;, g1) 1 (Chalg; + gx)* — (Cialg; — gk))Q'

4 Ci2(g;) Cr2(gr)
First let us introduce some notations. Let g be any of the functions ¢y, . .., g, of Corollary
3.3 and define
af 17" def
g(z) = 2—/ g(z,0)do, h(z,0) = g(x,0) —g(x), (x,0) € G. (3.12)
T Jo

Note that [ dfh(x,0) = 0 for any = € R and h satisfies (3.9). According to Kasahara and
Kotani ([19], formula (2.1), pp. 141), we define

oo 2T
Fla,0) = U % h(z, 0) = / / 42/ d0U(z — 2.0 — O)h(z', ), (3.13)
—00 J 0

where W x h denotes the convolution of h with the function ¥ under the Haar measure, and
¥ is defined by

e 1 ;
U(z,0)% — 5 log e - e )2 = W(z, —0). (3.14)
T
We need the following elementary estimates on the partial derivatives of F':

Lemma 3.4 Assuming that g satisfies (3.9) with some v > 1. Recall (3.8). We have

c

VF|(z,0) < —0 cR.
oo IVEI@6) < e ®

s 1 [ 2 OF , OF )

Col) = 5 [ do [ ab((Go w00+ @)+ Gyl 0F). 315)

where
def < def v

a2 / ag@), y> 0 ay)™ —2 / d2g(a), y < 0. (3.16)

y —00

Proof: Elementary calculations (cf. [19], pp. 136) show that

ov sgn(z)(cos § — e~l*h)e~ 12l L

e (z,0) R p—r € L (G,dxdp),
ov e~1*lsin

il = ——— 7 et .

50 (x,0) ] € L (G, dzdd)

13



It follows that

F v
!?)—QE(M)I = !/a—(az’,e’)h(m—x’,e—e’)czx'de’y
8\1/ SU 9/
< 2K/ da'df’
1+ |z — a:’\

< TR

The same holds for %—g

To show (3.15), we may assume without loss of generality that g is regular (for example

g € C?), the general case follows from the usual approximation argument. Therefore, we
have

1/ 0? 0?

(5 * 77

It follows from the periodicity on 6 that the RHS of (3.15) equals

- i/dx/%dmvm?(x,e)+/da:q2<x>

2
= /dx/ dOh(z,0)F(x,0) + /dxq2(x) integration by parts (3.17)

)F — _h. (3.17)

= dzdz' d0de' h(z, 0)h(z',0') log |0=0) — e~lo=)2 4 / drg*(z)
2r2 Gx@ R
1 /

= —75 dxdz'd0de’g(x,0)g(x', 6') log |'¥~ o) |$I||2+/dxq2(x), (3.18)
21 Jaxa R

where the last equality follows from the elementary fact

2m
/ df log | —r|> =0, Vo<r<l.
0

Since |e!0=0) — g=le=w'l|? = gm2max(e’) |grtil _ o2'+i0"12 glementary computations show
that the sum in (3.18) coincides with the RHS of (3.8), which is C%,. [ ]

The following result is a first-order approximation of the additive functionals fot g9(Xs)ds:

Lemma 3.5 Assume that g satisfies (3.9) with some v > 2. For any € > 0, we have
t 1
/ 9(B,40)ds = Cua(9) €(8) + o(t579), £ = o0, aus.
0

where C11(g) has been defined in (3.7).
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Proof: We decompose the additive functionals fot g9(X;s)ds as

/0 tg(Xs)ds = /0 t?(ﬂs)ds + /0 th(ﬁs,%)ds. (3.19)

According to Cséki and Foldes [10] (here we need v > 2),

t
/ G(Bs)ds = Chy Ly + o(t37°), a.s.,
0

it remains to show that .

h(By,%s)ds = o(tit),  as.

0

If g is in C?, we apply 1t6’s formula with (3.17):

F(Bi 1) — F(Bo. o) + / BB, 3.)ds

ta_F(
0 8LU

. t aF . def
Bs, s )d s +/ %(@ﬁs)d% = M, (3.20)
0

is a martingale. Using the approximation of g by regular functions and Lemma 3.4, the
equality in (3.20) also holds for all g satisfying (3.9). It turns out that

t
EM? = E/ |V F|?(Bs,7s)ds
0

! ds
< B[ T
o (L+18:D)*
= cz/dx(l+|x|)_2”E€(t,x)
R
< WV, t>0,

since E((t,x) < El(t,0) = \/% . Using Doob’s maximal inequality for martingales, we obtain

that for ¢, = on

1+e
]P’(sup|Mt] e > <20t
t<tn

whose sums on n converges. The Borel-Cantelli lemma together with the monotonicity imply
1
that My = o(t11), a.s. [ |

Proof of Corollary 3.3: For the notational convenience, we only consider the case n =1
and g = ¢g;. To obtain the second order approximation, we first deduce from Tanaka’s
formula that

t t Bt
/Og(ﬁs)ds:C’u(g)Et—i—/O q(ﬁs)dﬁs—/o q(z) dx, (3.21)
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where ¢(-) is defined in (3.16). The term [, ¢ ot x) dz is bounded due to the integrability:
Je la(x)|dz < oo. This together with (3.19) and (3 20) implies that

t Bt
/0 9(X.)ds = Cr(g)ls + Qi+ F(Xo) — F(X)) — /0 drg(z) (3.22)

with F(Xp) — - [ a = O(1) and

def

t
t - Mt sds
Q +/Oq(5)ﬁ
LOF tor
=[G +aends.+ [ S

Note from Lemma 3.4:

C
sup |VF|(z,0)+ |q(2)| < ———————,
Og&gpQ7r| |( ) |q< )| (1_’_|x|)lj—l

then we can apply Proposition 3.1 to (@) and obtain Corollary 3.3, the constant follows
from (3.15). [ ]

3.2 Proof of Theorem 1.1

Just like as Corollary 3.3 was a consequence of Proposition 3.1, the next corollary follows
from Proposition 3.2 in a similar way, hence we omit the details of its proof:

Corollary 3.6 Keeping all notations and assumptions of Corollary 3.3 we may define on a
possibly larger probability space a version of X = (3,7), an n-dimensional Brownian motion
Y = (Y1,...,Y,) starting from 0 with covariance matriz (Ci3(9j, 9k))jre<n and a process €
such that'Y and € are independent, €(-) has the same law as e(-) and such that almost surely
for all large r and any t € [o(r — 2logr), o(r + 2logr)], we have

/0 0;(X())ds — Crn(g;) e(2r) — Cualgy) Y;(82r)) = o(ri™), (3.23)
le(r) —e(r)| = o(rl_‘s). (3.24)

The factor 2 in e(-) comes from the fact that ¢(o(r)) = e(2r).

Proof of Theorem 1.1: We give the proof in the case n = 1. Write f = f;. Using the
skew-product representation (1.5), we have

/ P (3))ds = / " g f(poren ) /O e

16



def

where 4(s) % v(s)(mod 27), g(z,0) % €27 f(ex+1) and

=(t) = inf{u > 0 : / dse®P®) > t}. (3.25)
0

Now we need the following result;

Lemma 3.7 (Shi [28]) For any s,t > 0, we have
]P’(E(t) < a(s)) < 2exp < -

]P’(E(t) > a(s)) < 4dexp < —

[\
V)

=] &~

(@)

N I

N—— g}
N———

where we recall that o(s) o inf{u > 0: 3, > s}.

Using the above Lemma and Borel-Cantelli, it is standard to obtain that almost surely

for all large t,

I I
a(%’f “loglogt) < S(t) < g(%t +loglog ). (3.26)

Now Theorem 1.1 follows from Corollary 3.6 since we may define W through X by (1.5)
and (3.25). Finally,

Ci(f) = 2nCul(g),
Co(f) = Cualg),
C3(f, fr) = Cus(gs» 9r),

with obvious notations g;, gi relating to f;, fy. And C and Cj take the form in (1.12) and
(1.13) by change of variables. [ ]

Proof of Corollary 1.2: It immediately follows from Theorem 1.1. [ |

Proof of Corollary 1.3: The proof goes in the same way as in Theorem 4.2 of [11]. The
details are omitted. [ |

4 Proof of Propositions 3.1 and 3.2

Let us only consider the case n = 1 and ® = FV) : 2 € G — (®1(2), P2(2)) € R?, the general
case follows exactly in the same way, and we shall explain how to compute the correlation
matrix when n > 2. Assuming that ® satisfies the condition (3.1), define

def

Nt: /O (I)(XS)dXSZ\/O' @1(557#s)dﬁs+\/0' @2(65,75)(1'}/5, tZO (41)
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The goal is to approximate the continuous martingale /N; by a Brownian motion time-
changed at £(t) such that this Brownian motion is either independent of ¢(-) (Proposition
3.1) or independent of (¢(o(-))) (Proposition 3.2):

Dubins-Schwarz’ representation theorem of continuous martingale implies that
N; = B({N),), (4.2)

with some one-dimensional Brownian motion B. It follows that

V), = / BJ2(X,)ds = / (B2(X,) + BL(X.))ds
= )O(t) + o(t4+€) t — o0, a.s., (4.3)

by using Lemma 3.5. But we can not choose a Brownian motion B independent of ¢(-) or
independent of ¢(o(-)) at this stage. The independence will be obtained by using Berkes and
Philipp’s lemma:

Lemma 4.1 ([4]) Let (m,k > 1) be a sequence of random variables with values in R?,
adapted with respect to some filtration (Fy). Let {gr, k > 1} be a sequence of characteristic
functions of probability distributions G on RY. Suppose that for some nonnegative numbers
Gk,(sk and @k 2 108d,

E’E<@iznk ‘«’Tk71> - gk(z)‘ < €k, VzeR? [2] <6y,
and o,
) <
Gk< ’Z’ > 1 ) 5k

Then without changing its distribution we can redefine the sequence {ng, k > 1} on a richer
probability space together with a sequence of {Yy, k > 1} of independent random variables
such that Y, has characteristic function g and

P(Wk —Yi| > Oék) < ay

and
log O

k

Let (F;) be the natural filtration generated by X and denote by E,y the expectation
with respect to the Brownian motion X starting from Xy = (z,0) € G. Let us present an
exponential moment estimation:

Lemma 4.2 Fiz v > 2. Assume that g : G — R is a measurable function such that for
some constant b > 0,

b
su r,0) < —--—, r € R.
ogé)g%nm( ) (14 |z])~
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There exists some positive constants C14(g) > 1 such that for all 0 < a < 0%4 and r > 0, we
have

Eog 9 exp (a’/ 9(Bs,s)ds — Oll(g)TD < Chgele (4.4)
0
Tr ) 2
Eo,e(/ 9(Bs,s)ds — 011(9)7“> < Cpyr, r>1, (4.5)
0
where Cyy is defined in (3.7).

Proof of Lemma 4.2: Recall (3.12). Applying (2.3) to g(-) implies that

Tr

9(6,)ds — Cual)r -

Eexp(a )Sc’eC/‘I?r, r>0 0<a<

0

for some constant ¢ > 1 depending on g. Recall the martingale (M;) defined in (3.20). We
have

| o635 = Cutorr = [ 5(5ds = Cula)r + M) + P(050) = F0.5,)

Using successively Lemmas 2.1, 3.4 and (2.2), we obtain

Eogexp (alM(r)]) < 2\/]E0,96Xp (22(a0)(r))
_ 2\/]E07gexp (202 /OTT\VFP(@,%)ds)
< 2\/Eexp (262(12 /Tr(l + |ﬁs|)—2”ds)
0

< Cs(v) e (v)*a® if 2c%a® <

1
Cy(v)’

where Cg(v) > 1 denotes the constant in (2.2) corresponding to the function h(z) = (1 +
z[)7%. Let ¢ = max(c/,2(c + 1)?Cs(v)). Then a < 2 implies that 2¢%a® < + Hence,
we have shown that

/1 1
Eogexp (alM(r)]) < e, 0<a< .
c
The continuous function F'(0, -) is uniformly bounded by some constant, say co(F'). It follows
from Cauchy-Schwarz’ inequality that for all 0 < a < 5 L. we have

e2co0(F \/E0962a| o 9(Bs)ds—Cri(g)r |\/E 962a|M(7-T|
co(F)/c" [l o2(c/+c")a?r

m " a?r
CcC €

R, _
Eo 9e“| o" 9(Bs7s)ds—Ca(g)r|

IN

ININA

bl
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with ¢ & cU(F)/CHQ(C’ + ") > 2¢" > 2. Using the above estimate together with the elemen-
tary inequality: 22 < 2(")?7r exp ( ,,|,\|f) we obtain that for all 0 < a < ,1,/,

Eoﬂ‘/ 9(Bs,4s)ds — Cri(g)r| < 2(<")? /" < A(")3r
0
Finally, we choose C14 = 4(¢”")? and both (4.4) and (4.5) are satisfied. m

We shall use several times the following estimates:

Lemma 4.3 Assuming that ® satisfies (3.1) for some v > 1. There exists some constant
Ci5(®) > 1 such that for allr > 1, |u| < Tll/:, we have

222 |(N NY., —Co (®)r]

Eo, 96 T < (45, (4.6)
Egple's (NWNn-Co®ir) _ 1| < 0\1;’;2’ (4.7)
for any 6 € [0, 27], and Cy(P) has been defined in (3.4).
Proof: By the condition on P,
LAY (45)
BN _je)p < K2 (4l (1.9)

Applying Lemma 4.2 to g = |®|? and a = 2u?/r < 2/C% < 1/C14(]®|?) implies (4.6). Using
the elementary fact that for € R, |e” — 1] < |z|el*!, (4.6) and Cauchy-Schwarz’ inequality,
we have

Eogle' 2 (NN, —Co(®)r) _ 1|

U2

IN

2
]E'O,9 <<N7 N>7'7" - Cg(@)T’) ]EO 06 T <<N N>Tr_09(<1))r)

2

r

u
< VCuCis W,

by virtue of (4.5). [ ]

The main technical lemmas are the following Lemmas 4.4 and 4.5:

Lemma 4.4 Assume that ® satisfies (3.9) with v > 2. For u,v € R with |u| < r'/*/Cy;
and |v| < r, we have that for any 6 € [0, 27},

2
. N Tr T 3 r
( )Jr '6( r) —Cy(®)u?/2 E wB(1) C|’LL| IOg cu

G

Eoe

20



Proof: Recall that (F;) is the natural filtration generated by (f3,7). Lemma 2.5 implies
that

e pB2) tATy v
Dtdf]E( ’ft> :DO+/ Cs(rv_)dﬁsa
0 T

with Dy = Eev = EeivB(m) by the Brownian scaling property, and

v 15,21 0] =
G0 )1 2(FZ + 1, (1 Hog(1/5))
Let ) _ .
_ U w _ _ o Cou?/2 . M
R; = exp (zﬁNt + 27"(<N>t Cg(@)T)) e + 7 ) RydN,.
Define Ry = SUPg<,<; | Rs|. Then by Lemma 4.3,
F1/4
E(R: )" <Ee™ AN =Con) < lu| < —— (4.10)
Cis’
We have d(R, D)y = SCS( 7, 2)®1(X,)ds, hence
d<R D> 2C|U| (1 +Bs)_1 if Bs > 17
| aés | < NG R (1+|B])7" x B B (4.11)
14 Mog(1/8,) if B, < 1.
First we prove that
clu| logr
Eoo (R, Dr, ) = Ro Do| < 257 4.12
[Eoo| R, D, o Do| < NG (4.12)

To this end, we remark that

|E079 (Rn DTT> — R0D0| = |]E079<R, D>n|
2K |ul ( /TT lﬂ 1)

EooR" 1+8,)) L2l gs
NG " Jo (L1807 B

S

IN

* TT —v v n
SR, [0+ 1801 0+ os1/5,)s)
0

o 2K|u
dof \/|F|<J1+J2>,

with obvious definitions of J; and J;. By using Cauchy-Schwarz’ inequality and Lemma 2.6,

we have
" ds \?2 _,
IS \JBoo(Re )2 [Boo( [ (4167 —=) < logr,  rz2,
’ 0 1+0

s
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Recall (1.8) for o(z). Again from Cauchy-Schwarz’ inequality,

Jy < (Cys)'* \/E</OU(1) (d—sy(l + IOg(l/Bs))>2 = < oo,

1+ [6])

where we may obtain the square integrability of fo a fﬁ ‘),(1 + log(1/8,)) by using the
following argument: for n > 1,

( (k— 1)) ds

o(1) dS
— (1 +1 1 1 k‘ - .
/W) Gy L los(1/80) <Z * /> TESFAIR

It is easy to obtain that the second moment of the above sum (of independent variables) is
uniformly bounded with respect to n, hence ¢” is finite and (4.12) follows. Finally, we have

2
(mr) +,L,UB(7'T)

u2
[Eg e —EoyR,, D, e3 (M

< Koy

—Cor) _ -
1‘ = ri/2’

by (4.7). This together with (4.12) completes the proof. [ |

Recall the Fourier transform for the stable law 71: Ee™™ = exp(—+/|v[(1—isgn(v))),v €
R.

Lemma 4.5 Assume that ® satisfies (3.9) with v > 3. There exists some constant C1¢(g) >

0 such that for any 0 € [0, 2], |u| < Tcll/:’ veR and r > 2, we have

Co (®)u? 1/2

Eg e 77T =S5 exp(— /ol (1 = dsgn(v)] < Cag (“ e/l

o

). (4.13)

Proof: Let

/i

= (1 i sgu(0) Y

Observe that the process

t
S, % exp (z%t —w(|B| =t + r)) — Sy —w / S, sen(B,)dBs, ¢ >0,

0

is a martingale such that S, = e®™/™. Furthermore, SUPg<s<r, 95| < 1. Using the martin-
gale (R;) introduced in the proof of Lemma 4.4 and (4.8), we obtain that

Foo (BrS) = RoSol = [Eog (R, S)s,|

< '}'ywaO@(R* /TT(H\&I)‘ ds)

l |]w]\/]E09 (R:)? \/ 1+|ﬁs\)—”d5>2
NN
\/7_,‘ )

IN
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by means of (4.10) and (2.6). Therefore we have shown that

. N(rr) | u? —Cor) 4uTr u? . V
)Eo,e (ew v Tar ((NVN) =G )e”*) — e 9% exp(—(1—1i Sgn(v))\/m)‘ s s M,

which together with (4.7) implies Lemma 4.5. [ |

Proof of Proposition 3.2: Let t;, = k” with p > 20 and £ > 100. Define

e = (N(Ttk) - N(Ttkq) Sup”kqgsgﬂk ﬂs) (7](1) 7]( ))
Vig — th—1 7 U — k-1 B

The strong Markov property implies that for z = (u,v) € R?, we have
E(eiz‘"’“ | Frop 3 V(Ty) = 9) = Eop <€i%N( R >,
with r = tk — tkfl. Let
u2 el

g(u,v) = e~ @5 EePm), u,v € R,
be the joint Fourier transform of a Gaussian variable N(0,Cy) and an independent copy of
B(11), whose law has been given in (2.9).

Applying Lemmas 4.4 and 4.1 with ©), = k", we get that for all lul, |v] < O,
E‘E( zznk| Ty 1)_g( )‘<Kk’7

3(p 1)

It follows from the Gaussian tail and the distribution of 3(7;) given in (2.9) that

Gk( 2| > %) < K k=116,

Hence we may construct a sequence {7 = (Zlil), Z(z)) k > 1} of i.i.d. variables and a
version of {n, = (77,(:), nk ) k > 1} in a sufficiently large probability space such that the two
sequences (Z,gl)) and (Z,EQ)) are independent and that

Z) =N, Co()), DB,
P<|Uk — Zk| > Oék) <
ar < ck D16 o0 k.

The Borel-Cantelli lemma yields that almost surely for all large k, |nx — Zx| < . Hence

N(m,) = 277 Vil — T 1—22(1)\/ ty — tr—1 + O, (4.14)

B(r,) = gggnm,i)(tk—tk_l))=;gg§xn<z,£><tk—tk_1>>+q>£?>, (4.15)
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(2)

where the error terms @4 and &2 can be estimated as follows: almost surely as n — oo,

9

0] < Zam/tk——t“w 1) < 0™ logn) < O ™ logt,),

15_ 15
@] < max (ax(ty — tx1)) + O(1) S O(ta” ™ logt,).
Lemma 4.6 ([4]) Let S;,i = 1,2,3 be separable Banach spaces. Let F be a distribution on
S1 %X Sy and let G be a distribution on Sy x S such that the second marginal of F' equals the
first marginal of G. Then there exist three random variables Z1, Zs and Z3 defined on some
probability space such that

(Z1,2,) 2 F, (Zs, Z5) 2 G.

Using repeatedly Lemma 4.6, we may rewrite (4.14) and (4.15) as follows: Possibly in an
enlarged probability space, we may define a version of (N (7,), 3(7,.)) and a Brownian motion
Y and a process T, such that Y and T are independent, T has the same law as 3(7.) and

N(1,) — VCo@) Y (1) < O 21ogt> (4.16)
18(7,) = T(t,)] < O(tﬁ?’TlogH (4.17)

Recall the following result on the increments of a standard Brownian motion (cf. [12],
Theorem 1.2.1): For a non-decreasing function 0 < a; < t such that ¢/a; T +00, we have
1

lim su su su Y(s+v)—=Y(s) =1, a.s. 4.18
tﬂoop \/2at (log(t/at) +loglogt) 0<s<tp at 0<v£at Y ) (s)] ( )

Using (4.2), (4.3) and (4.18), we obtain that almost surely for all large & (¢, = k), we
have

sup IN(s) = N(r(t))] = sup |B(u) — BUN)(7(tk)))]
(k) <s<T(tk+1) (N (7 (t8)) Su(N) (7 (tr41))
< 3\/09 (tp41 — t) loglogk

1

< t,i ** log k.

The same holds for the Brownian motion Y:

11
sup  |[Y(6) =Y ()| <t ¥ logk.

T(tr)<8<T(tp41)

It follows that almost surely for all large r, 74, < r <7, ., we have {;, < £, < 2y/rloglogr
and

N(r) = N(r)+O0(t2 *logk) = \/Co(®@) Y (1) + O(£2 )

= V(D) Y (L(r)) + O(ri~5), as., (4.19)
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with € < min(& — %, QLp)

We also need the increments of the process e(t) = ¢(o(t/2)). Remark that for r > 10,

P(to(r+2'7) = tlo(r — 2011 2 =) < P(Uo(ar' =) 2 1) = e,

since ¢(o(t)) is exponentially distributed with mean 2¢. It is routine to apply the Borel-
Cantelli lemma and the monotonicity and obtain that almost surely for all large r,

Uo(r + 179 — o(r — r=9?)) < i3, (4.20)

Similarly, we have that almost surely for all large 7,

((o(r +2logr)) — (o(r —2logr)) < 161og?r. (4.21)

Let T %71 denote the inverse process of T and define e(r) = I'(r/2). Hence €(-) has the
same law as e(-). Using (4.17) and (4.20), we can show that for all large r,

T, — l(o,)] < ri7e/S,

In fact, for large r, there exists a n such that B(re, ) <7 < B(m,), then t,_; < l(o,) < t,.
By (4.17), 7 < B(7,)) < T(t,) +t.7¢. Since T~! has the same law as £(o(+)), we deduce from

-1 -1 1—e 1—¢/3 1—e/4 . 1—e 1—e/2
: = t n n n n .
(4.20) that T,7' < T-NT}, +t,7°) < t, + (T(t,)) <th+1 since ¢, < (T3,)
Similarily, we have T > t,,_; — t-_¢*. Hence

T — 00p)| <ty — by + 2,/ < 37/ < gt/

Assembling (4.18) and (4.21) and applying (4.19), we have that almost surely for all large
r and for all o(r —2logr) <t < o(r+ 2logr),

Ny = /Co(®)Y(£(0,)) + Or1=9/2) = \/Cy(®) Y (T,) + o(rz~ 1),

proving Proposition 3.6 for the case n = 1, and we may choose p = 160, ¢ = ﬁ and
§=¢/16 > 107°. [ |

Proof of Proposition 3.1: The proof goes in the same way as Proposition 3.2, by consid-
ering the sequence of vectors

(N<Ttk) - N(Ttk—l) Tty = Ttp_1 >
Vie—ti1 7 (te — tg1)?/

and by applying Lemma 4.5. The details are omitted.

ty = k”, p > 10,
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Let us compute the correlation matrix. Assume (3.1) for FU ...  F™_ Define N; the
martingale from FY) in the same way as N was defined from ®. Then by using Lemma 3.5,
we have

(N;, Nip)(t) = Cy(FOF®Y 0(t) + o(t/4H9), as..,
where

. o 1
Cur(PU), F)
T

1 . A
= 3 [Cg(pw 4 F0) (PO - F(k))]’

27 ) )
[ da /0 a0 | PP (X)FP(xX,) + FP (X AP(X,)|

Therefore, the correlation matrix is given by

def Ci7(FW | k) 1 Co(FU) + FR)Y — Cy(FU) — FR)
VOFDIC(F®) 4 JCFOG(FD)

Cuo( P, F¥)

5 Some applications

5.1 Winding numbers

Recall (1.5). The process 6(-) describes the total winding angle of W around the origin.
Define

t
mo™ [ pwease). e
0
Where f: RT — R is a function satisfying

K
|f($)‘§(1+\l—ogw|)"7 r >0

with some K > 0 and v > %

Using the skew-product representation (1.5) and (1.6), we have
=(1) ,
e = [ 5 dv.
0

In view of (3.26), we deduce from Proposition 3.2 that in a suitable probability space

I(t) = ( /O h @dr) v Y(&(logt)) + o((logt)z™°,  as.,
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for a one-dimensional Brownian motion Y, independent of the process €. This allows us
to obtain the upper and lower functions for II(¢) as in Corollary 1.3, the details are omitted.

Let 0 < 7 < ry < 00, then the particular function f(x) = 1(,<z<r,) gives winding in a
ring. See Messulam and Yor [21] for studies of convergence in law, Shi [28] (case 7 = 0 or
r9 = 00) and Dorofeev [13] for upper and lower functions.

5.2 Additive functionals of a Cauchy process

Let (C(t),t > 0) be a symmetric Cauchy process on R, which means a Lévy process with
marginal distribution

tdx

P(C(t) c dx) Tt

x € R, t>0.

Several interesting geometric quantities such as level crossings have been studied in [24]
and [5]. Let f: R — R. Kasahara [18] studied the additive functional [ f(C(s))ds and
obtained its second-order behavior similar to Theorem B. The goal of this paragraph is to
obtain an analogue Theorem 1.1 for Cauchy process, by using Spitzer’s representation of
C(-): Let W = (W;,Ws) be the planar Brownian motion starting from (1,0). Denote by
Lo(+) the local time at 0 of Wy and 75(+) the inverse process of Lo(-). Then the process

def

C(t) = Wi(r(t)), t>0,

is a symmetric Cauchy process starting from 1 (the starting point does not influence our
result). Recall that X is the Brownian motion on the cylinder: X = (fs,¥s),s > 0.

Lemma 5.1 Let f : R — R be a measurable function such that for some constants K > 0
and v > 2, we have

K

16 S o © € RMOR (5.1)
Then
| s
_ E(72(t)) OF, OF,
—Cu(DHERON + [ (GO + w(B)ds+ G (Xdn.)
B(E(72(1)))
+R(X0) ~ B(X(Em(0) - digo(z),
0
where, using the function ¥ given in (3.14), we define
en(n) & [ f@yda
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Fo(x,0) = /da:'ex/ (f(ex,)\lf(:v — 2 0) + f(—e" )W (x — 2,0 — 7r)>, r €R, 6 €0,2n]
R

™ ™

() 1/‘ ﬂw@,ﬁx>m%@ﬁ§—1/ )y, if =<0,
ly|>e® ly|<e®

Proof: Assume without loss of generality that f € C}(R — R) has compact support. Let
f. : R? — R defined by

def 1
fe(ﬂfbﬂfz) = f(iﬁl) Z 1(O<x2<6)> x1,x2 € R.

Define g. : G — R by
ge(x,0) o e f (") = 2 f.(e® cos B, e® sin f), (x,0) € G.
Therefore using Spitzer’s representation and change of variable,
t Tg(t)
| sends = [ s i
0 0

T2 (t)

= lir% feWi(u), Wa(u)) du (approximation of local time)
v Jo
E(r2(t))
= liné 9e(Xs) ds. (1.5) and (1.6)
v Jo

Recall (3.12), (3.13), (3.16), (3.19) and (3.20). We define h,, F,, gq. and M, from g, in the
same way as h, I, q, M was defined from g. Then (3.22) holds for g. instead of g, which
implies the Lemma by letting ¢ — 0. n

Applying (3.26) gives that almost surely for all large ¢, o(logt — 3loglogt) < ZE(my(t)) <
o(logt + 3loglogt), since % < 7o(t) < t?log®t. Applying Proposition 3.2 to the above
lemma and using (4.21), we obtain

Proposition 5.2 Assume that f1,...f, : R — R are n measurable functions such that for
some constants K > 0 and v > 2, we have

27
K
(1+ [log |z[])”"

H@I< 1<j<n reR\{0).

Then we may define a version of a Cauchy process C(+), an n-dimensional Brownian motion
Y = (Y1, ..., Y,) starting from 0 with covariance matriz (Coo( fj, fr))1<jk<n and two inhomo-
geneous Lévy process e and € such that Y and € are independent, € has the same law as e
and such that almost surely for all large t, we have

N

/Otfj(C(S))dS—Cls(fj)e(Zlogf)—Clg(fj)Yj('é(Qlogt)) = o((logt)2™?),
le(logt) — é(logt)] = o((logt)'™),
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for some positive constant 6 > 0 and

Culf) < (=g [ do [ @' s@) @) togle -

2 1/2
+— Cis(f) (x) log\x!dw) ;
T

j2|>1
(Crolf; + f1))? — (Cao(f; — fr)*

def 1
CZO(fJ"fk) 4 Cw(fj) ClQ(fk)
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