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1. INTRODUCTION.

Let {W(t);t > 0} be a real valued Wiener process, and denote its local time by

(1.1) L(z,t) = ;; /Ot 1V (s) < 2} ds

where 1{A} denotes the indicator function of the event A. Furthermore let
(1.2) T, = inf{t > 0; L(0,t) > r}.

It is wellknown that 7). is a so-called "nice clock”. The hardly visited points of the Wiener
process were studied by Foldes and Révész. A point in the state space is called hardly visited
if its local time is nonzero, but less than a finite constant. They asked; what can we say
about the measure of those points which are hardly visited? Their answer was the following
result.

Theorem A. [FR,92] For any fized ¢ > 0

0< Ly, T,) < 4
% < limsup 1(y; (v, T,) < q) < g .
Jo . log log r 76

(1.3)

where jo is the smallest positive root of the Bessel function

o L2k
(1.4) Jo(z) = é(_l)km,

and pu(.) denotes the ordinary Lebesgue measure. Eisenbaum and Shi revisited this problem
and they proved that in (??) the lower bound is sharp, that is to say

Theorem B [ES, 99] For any fized ¢ > 0

;0 < Ly, T, 2
(1.5) lim sup Hy: W 1) <) _ a.s..
r—00 log log r 7o

They investigated the lower class behavior of the hardly visited points as well;
Theorem C [ES,99]For any fizred ¢ > 0

(1.6) lim inf w(y; 0 < L(y,T,) < q)loglogr =2¢q a.s.



In this note we want to investigate the measure of those points which are heavily visited
in the sense that they are visited constant times as much as the origin. This investigation
will also be based on the nice clock setting that is to say the T, diffusion. Let us define for
G6>0

(1.7) Y(8)  ply: Ly, T0) > BL(O0,T,)) = ply; L(y, T,) > 7).
First we want to investigate the lim sup and lim inf behavior of Y, (). Let
(1.8) P (A) = E (exp(=Au(y; L(y, Tr) > p))).
Theorem 1.1.
(1.9) PP(N) = B (exp(=Au(y; L(y, T,) > p))) = (RP(N))®
where for p >0

1 — TKO( 2)\p) if r<
(1.10) N L

Waka(vay) TP

and for p =10
(1.11) RY(\) = V2 MK (V2)\r).

here K;(.) stand for the Bessel functions of the third kind.

For the upper tail of the distribution of Y,.() we prove

Theorem 1.2. For any 3 > 0

(1.12) P(Y,(B) > 2r) =PY1(B) > z) ~ ; as  x — 00.

The following integral test characterizes the upper class behavior of Y,.(3).

Theorem 1.3. Let f(x) be nondecreasing , with lim, ., f(x) = 400 and let

(1.13) I(f) = /1°O x}lé;)'

For any >0



o [fI(f) < oo then
Y, (8)

(1.14) lim " () = 0. a.s.
o IfI(f) =400 then
. Y.(8) _
(1.15) hirisc.)gp ) +00 a.s.

It is worthwhile to spell out the 5 = 0 case of the above theorem. Introduce

(1.16) m*(r) = Jmax, W(s), my(r) = — OgignTT W(s)
and
(1.17) Q(r) =m™(r) + m.(r).

Then clearly Q(r) = Y,;(0) is the Lebesgue measure of the points visited by the Wiener
process up to T,.. ( the range up to T,.)

Consequence 1.1 Theorem 1.3 remains valid if Y, (5) is replaced with Q(r).

Remark 1. It was proved in [F,89] that Theorem 1.3 holds if Y,.(3) is replaced by m*(r)
or m,(r). From this result, the above consequence would not have been hard to conclude.
However the fact that for Q(r) and Y,.(3) the same integral test hold, indicates that roughly
speaking Y;(3) independently from the value of # can be as big as the range itself.

To treat the liminf behavior we need the asymptotics of the lower tail. We prove that

Theorem 1.4. For any fixred 0 < 3 < 1 and for any € > 0 we have for x — 0

(118) exp (- 2FOEED) (v () < or) = PG <) < o (200

where K(f3) = (1 — \/B>2 For 3 =1 we have for x — 0
(1.19) P(Yi(1) <z) ~ 2z.
For 6 > 1 we have

(1.20) P(Y1(B) =0) = (1 - ;) and for x — 0 P(0 <Y1(B) < z) ~ c(B)Vx,

where ¢(fB) is a constant the value of which is unimportant.
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Theorem 1.5. For any 0 < (<1

log]
(1.21) liminf Y,(3) —28"

r—00 r

=2K(0) a.s.

It is interesting to compare Theorem 1.5 with the following result;

Theorem D. ([F,89]) For any 0 < <1

Ly, T,
(1.22) P (liminf  inf 2@ _5) )
T b<sigir T

Theorem D roughly tells us that for big r, on the symmetric interval around the origin of
length K (3)/loglog r every point has a local time which is at least Sr. On the other hand
our Theorem 1.5 tells us that the total Lebesgue measure of those points whose local time
is at least (r is at least twice as much .

Remark 2. Let us define

(1.23) pzz) =inf{z >0, L(z,T,) = b} Py = inf{z <0, L(z,T;) = b}

(1.24) Py = Ply + Py

For b = fr with 0 < 3 < 1, pg, is the Lebesgue measure of those x-s which are visited
before hitting the gr level. The Laplace transform of p&m and P(ar) are wellknown, see e.g.
[IM,65] (we are only interested in the 0 < 3 <1 case);

(1.25) E(exp(—wm)):( ;%) 0<p<1,

Observe that Y, (8) > pesr). (??) combined with the asymptotics for the large values of
the Bessel functions (see (??) ) would confirm that the asymptotic distribution of p(s,) and
Y, () are the same, so we could get most of Theorem 1.4 from that observation as well. The
fact that p(g and Y;(5) has the same liminf behavior suggests that the factor 2 difference
observed above between Theorem D and Theorem 1.5. which seems to be natural to be
attributed to the possible return of the L(z,T,) above the level Gr after hitting it, should
instead be attributed to the lack of symmetry of hitting the level Gr on the positive and
negative side. We again spell out the g = 0 case as follows;



Consequence 1.2
log log r

(1.26) lim inf Q(r) = 2 a.s.
In case > 1 we have the following results.

Theorem 1.6. For any [ > 1 we have

(1.27) lim inf Y. (6)=0 a.s.
Finally in case of § =1 we prove

Theorem 1.7. - log

(1.28) hgg)lfY}(l) = 0 a.s.
For any e >0

(1.29) lim inf ¥7.(1) (10g:)2+6 = 400 a.s.

Remark 3. Clearly (77?) is not sharp. From (?7?) one suspects that the correct exponent of
logr in (?7) should be 1 + €.

After getting the results in this nice clock setting, the next natural question is what can we
say about the general case. We ask what can we say about

de
(1.30) Xu(8) < ply: L{y. 1) > BL(O.1).
Our answer is summarized in the following theorems.
Theorem 1.8. Let f(x) and I(f) be as in Theorem 1.3. For any 3 > 0

o [fI(f) < +4oo then

. Xi(B) _
(1.31) Jlim L00.4) FL0.D) 0. a.s.
o IfI(f) =400 then
(1.32) lim sup Xe() = 400 a.s.



Then again introducing the Lebesgue measure V' (t) of the points visited up to t;

(1.33) M*(t) = max W(s), M, (t) = _olglgltw(s)
and

(1.34) V(t) = M*(t) + M,(t),

we get that

Consequence 1.3 Theorem 1.8 holds if X;(5) is replaced by V (t).

Theorem 1.9. For all0 < < 1

(1.35) h{ﬂi{}f f{é)ﬁt)) loglogt = 2K () a.s..

Here we get the following special case (5 = 0);

Consequence 1.4

.. V(Y
(1.36) lim inf L00.1)

loglogt = 2 a.s..

Remark 3. The lower half of the above statement is not new as it was proved by Knight
[K,73], that

(1.37) lim nf SPoss<t [W(5)]

m in L(0.1) loglogt =1 a.s..

which implies that

(1.38) htH_l}(i)glf L‘(/(g,t)t) loglogt > 2 a.s..

Theorem 1.10. For any 3 > 1 we have

(1.39) liminf X,(8) =0 as.

Finally we have in case =1



Theorem 1.11.

.. log L(0,t
(1.40) lim inf Xt(l)i(()(,t)) =0 a.s..
For any e >0
2+e
(1.41) lminf x,(1)UBEOOT

t—o0

L(0,t)

It is easy to observe that as Xr,.(5) = Y,.(0) it is enough to prove the divergent part of
Theorem 1.3 (??), and the convergent part of Theorem 1.8 (?7). Furthermore as

Tlirglo loglogT,./loglogr =1

we only have to prove that in Theorem 1.5 in (??) 2K (/) is an upper bound, and in Theorem
1.9 it is a lower bound in (??). Similarly concerning Theorems 1.6 and 1.10 we only have to
prove Theorem 1.6. As to Theorems 1.7 and 1.11 we need to prove only (?? ) of Theorem
1.7, and (??) of Theorem 1.11.

2. PRELIMINARIES.

Fact 1. Theorem F. Borodin [B,89] Let f(r) r € (0,h) be a piecewise continuous function
with f(0) = 0. Then

(2.1) E <exp {_ /_ Z F(L(y, T)) dy} ssup L(y, T,) < h) = R ()1 (r)

YyER

where R(.) is the continuous solution of the problem

2rR" — f(r)yR=0
(2.2) R(+0)=1,  R(h—0)=0.

Remark 4. In case h = +o00 the boundary condition R(h — 0) is replaced by the condition
R(+00) is bounded.

Fact 2. For the Bessel functions K,(.) we have the following asymptotics (see [GR,80]
formulas 8.446-447);

z

Q)Qw@) +0(2°) as z—0,

28)  Ko(s)=—tox o+ v(1) — (5) los s + (



1
(2.4) Ki(z) = f—i-%loggjLDz—i-o(zQ) as z—0
z
(25) Kofz) = = — 5+ o(z%7) 0
: - c - _
2(2) = 5 — 5 +olz as  z
where 00 _ 1
Y1)=-C, Y@ =1-C D=="
where C is the Euler constant.
As to the asymptotics at infinity we have:
1/2 a2 -1 1
(2.6) K, (z) ~ (27;) exp (—) <1 + =10 (962)) as T — 00.

Most of the time we will need only the first term of the above formula, which we spell out

separately;
T\ 1/2

(2.7) K,(x) ~ (2) exp (—z) asx — oo.
x

Fact 3. Scale change property: For any 3 > 0

(2.8) =Y1(8)

Consequently we have for the distribution function;

(2.9) 1 - F(z) ¥ P(Vy(B) > x),
(2.10) P(Y.(3) > 2) = 1 — F? (‘f) .

We mention here the following Tauberian theorem;

Fact 4. Theorem G. (see in [Do,50] page 511, Theorem 3) Let g(z) > 0 and suppose that
for some v >0, and ¢ > 0

(2.11) /Oo e g(x)dr ~ ‘L (1) as s—0
0



holds, where L(.) is slowly varying at infinity. Then we have

(2.12) /0 o) dr ~ G E L) st oo

Fact 5. Let F(z) be a distribution function in [0, c0) and define

(2.13) Ux) = /Ow(l — F(y))dy and U(s) = /Ooo e dU(x).

According to Theorem 3.9.1 ( [BGT,89 |, page 172) if £(.) is slowly varying at infinity, ¢ > 0,
then the following two statements are equivalent.

(2.14) U(/\xg)(_)U(x)ﬁclog/\ x— o0 forall A >0
x
UL — (L
(2.15) (’\zé() ) — clog A x — oo forall A>0.
x

If (?7) hold we say that U € II, ( U is in the de Haan class) with ¢- index c.
By Theorem 3.6.8 of ([BGT,89], page 159) if U(.) satisfies (??) then
1
(2.16) 1—F(x) ~ c@ as T — o0.
x
Fact 6. For any nondecreasing function f(x) for which lim,_ ., f(z) = +00 and any p > 1
the following sum and integral

s 1 00 1
2.17 and / dx
(2.17) ) L 2@
are equiconvergent.

The following is a special case of de Bruijn’s exponential type Tauberian theorem. To see it
in full generality we refer to Bingham et al [BGT,89] page 254.

Fact 7. Let Z be a nonnegative random variable and let @ > 0 be a constant. Then the
following two conditions are equivalent.

1
(2.18) lim — log E(e %) = —a

5—00 /g
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(1,2

(2.19) lir%xlogP(Z <z)= v

Fact 8. Theorem H. (see e. g. [F,89] Theorem 1) Let m(r) be m*(r) or m.(r) . (see (77)).
Define I(f) as in Theorem 1.3. then we have

P (m(r) > rf(r) i.o.):{(l) ! %;iz

Fact 9. (see e.g. Ito -McKean [IM,65], Knight [K,81]) {L(z,7}); x > 0} and {L(z,T}); x <
0} are diffusions in x, both have the same generator, they are in natural scale, started from
L(0,T,) = r, furthermore the two diffusions are independent. Hence for any 5 > 1 we have
that the probability that L(z,T,) hits Sr before it hits 0 is 1/3. Thus

1
(2.20) P(sup L(z,T,) > fr) = —.
>0 B
Furthermore by the above independence we can conclude that
1\?
(2.21) Pl LT > 6r) = 0) = (1- 5

3. PROOFS OF THE THEOREMS.

Proof of Theorem 1.1.
For p > 0 apply Theorem F with

(5.1) in={5 &5t
and h = +o00. Then by the theorem
(3.2) P2(N) = E (exp(=Auly: L(y. T) > p))) = (RL(N))”

where RP(A) is the bounded solution of the following problem;

2rR"(r)=0 if r<p
2rR"(r) —AR(r) =0 if r>p
(3.3) R(+0) =1.

11



The general solution of the above problem is;

RP(r)y=Ar+1 if r<p
RP(r) = B\/ri(V2Mr) + CVrE (V2Xr) if r>p
(3.4) R(+0) = 1.

Because of the boundedness of the solution we must have B = 0. A and C' can be calculated
from the continuity of R(.) and R'(.). After some tedious calculations and using the following
wellknown identities for the Bessel functions of the third kind (see e.g. [GR,80] formulas
8.486),

(3.5) Ki(2) = —Ko(z) - Klz(z) Ki(2) + SKo(2) = SKa(2)
we get that
(3.6) _ —c\f Ko(\/2hp), €= ! |

P/ A2 Ka(v/2Ap)

(??7) and (?7?) easily leads to (?7?)

To get the p = 0 case we only have to consider the second line of (??) and take the limit as
p — 0. Using (??) we arrive to (?7). O

Proof of Theorem 1.2.

First recall that (see (77))

(3.7) @7 (s) = B (exp(—su(y; L(y, T1) > B))) = E (exp(—sY1(3)))
and
(3-8) 1— FP(z) = P(Yi(B) > ).

It is easy to show that for s — 0

(3.9) 1= oP(s) = (14 o(1)) slog (i) |

independently from the value of 3. Integration by part reveals that

(3.10) Hf(s) - /OOO e~ (1 — F%(z)) dx.

One can conclude based on a Tauberian theorem (our Theorem G) that

(3.11) /x(l—Fﬂ(u))duwclogx as r — 00
0
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However to conclude the asymptotic behavior of 1 — F¥(x) as # — 0o one needs to follow a
more delicate argument based on Fact 5.
We will show that for

(3.12) UP(s) = /Ooo e ™ dUP (z) = /OOO e (1 — FP(2)) do = 1_890[13@
where i
(3.13) () = [ (1= F(y)dy

(??7) holds with ¢(z) = 1 and ¢ = 1. Thus introducing s = 1/x (s — 0 as © — o0) we show
that for any fixed A > 0

(3.14) lim (Uﬂ(i) - Uﬁ(s)> = log \.

s—0

independently from the actual value of .
This would imply according to Fact 5 that

1
(3.15) 1 - FP(z) ~ = as T — 00.
x

Thus we have to show that (??) holds for all 5 > 0. We have to consider the 5 =00 < g < 1,
and the 3 > 1 cases separately. However observing that for any 0 < ) < (3,

(3.16) Yi(61) > Yi(Ba)
we conclude that
(3.17) 1 — FP(z) = P(Yi(B) > z) < P(Yi(B) > z) = 1 — F™(x).

Consequently it is enough to show that (??) holds for § = 0 and for 5 > 1.
We start with the 3 = 0 case. By (?7?) we have ¢{(s) = 2sK7(v/2s). Furthermore

(3.18) U%s) = 1= @) _ i — 2K3(V2s).

S

Using (?7) of Fact 2. we have by an easy but tedious calculation that as s — 0



= 2\ 2(\/2 \/>log\/>+D\/>+0 ))
i 2(\/2 \/>10g\[+D\/_+0 ))
:i\ 2( —l—log\/?—f—QD—i-o(\/E))
i +log\/7+2D+o )

(3.19) = —210g\/7—|—210g\/7—|—0 =log A + o(/s).

In the above calculation the o(.)-s might depend on A. Thus we arrive to

_l_

(3.20) lim Uo(i —U%s) = log \.

s—0 )\)
proving the theorem for § = 0. Now we have to consider the # > 1 case in a similar manner.
We need to use the first line of (?77). We get that

L—¢P(s) _ 2 Ko(v250) 1<f<w2_ﬁ>>
p Bs Ky(v25B)  B2s \Kx(v25B) )

Using (??) and (?7?) it is easy to conclude that for any small enough € > 0

(3.21)

K 2 2
(3.22) K;)Z; - —% logg + ¢(1)% Yoz as  z—0.
and consequently )
KO(’Z) _ 4—e N
(3.23) <K2(2)> =o0(z"79) as z — 0.
Based on the above asymptotics, we get that as s — 0
~ 8 N
0(3)-0s)
2\ sﬁ sf3 sf3 5\27¢ A o
- g(u o+ o () )*%0(82 )
(324 - ( (—sﬁ o[22 4 (1) 55 + o<s>2-6’) + ols >) .
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Thus we get

(3.25) lim (2

lim /\)—U(s):log)\

in this case as well. O

Proof of the divergent part of Theorem 1.3.
Assume now that I(f) = +oo. Select and fix an arbitrary big K > 0. Let r, = p* with some
p > 1. We show that for any fixed 3 > 0

(3.26) P(u(y; L(y, T:,) = Bre) = Krif(re) 10.) =1.
We define two sequences of events {Ax} {Bx} k=1,2, ...
(3.27) A {ply: Ly, T,,) = Bre) > Krif (re)}

de
(328) By, :f {M(ya L(y7T’f‘k> - L(y7T’!’k—1) > ﬁrk) > Kka(Tk)}
Then clearly By implies A; and by the strong Markov property

(3.29) w(y; Ly, T,) — L(y, T, ) > @) 2 u(y; L(y, Ty - ,) > ).

Furthermore the events { By} k = 1,2, ... are independent. Thus we only have to prove that
(3.30) > P(By) = +oc.
k=1

Observe now that according to (??) and Theorem 1.2 and scale change we have

P(Bk) = P(:U“<ya L(y7T7’k_7”k—1) > 57%) > Krkf(rk)) =
Tk Tk

P(u(y; Ly, Ty —ry) > (1 — 1-1) 8 m) > (1 — qu)m[(f(m)) =
POM(5- ) > LK () ~
p—1
(3:31) PKF (o)

Using Fact 6 we conlude from (?7) that (?7) holds. Hence



which implies that

Now sending K — 400 we proved the divergent part of the theorem. O

Proof of Theorem 1.4.:
According to (??) - (??) and (?7?) for 0 < 8 < 1 we have

A = (R) = = (KW_)))

562 \ Ka(y/250
St
(3.32) = 2§€_\/g\/§<1_\/§> as s — 00.
5032

Now we can apply Fact 7 with a = /8 (1 — \/B) thus we have

(3.33) lim log P(Yi(8) < z) = =2(1 — \/3)? = ~2K(B).

In case =0, using (??), (??) and (?7) we get that

(3.34) ©I(s) ~ W\/jexp(—\/g).

Observe that now Fact 7 is applicable again with a = v/8, thus (??) holds for 3 = 0 as well.

Concerning now the 3 = 1 case we get from the first line of (?7) with the help of (??) and
(77)

(3.35) R}(S)zl—M— QMN 2 as s — 00.

Ko(v2s) Vs Ky(v/25) s
Consequently by (?7?)
1 2
(3.36) ©01(8) ~ B as s — 0.

Applying now the Tauberian theorem (see e.g. [Fe,70] Theorem 2 on page 445) we get that
(3.37) PYi(1) <z)~2z as x — 0,

Turning to the 3 > 1 case we have seen (see (77))
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RO(s)=1— 1 Ko(v2sP) _ BKa(v250) — Ko(v/250)
! B Ky (v/2503) 5K2(\/M)
B(K2(v2s3) — Ko(v/2s8)) + (6 — 1) Ko(v/250) _
BE(v/250)
2 K(WED) (1) KoV
(338) V253 K (V) (1 ﬁ) Ka(v/259)

where in the last line we used (??). Now as ¢} (s) = (Rlﬁ(s))2 we have that
2
(3839)  ¢i(s) - (1 - ;) = ¢l(s) = P(1A(8) = 0) = [ " e dP(1i() < ).

We get from (?7?) with easy but tedious calculation using (??) and (??) again that for
§ — 400

2
sy (1_1) <)
(3.40) A= (1-5) ~ 2
where ¢*(8) = %(1 - %)(2 — %) < 44/2. Now (??) follows from (??) and the ordinary

Tauberian theorem (see.g. [Fe,70] Theorem 2 on page 445) proving our theorem. O

Proof of the upper bound (divergent part) of Theorem 1.5
We will show that for any fixed 0 < < 1 and arbitrary small fixed n > 0 there exists a
sequence 1, — oo such that for

def (1 +3n)2K(8)ry
. le] . -

(3.41) By, {u(y, Ly, T,,) > rB) < oglogrs
(3.42) P(B, io)=1.
Let r, = k%*. Define

c 1+2n)2K
(3.43) A Ly Ly 1) - LT, ) > mp) < LE2D2EIL

log log 74,

First we show that for & big enough Ay imply By. Recall the definition of Q(r), in (?7?) the

range of the Wiener process up to 7T,.. For arbitrary small 6 > 0 by Theorem H we have for
k > ko(u))

(3.44) Qo) < o1 (log(ry_1))+9 < PPE I

~ loglogry’

17



where the second inequality in (??) can be seen with easy calculation using the the definition
of rg. Observe that L(y,T,,) # L(y,T,,) — L(y,T,,_,) can only occur if y is visited before
T, thus

Tk—1"
(3.45) w(y; L(y, Toy,) > rilB) < ply; L(y, Toy,) = L(y, T 2y) > 7B) + Q(re—1)
hence by (??) for k big enough Ay implies By. Thus we only have to prove

(3.46) P(4, io)=1.

Clearly the events A;, are independent and by the strong Markov property and scale change
and the lower bound in Theorem 1.4 we have that for any € > 0 and k big enough

(1 +2n)2K (B)rs
pu— . < N
P(Ay) =P <M(ya L(y, Trk—rk—1> > 1) < log log 7’k
- - (14 2n)2K (5

P (u(y,L(y,Tl) >3

e —rp—1’ — (rg — k1) log log Tk

)
(14 29)2K (8 )
|

P L(y, T, <
(u(y, (v, T1) > f) (e — 77t loglOng
(

2<1—\/_)( €)(rk — Tr-1)

exp | — 1+ 20)2(1 — /37 loglogr, | >
1
(3.47) exp ( ((1 :277)) log log Tk>

Clearly when we apply Theorem 1.4 we can select ¢ = 1. With this selection we conclude
that

(1+mn) 1
4 log1 > —logl > .
(3.48) exp( 1+ 2n) oglogry | > exp (—loglogry) > ok

By (??) >, P(Ax) = +oo thus we have (??) which implies (?7). Sending now n — 0 gives
the theorem. O

Proof of Theorem 1.6
First recall that according to Fact 9 for any § > 1

(3.49) P(sup L(z,T,) > fBr) = —

x>0
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and also

(350) P( sup Lz, T.) < Br) = P(uly: L(y, T,) > Br) = 0) = (1 - 1) > 0.

—oo<r<+00 ﬁ

(??) combined with the tail o—field form of Blumenthal’s zero-one law [B1,57] (see this e.g
in Durett [Du, 96] Theorem 2.12, page 17) implies that

(3.51) P(liminf(u(y; L(y,T,) > Br) =0) = 1.
O

Proof of Theorem 1.7
Let r,, = k*. Define for an arbitrary small v > 0

YTk

(3.52) w =y Ly, T) = Ly, T ) > 7 = 7 1)<210gm

Then using (??) the strong Markov property and scale change we get that

Tk
P A =P oL Tr —r > - - <
( k’) (M(ya (y’ k k—1> Tk =Tk 1) 2log 1y,

VT v _ 7
(3.53) (ry, — ri_1) log 1y, - logr, 4klogk’

We conclude that >, P(A;) = +o0. By the independence of the A-s and the selection of
the sequence r, we have that

(354) P(Ak i.O.) =1.
Let

B . B YTk
(3.55) B = {nly: Ly, Tn) = Ly, T ) > 1) < 305}

Then clearly A, C By, hence

(3.56) P(B, i.0.)=1.

On the other hand by Theorem 1.3 we have that for k big enough and arbitrary € > 0
kK

(3.57) Q(Ty,,) < (k= 1) V(4(k — 1) log(k — 1))+ < 2k log k)
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thus (??7) implies that
(3.58) P(Y, (1) < 5 io)=1

1.0.
log )

Sending now v — 0 proves (?77). O

Proof of the convergent part of Theorem 1.8.

Suppose that for an f(.) satisfying the conditions of the theorem we have I(f) < +oo. Fix
B = 0.

First assume that we can prove for 7, = p¥ with some p > 1 that for an arbitrary fixed ¢ > 0

(3.50) > Pl L o) > Bris) > erpaf () < o

We show that (??) implies the convergent part. If (??7) holds then for k& > ky(w) we have

(3.60) w(y; L(y, Tr,) > Bri—1) < erp—1f(ri-1)).
It7, , <t<T, wehave that

w(y; L(y,t) > BL(0,1)) < u(y; L(y, Tr,,) > PBri—1) < erp1f(re—1) =
(3.61) eL(0,T,,_,) f(L(0,T},_,)) < eL(0,?)f(L(0,1)).

So we only have to prove (??). By Theorem 1.2 and scale change we have
P(u(y; L(y, T,) > Bric1) > ereoif(rio1)) = Pluly; Ly, Tpe) > 8p*71) > e g f(p57)
B €, g
- P (u (y; Ly.T) >~ ) > ;f(p'“ Y

P 1
e f(pF1)

But the last expression sums in k as I(f) is finite by Fact 6, which proves the convergent
part. O

(3.62) ~

Proof of the lower bound (convergent part) of 1.9.
We will need the following wellknown observation. From the exact distribution of 7, /r? and
the Borel -Cantelli lemma one can easily conclude that for a small enough C' > 0

Cr?
log log r

(3.63) T, >
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if r is large enough. (?7) easily implies that for r large enough we have

(3.64) loglog T, > loglog r a.s..

Select and fix an arbitrary small € > 0. Let 7, = exp(k"~9), and now select a small enough
0 < p < e such that 3(1 + p) < 1 and

(3.65) (1_ ﬁu+p0 >1—c

=P
should hold. Define the events
L L log1
(3.66) A, = { uf w(y, L(y,t) > BL(0,t)) loglogt

T,

e <t<Try L(0,t) <2K(B)(1 - 56)} )

We show that =, P(Ag) < +oo.
Select kg

change and the upper bound in Theorem 1.4, (7'; and (?77) we get that for k > kg

2K (6)(1 — 5€)L(0, T,
PlA) <P <Trk1ir<1£<Trk uly, Ly, 1) > BLO, 1)) < (ﬁiég log;)r ( )>

2K(B)(1 — 5e)r

P L(y,T, L T <
(u(y, (v, T_y) > BL(O, T5,)) 10g10g7% |

Tk 2K )(1 — 5e)ry,
k-1 Tk— 110g10g7”k 1

“)
)
2K (5 1—5em>
)

P(M%L@JD>B

P L(y, T 1 <
(M(yv (y,T1) > B(1 +p)) Ti—11oglog iy

2= B0 _
P =2l — yapr,  celern] <
(3.67) exp (—mloglogrk 1) =:p(k,e).

Observe now that by the choice of kg, and by the selection of p < € we have for k > ky that

T’;: > 1 — €. Then we have

(3.68) p(k,e) < exp ( 8 : ?5 log (k — 1)) <exp(—(1+¢€)log(k—1))
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which sums in k. Hence >, P(Ax) < oo, thus

L L log1
(3.69) ce Ay Ly, t) > BL(0, 1)) loglog ¢
Ty SI<T L0, 1)

>2K(6)(1 — 56)} a.s.

and by sending ¢ — 0 we have the theorem. O

Proof of (??) of Theorem 1.11.
Select and fix an arbitrary large K > 0. Let r, = exp(k®) with some 0 < a < 1. Define

KTk

3.70 A = L(y, T, < —1
We want to show that for an appropriate choice of a and 3
(3.71) ZP(Ak) < 0.

k

Using the exponential Markov inequality and Theorem 1.1 with p = r, and r = rp_; we get
that for any A > 0

P(Ag) <exp (%) E (exp(=Mu(y, L(y, Ty, ) > 74)) =

AK Ty, re1 Ko(v2Arn)\
(3.72) eXP((long) (1_ Tk Kg(\/2/\7”]€)> '

Observe that by (??) for z — oo

(3.73)

12

Ko@) 1-%+0(F) . 2. /1
K2(9‘3)1+§i+0(x12)1 x+0( )

Now it is an easy computation to see that for £ big enough we have

Ty —Tk—1 k-1 « «
~Y

3.74 < )
( ) Tk Tk kl—a - kl—a

Now select A = 1% thon apply (7?) and (77) to get

Tk )
Tk_1K0< 2(logrk)5) i B
Tk Kz( Q(IOng)ﬂ)

P(Ak) < €K (1 —
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c a + @ 2 =
F\kle T (logr)f2)

« co \2
(3.75) c1 (l{;l—a + ka5/2)

where ¢; and ¢, are positive constant, the first of which depends on K. For arbitrary small
€ > 0 we select now § = 2+¢ and a = 2/(4 + ¢). With this choice of a and 5 we have 1 —a =
afB/2 = (2+¢€)/(4+¢€) > 1/2. Hence >, P(A}) is convergent proving (??). Consequently
for k big enough

K?“k
. Ly, T, > 8.
(3 76) :u(yv (ya Tk_1) > Tk) = (10g Tk)2+e a.s

For T,, , <t < T, we get from (??) by monotonicity and using r, = L(0,T,,) that

KL(0,T,,)

(3.77) iy, Lly:1) > L0, T )) 2 07 e

a.s.

implying that

(3.78) Wy, L(y. 1) > 1(0,1)) > 0D

(log L(0, 1))+

Sending K — oo proves the theorem.
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