Solutions to take home Midterm Exam

1. (20 points) Identify the set of 2 x 2 matrices, denoted by M (2, R) with R*, thereby
giving it the topology inherited from the standard topology from R*.

(a) Prove that the set of 2 x 2 invertible matrices, denoted as GL(2, R), is an open
subset of M(2, R).

(b) Prove that the set of 2 x 2 special orthogonal matrices i.e. matrices A such that
AAT = Id and det(A4) = 1, denoted as SO(2,R), is a closed subset of M(2, R).

(c) Do you think the statements (a) and (b) are true about n x n matricies ?
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2. (20 points)

(a) Let (p1,p2,ps3) € R3be any point. Prove that R* — {(p;, p2. p3)} = R* — {(0,0,0)}.
— (b) Prove that R® — {(p1, p2, p3)} is connected.
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3. (20 points)

(a) Prove that a space X is connected if and only if there does not exist a
continuous, surjective function f : X — {0,1}.

(b) Prove that the set of 2 x 2 invertible matrices, denoted as GL(2, R), is
disconnected.
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4. (20 points) Decide if the following functions are continuous or not. Please give a short
justification.

@) f:Rus >R, f(z) =20,  C4S
(b) f'R(‘ofm _>R f( ) 2z. V\'D"\' C—\—;
(© f:R =Ry, f(z) =2z 4-([0/2) L_osy\o-{-a‘xr\ _’/3 r\f(— C'\’ﬁ

- (d) f:Rpp—og = R, f(x) =2z. ‘FCQZ/LD) (\,2) wnot 0\9(\,\ =) vvok-— (‘\"5'
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5. (20 points)

(a) Prove that any z € Z is the limit point of the set {3n + 2 |n € Z, } in the finite ‘:T
complement topology on Z.

o (b) Prove that we cannot define a metric on R which will induce the finite
complement topology on R.
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