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Joint continuity of renormalized
intersection local times

by

Jay S. ROSEN

College of Staten Island, CUNY,
Staten Island, New York. *

ABSTRACT. — We study k-fold self-intersection local times a(z3, . . . , T; t),
and k-fold renormalized self-intersection local times y(za,...,xx;t) for
Levy processes. Our main result says that the k-fold renormalized self-
intersection local time ~(zo,...,zx;t) for the symmetric stable process
of order 8 in R? is jointly continuous almost surely if and only if
2k - 1)(2-p) < 2

Key words: Intersections, renormalization.

1. INTRODUCTION

The object of this paper is to establish the almost sure joint continuity
of intersection local time and renormalized intersection local time for the
multiple intersections of a large class of Lévy process in R™ including the
symmetric stable processes in the plane.

Intersection local times were originally envisioned as a means of
“measuring” the amount of self-intersections of a stochastic process

X; € R™. Formally, the k-fold intersection local time is
k

ar(t) = // [T6(xe, - X0, )ty ... dty,
{0t <<t <t} ;2o
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672 J. S. ROSEN

where §(z) denotes the §-function.
More precisely, we can set

k

(1.1) Otk,a(t) = / / HfE(th —th_l)dtl... dty,
{osti <<t <t} 5o

where f. is an approximate é-function, and try to take the ¢ — 0 limit.
In general, this limit will not exist! This gives rise to the problem of
renormalization: the attempt to subtract from « -(t) terms involving lower
order intersections, o .(t) for j < k, in such a way that a finite ¢ — 0
limit results. This was originally done for double intersections of Brownian
motion by Varadhan [17], and gave rise to a large literature summarized
in Dynkin [3]. Such renormalized intersection local times have turned out
to be the right tool for the solution of certain “classical” problems: the
asymptotic expansion of the area of the Wiener and stable sausage in the
plane, and the fluctuations of the range of stable random walks, see Le
Gall [9], [8], Le Gall-Rosen [11] and Rosen [14]. For a clear account of
progress concerning Brownian intersection local times up to 1990 see Le
Gall’s lecture notes [10]. Dynkin introduced the idea of studying c ()
for ¢ = ¢ an independent mean 1 exponential time, and demonstrated how
one could exploit the resulting simplifications. Dynkin’s renormalization,
introduced for Brownian motion in the plane, is
k—1

(0 =t (-1 (£ 7 Y0000

with g.(z) = [ f-(y — 2)g(y) dy, where g(z) = [, e~ 'pi(x) dt. Here, we
use the convention o .(t) = t.
In [5] we suggested studying

(12) ()ékyg(.’lfg,flig, cee s Ty f)

k
:// I f(X, = X0, =) dt . dty.
{0<t1 <<t <t} oo

ap(T2, 3, ..., T3 t) = lim. o ag (@2, 23, ..., 2k; t) can often be realized
as an occupation density which “measures” near-intersections. The
occupation density formula states that

(13)/ @(IQ, e ,.’L’k>()fk(1'2, N ,.Ek,t) dil'g N d.’Ek

:// (D(th—th,...,th—th_l)dtl...dtk
{0<t1 <<ty <t}
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JOINT CONTINUITY OF RENORMALIZED INTERSECTION LOCAL TIMES 673

for all bounded Borel measurable functions ® on (R™)*~!. We formally
recover «y(t) if we take (z2,x3,...,2%) = (0,0,...,0). However, in the
cases we shall consider, ay (2, T3, ..., zx; t) will exist only for z; # 0, Vi.

Following the work of Le Gall [7] for the case kK = 2, we recast the
renormalization problem as an attempt to subtract from the intersection
local time ay(z2,3,...,%k;t) terms involving lower order intersection
local times so that the resulting function has a continuous extension to all
(z9,x3,...,2k;t). This continuous extension will allow us to exhibit the
exact form of the asymptotics of ay(zs2,zs,...,2k;t) as the z; — 0.

In [16], [15] we showed how to construct a jointly continuous
renormalized triple intersection local time for Brownian motion and stable
processes in the plane. In a recent paper Bass and Khoshnevisan [1]
have constructed a jointly continuous renormalized intersection local time
for k-multiple intersections of planar Brownian motion. Werner [18] then
showed that for ¢ = ( an independent mean 1 exponential time, the
renormalization of Bass and Khoshnevisan agrees with that of Dynkin
when (z2,3,...,2x) = (0,0,...,0) and provides a natural generalization
for arbitrary z;.

These recent results of Bass, Khoshnevisan and Werner have motivated
the present paper. We define the renormalized k-fold intersection local time
for z = (z2,...,2) € (R™ = {0})*! by

L4 @)= Y D] 9@)an-ja(@acst)

AC{2,...,k} JEA

where for any B = {i; < --- < ip} C {2,...,k}
(1.5) T = (Tiy, Tiys -+ Tip,)-

Here, we use the convention «;(t) = t. We now state our main result.

THEOREM 1. — Let X, denote the symmetric stable process of order (3 in
R2. If (2k —1)(2— ) < 2, then, restricted to (z,t) € (R>—{0})*" ! x R,

(1.6) ar(z;t) = lir% ke (z;t)

exists and is jointly continuous a.s., and ~yi(x;t), defined for (v,t) €
(R? — {0})*~! x Ry, has an extension to (R?)*~1 x R, which is jointly
continuous a.s.

Note that this result is best possible in the sense that we know from [13]
that our renormalization will not converge if (2k — 1)(2 — 3) > 2. We
also note that the symmetric stable process of order 4 in R? will have

Vol. 32, n°® 6-1996.



674 J. S. ROSEN

k-fold intersections a.s. if and only if k(2 — 3) < 2. For this and other
details concerning k-multiple points of Levy processes see [4], [6] and
references therein.

Our renormalization is similar in form to the renormalization used by
Bass and Khoshnevisan for Brownian motion in R?, and our proof gives
an alternate derivation of their a.s. joint continuity result. However, our
methods do not yield the a.s. joint Holder continuity which they obtain.

Simple combinatorics show that

ar(@it) = Y ([ o@))vm-ra(@ac:t).

AC{2,..,k} jEA

Since the «y; are continuous, we can read off the asymptotics of ag(z;t)
as the z; — 0.

Let us define the approximate renormalized k-fold intersection local time
for z = (za,...,2;) € (R™)F! by

L7 ety = Y (DA ge(@5)anja e (@aci t).

AC{2,...k} jEA

THEOREM 2. — Let X, denote the symmetric stable process of order [3 in
R2.If (2k — 1)(2 = B) < 2, then i o(x;t) converges to v (x;t) locally
uniformly on (R*)*=! x R, as ¢ — 0 with probability 1.

In particular we have

(1.8) 1(058) = lm 7, o (038) = lim (z;) a.s.
£— xr—

Remark 1. — A function Z. () indexed by € € (0, 1] and z in a topological
space S will be said to converge locally uniformly on S as € — 0 if for
any compact K € S, Z.(z) converges uniformly in z € K as e — 0.

Our paper is organized as follows. After laying the groundwork in
sections 2 and 3, we establish general criteria in section 4 for the existence
and almost sure continuity of ak(z2, s, ..., Zx; () when z; # 0, Vi, where
¢ is an independent mean-1 exponential random variable. Section 5 gives
a general criteria for existence of an almost sure continuous extension to
(R™)*=1 of the renormalized k-fold intersection local time, again at an
independent exponential time. In section 6 we obtain a.s. joint continuity. In
section 7 we show that our theorems cover the symmetric stable processes
of order 3 in the plane when (2k — 1)(2 — 3) < 2.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



JOINT CONTINUITY OF RENORMALIZED INTERSECTION LOCAL TIMES 675

2. INTERSECTION LOCAL TIMES: MOMENTS

Let X, denote a Lévy process in R™ with transition densites p;(z). In
this section we introduce approximate intersection local times for X; and
compute the expectations of their moments.

Let f denote a smooth positive function supported on the unit ball of
R™ with [ f(z)dz = 1, and for any ¢ > 0 let

0 = 25 (2)

and f. .(y) = f-(y — x). We define the approximate intersection local time
of order k as

(2.1) oake(z2,23,... 2k L)
/ / Hf”] = Xo )dt ... dts
{0<t, <<t <t} j=2
We often abbreviate this as ay.(x;t) where z = (zg,23,...,7) €
(R™)*~1, Let g(x = [ e *pi(z) dt denote the Green’s function for X,

and let ¢ denote a mean 1 exponential random variable independent of X.
The following expectation follows easily from the Markov property for X,.

LEmmA 1.
(2'2) E<H Ak, e; (:BlaC)>
n  k;
=3 [ st~

€V
k
H I(Wo(p) — Wy(p-1)) dwy ... dwy

where * = (zh, 2%, ... 2} ), k=31 ki, wl,...,wk) ...,y €
(R™)* and V is the set of bt]ecnons vof{l,2,...,k} such that whenever
Wy(p) = yj,wv(p) =yt we have p > p <= j > ]

A change of variables leads to the following more useful formula.

Vol. 32, n° 6-1996.



676 J. S. ROSEN

LEMMA 2.

E (H Ok e, (*T'7 C))

k c(p)
‘Z/Hny] H (Zsm+Z(Es(,))yj(”)+a:j<1’>)

SES =1 j=2 p=1 j=2
c(p—1)
s(p—1 s(p—1 3
- (Zs(p—l) + Z (Es(p—l)y]‘(p ) + rcj(p ))>> dyj dzy...dz
j=2

where &' = (zy,2%,...,2} ), k = Y. ki, S is the set of mappings s:
{1,2,....k} — {1,....n} such that |s7*(i)| = k;,V1 < i < n, and
c(p) = {u < p | s(u) = s(p)}.

3. THE BASIC LEMMA

A finite chain C is a finite linearly ordered set. If i € C weuse i —1,5+1
to denote the immediate predecessor and successor of 7 (when they exist).
If 7 is the first element in C, we set i — 1 = 0. We use f to denote the final
element of C. As usual, |C| will denote the cardinality of the finite set C.

Let us define a k-fold n-colored chain as a pair {C,r} consisting of
a finite chain C and a function r from C to {1,2,...,n} satisfying the
following two properties

1. for each 1 < j < m, r~1(j) is non-empty with at most k elements.

r(i) #r(e—1) for all 4,4 — 1 € C.
We think of r as a coloring of C. r(¢) indicates the color of the element
1 € C. Property 1 says that each of n possible colors appears at least once—
but no more than k times, while property 2 says that adjacent elements in
C must have different colors.
The following simple lemma is the key to our results.

LemMA 3 (The Basic Lemma). — Let h > 0 be a spherically symmetric
Sfunction on R™ with

(3.1) Ihll; < o0, W< 2k-1

and such that h(x) is monotonically decreasing in |z|.
Then if {C.r} is any k-fold n-colored chain we have

(3.2) sup / H h(zr@y = Tr(iz1) + a;) dzy dzy - - - dz,, < 00
ae(R™)ICl

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



JOINT CONTINUITY OF RENORMALIZED INTERSECTION LOCAL TIMES 677

where we set z,y = 0, and @ = (ay,...,a,c|) € (R™)L.
We first prove a variant of the Basic Lemma:

LEMMA 4. — Let h > 0 be a spherically symmetric function on R™ with
(3.3) I]l; < oo, Vi <2k-1
and such that for some d < oo
(3.4) inf{h(z),h(y)} < dh(z+vy), Vz,yeR™.

Then if {C,r} is any k-fold n-colored chain we have

(35 sup /Hh.’lf,-( Tr(i- 1)+U/i)d.’171d1,'2---dxn<oo
aE(Rm)‘Cl ieC ,

where we set 2,y = 0, and a = (a1,...,q,c)) € (R™)IL.

Proof of Lemma 5. — Fix k. We will argue by induction on n. n = 1 is
trivial and if n = 2 our integral must be of the form

[H@ [T bt = v+ b dedy < Ibllal;

i—1

where j = r1(1) + r71(2) — 1 < 2k — 1, so that by (3.3) our lemma
holds when n = 2.

We now give the inductive step. Let {C, r} be a k-fold n-colored chain as
in our lemma. By relabeling the colors we may assume that » maps the last
element in C to n. Then the integral in our lemma will have at most 2k — 1
factors of h containing the variable x,,. To motivate our proceedure, note
that by (3.3) we could integrate out these factors. However, there would be
no guarantee that the remaning integral can be associated with a k-fold n-1
colored chain. In particular, after integrating out all factors involving e.g.
the variables z,,,Z,_1,...,2;4+1 we may find that there no longer remain
any h factors involving x;, so that the dz; integral will be infinite.

To handle this we proceed in increasing order through the elements of C.
We first give an overview of our procedure, and then provide the details.
Set Cy = C. At the step corresponding to element 7 we will replace C;_,
by a subset C; C C;_; such that when r is restricted to C;, {C;,r} will
form a new k-fold n-colored chain, (n — 1 colored if ¢ = f). We will bound
our integral (3.5) in terms of a new integral

(3.6) / H h(z.jy — z,(j—1) + a} )F dz,dzs -+ dz,
JEC;

Vol. 32, n® 6-1996.



678 J. S. ROSEN

where the constants a§~ € R™ will be specified and F; will involve a
product of h functions containing x,,. Note that in (3.6), (and throughout
this proof), the expression j — 1 refers to the immediate predecessor of J
in C;. After the final step, C; will no longer contain any elements j with
7(j) = m, so that in (3.6) the variable x,, will only appear in Fy. Fy will
involve a non-empty product of no more than 2k — 1 h functions containing
T, hence the dz,, integral will be finite and eliminate F' 't from (3.6). The
remaining integral will be finite by the induction hypothesis.

We now describe our procedure in detail. Set a‘; = a; and Fy = 1.
Assume that either i is the first element of C' or that we have already
completed the steps associated with all elements preceeding i. We describe
the step associated with the element i.

I) Assume first that ¢ is not the final element in our chain.

A) If r(i) # n we do nothing, i.e. set C; = Ci_l,aé» = a;'-‘l,Fi =F;_;.

This completes the step associated with i in this case.
B)If r(i) =n,and r(i — 1) = r(i+1),set C; = C;_y — {i,i+ 1},a! =
a;_l and F; = Fi_lh(l'r(i) —Zp(i-1)t+ ai_l)h(l‘r(i+1) —Zre) Tt (l:;i) Thus
we have removed the elements 7,7 + 1 from our chain, and moved two
factors involving z,;y = x, to F;. Our new {C;,r} is a k-fold n-colored
chain: the only point to note is that if e.g. 7( — 1) = r(i + 1) = v (where
of course n # v), although we have removed one element, 7 + 1, from
r~'(v), the latter will remain non-empty since it contains i — 1, while
r~(n) # 0 since it contains the last element of C'. We note also that (3.6)
corresponding to C;_; contained the factor

My (ip2) — To(is1) + aiys)-
If wesetp=4+2,thenin C;,p—1=1i—1,and since r(i — 1) = r(i + 1)
we can write the above factor as
Mz (p) = Tr(p-1) + a;)'

This completes the step associated with 7 in the present case, and since C;
no longer contains ¢ + 1, our next step will be associated with the element
p = ¢ + 2, the immediate successor of ¢ — 1 in C;.

C) If (i) =n, and 7(i — 1) # r(i + 1), we set C; = C;_; — {i}. This
is easily checked to give a new k-fold n-colored chain. We now use the
bound which comes from (3.4):

(3.7) M@y = Tty + a8 V(T r(ig1) — Togy + alg) < ddigi

where §; = h(z.(i+1) — Triio1) + a7, g = h(zrq) — zro1) +
az_l) + h(.’L’r(i+1) = Zr(i) + ai;}) Set F; = Fi—lqi, while q; will be the

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



JOINT CONTINUITY OF RENORMALIZED INTERSECTION LOCAL TIMES 679

factor in (3.6) corresponding to the element p = 3 + 1 with z'— 1 the
immediate predecesor of p in C;. Thus, we set a = aH—l + a;” ", while
a} = a’ ', Vj # p. This completes the step assoc1ated with the element
1 in thlS case.

II) Finally, if 7 = f is the last element in our chain, by assumption
r(')-—n Set C; = Ciy = {i}, F; = Fi_1h(x,6) — Trio1) + a8~ 1), and
al = a1 ' It is easy to see that {C¢,7} is a k-fold n-1 colored chain,
which no longer contains any element j with 7(j) = n, while F; contains
at least 1 but no more than 2k — 1 A factors, all of which involve z,,. As

described above, this completes the proof of our lemma. O

Proof of Lemma 4. — By the triangle inequality
|z +yl/2 < max{|x|, |y|}

for all z,y € R™, so that by monotonicity

(3.8) inf{h(z), h(y)} < h("’ ; y) Va,y € R™.

We now mimic the proof of Lemma 5. Whenever we applied (3.4) in that
proof we now use (3.8). We then get (3.6) except that one h factor, the
factor arising from (3.8), has its argument Tr(p) — Tr(p-1) + a; replaced
by 3(Zr(p) — Trp-1) + @ ¢)- By monotonicity we bound (3.6) by halving
the arguments appearing in all other factors. We then have (3.6) with A
replaced by h(z) = h(z/2), and this allows us to continue following the
proof of Lemma 5 to prove our present lemma. [J

4. INTERSECTION LOCAL TIMES: EXISTENCE
AND CONTINUITY AT EXPONENTIAL TIMES

We first consider the intersection local time «; at an independent
exponential time.

THEOREM 3. — Assume that we can find a positive, spherically symmetric
function h(z) on R™, monotonically decreasing in |x|, with

(4.1) Ih]]; < oo, Vi<2k-1
and such that for some § > 0 we have

g(z) < h(z)

Vol. 32, n°® 6-1996.



680 J. S. ROSEN

l9(z + a) = g(2)| < lal’(h(x) + h(z + a))
for all a,z € R™.
Then, restricted to x € (R™ — {0})F~!
(4.2) ax(;¢) = lim o (25 )

exists and is continuous a.s. and in all LP.
Furthermore, the occupation density formula holds:

(4.3)

/ ..... k)ak(ftg,...,l‘k;C)d.’EQ...Cl(L'k

for all bounded Borel measurable functions ® on (R™)*~1.

Remark 2. — The occupation density formula (4.3) shows that oy (z;()
is independent of the particular f used to define ay .(x: ().

Proof of Theorem 3. — We will show that for » even and v > 0

(4-4) E({ak,6($; C) — Qe (ml; C)}n) < Cn_y'(E,IE) - (Elvx/)|6n/2

for all 0 < e,¢/ < /2 and all z,2’ € (R7")*! where RI' = {x €
R™||z| > ~}. The multidimensional version of Kolmogorov’s lemma then
gives us that for any ¢’ < ¢ and any M < oo we have

(4.5) otk =(25.€) = @ er (275 Q)] < eny(@)l(e,2) = (' 2)|/?

for all rational 0 < e,&’ < /2 and all rational z,2’ € (RZ")*"! |z, ]a'| <
M. Since oy .(z;() is clearly continuous as long as € > 0, this will
establish (4.2).

To establish (4.4) we first handle the variation in . From Lemma 1
we have

(4.6) E({ak(z;¢) — ar(z:()}")

—Z/H(Hfm SRR | RUE)

veV

X H 9(Wy(p)y = Wo(p—1)) dwy ... dwpy

p=1
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JOINT CONTINUITY OF RENORMALIZED INTERSECTION LOCAL TIMES 681

We expand this as a sum of many terms using

ko ,i—-1 k
(4.7) ga]—gb]:;(gap)(aj bj)q_lllbq

so that in each term there is one difference of the form

fe,acj (‘/; - y;'—l) — fera; (y; - y;‘—l)

for each 1 < ¢ < n, where in the last display j = j(¢). We then change
variables as in lemma 2, and once more employ (4.7) to obtain a sum
of many terms, each of which contains for each 1 < 7 < n a difference
involving one g factor. Since each ¢ factor in (2.3) involves at most two
©’s, whenever our procedure gives two differences involving the same g
factor we write one of the differences as two terms. The upshot is that
the integral in (4.6) can be written as a sum of many terms of the form
appearing in (2.3) except that at least n/2 of the g factors have been
replaced by factors of the form

c(p)
(4.8) A..jg (Zs(p) + Z(és(p)y;(m + x;(;n))

j=2

c(p—1)
~ s(p—1 s(p—1
- <Zs<p—1>+ Y ooy + 2 ))>>
j=2

where € can be variously ¢, ¢ and the notation A, ./ ; denotes a difference
between two g factors of the above form in which one of the €’s, multiplying
y;(p ) or y;(”_l) has been replaced by ¢’

For a fixed s € S we will say that p is a “good p” if s(p) # s(p — 1),
while p is a “bad p” if s(p) = s(p — 1). Assume first that (4.8) involves a

bad p. Then, setting s(p) = 4, (4.8) can be written simply as
gley; + 25) — g(ey; + a5),
and we have the bound

(4.9) l9(ey; + a5) — g('y + 1)
< 2h(v/2)|e — €'

for e.e’ < /2. (Recall that each |2)| > v and each y§ is integrated with
respect to the density f which is supported in the unit ball in R™ so that

Vol. 32, n® 6-1996.



682 J. S. ROSEN

we can assume ly;| < 1). Similarly, if one of the g factors not involving
a subtraction contains a bad p, we use the bound

l9(ey + 2%)| < h(~/2).

We now turn to the g factors containing good p’s. If such a g doesn’t
involve a subtraction, we simply bound it by A of the same argument. If ¢
is of the form considered in (4.8) we use the bound

(4.10)  |g(z+ey) —g(z+€'y)| < (h(z +ey) + h(z + €'y))|e — €'|°.

Finally, applying the Basic Lemma to the dz integral now establishes (4.4)
for the variation in ¢, and the variation in z is handled similarly. We write
out E({ag,(2;¢) — ar(2';¢)}") as we did for the ¢ variation in (4.6),
leading to the following analogue of (4.8)

c(p)
(4.11) Ay 0 g <2s<p> +Y (Eamyy® +a57)
=2
oy s(p—1) ( )
1 S 1
_< s+ D (eagpenyyy T+ >)>
=2

where Z can be variously x, z’. We follow along the lines of the proof for
the e variation, replacing (4.9) by

(4.12) lg(ey; + =) — gley’ + 27))|
< 2h(v/2)|x — 2|

and (4.10) by
(413) gz +2) = g(z + ') < (h(z + 2) + h(z + 2")) |z — 2/|°.

This completes the proof of (4.2).
To prove the occupation density formula (4.3) we note that
Tr)ag (Ta,. .., 2; () dxs ... doy

(414) / .'L‘Q,‘..,
/ /{0<t1< <t <¢}

*F Xt,—th,....X —th\ l)dfl d
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JOINT CONTINUITY OF RENORMALIZED INTERSECTION LOCAL TIMES 683

where F.(za,...,2;) = H?:2 fe(z;). Hence, by what we have established
above, we can take the ¢ — 0 limit in (4.14) to yield (4.3) whenever
® is a bounded continuous function supported on (RKY")’“‘1 where
R = {x € R™||z| > 7}. The monotone convergence theorem then allows
us to obtain (4.3) for all bounded Borel measurable ®. This completes the
proof of theorem 2. [J

5. RENORMALIZED INTERSECTION LOCAL
TIMES: CONTINUITY AT EXPONENTIAL TIMES

By Theorem 2 and Lemma 2 we have
<(p)
9 (Zs(p) +y a5
=2
c(p—1)
- <zs(p_1) + z x;(p_l))>dz1 ... dzn,

=2

Il
N
\
’:] o

seES p=1

We note in particular that if p is a bad integer, i.e. s(p) = s(p — 1), the
g factor in the above product has the form

(5.2) g(z)

Recall that we have defined the renormalized intersection local time of
order k for z = (2a,...,2%) € (R™ — {0})*~! by

(53) ’yk(x;t) = Z |4| Hg ))ak | Al $4c t)
.4g{2,...,k} jEA
where for any B = {i; < --- < 4/} C {2,...,k}

(5.4) T = (Ti, Tiys ooy Ty )-

We use the convention a;(t) = t.

Let us now analyze the changes which occur in (5.1) when we
replace the factor oy, (27;¢) by ([I;c4 9(=%))ek, —4)(27; (). Keeping
in mind (5.2) we see that now s runs over those s € S such that
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s(p) = r,c(p) € A = s(p—1) = r, i.e. such p’s are bad, and in the
integrand on the right hand side of (5.1), aside from the factor []. jea g(x}),
all other occurences of z7, ¢ € A are deleted.

If h(z) is any function of the variable x we use the notation
D,h = h(z) — h(0)

for the difference between the value of A at x and it’s value at z = 0. If
s € S we set By = {p|s(p) = s(p — 1)}. The upshot is that we have

LEMMA 5.

(5.5)15(1‘[ Vi, (:&Q)
- (o) [( T2
s€S \p€B; B

c(p) c(p—1)
H g <zs(p) + Zx (zs(,,_l) + Z :rj(p_l)>>dzl . dz,.
Jj=2

- pEBS¢

where z* = (zy,x%, ...z} ), k = Y1 ki, S is the set of mappings s:
{1,2,...,k} — {1,....n} such that |s7'(i)| = k;,¥1 < i < n, and
c(p) = Hu < p | s(u) = s(p)}l-

We can now state our continuity theorem for renormalized intersection
local time at an exponential time. In section 6 we will show that the
conditions of our theorem are satisfied by the symmetric stable processes
in R2. We recall the standard notation for difference operators

Aug(r) = g(x +a) — g(x).
THEOREM 4. — Assume that
(5.6) 9(y) < cglx), Vx| <yl
and that for some 6 > 0, and all M > 0
(5.7) 1Aug()] < earlal’g(x)/|z]?

for all |a| < |z|/4 < M.
Assume further that we can find a positive, spherically symmetric function
h(z) on R™, monotonically decreasing in |z|, with

(5.8) Al < oo, Vi< 2k—1
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and such that we have
9(z) < h(z)
for all x € R™, and with the notation h,(x) = (h(z) V 1)*~*h(z) we have

u+d
(5.9) Hg(a]) (H Aai>g(m)
. u+d l—
< <H |ai|6>( Z hu+1($+zai))

AC{1,...,u+d} icA

for d = 0,1,2 and all integers u > 0, and all x,a1,a9,...,a,+q € R™.
Then i (z;C), defined for x = (z3,...,zx) € (R™ — {0})*~, has an
extension to (R™)*~1 which is continuous a.s. and in all LP.

Proof of Theorem 4. — We will show that for all even n

(5.10) E({(y;¢) = m(w; O)}™) < enly — wl*™

with ¢, independent of y,w € (R™ — {0})¥~! with |y|, |w| < M.
We begin by showing how to obtain a bound

(5.11) E<ﬁ7k(xi;()>§ c

independent of z* € (R™ — {0})*~! with |z?| < M. We use Lemma 6, and
fix for the moment one s € S. We have |s71(j)| = k foreach 1 < j < n.
Set C' = B¢ and r to be s restricted to C. Then {C,r} forms an k-fold n-
colored chain. We partition B, into the subsets B, ; = {p € B;|s(p) = j}.
We have |B, ; |r~1(j)|. We can expand the summand in (5.5)
corresponding to s as a sum of many terms, in which each D 22(0)> p € B,

is applied to exactly one of the g factors to its right. Necessanly, this will

be a g factor containing z,(,). For a given term, let B, ,(;); denote the set

of p € B, ;) such that s(p) = (i) and D_. “ts) is applied to the factor
p)

9(2r(iy = Zr(i—1) + €;). Similarly, we let BS r(l 1),i—1 denote the set of

p € B (i-1) such that s(p) = r(i — 1) and D ., is applied to the factor
Te(p)
9(2r(iy = #Zr(i—1) + €i). Any such term can be written in the form

Gaz) [TIC T o@iamC T1 oo,

c(p) -
€C PEB (). PEB, 1(i—1).i-1

g(Zr(i) — Zr(i-1) t ei) dzy ... dz,.
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(We take [],, to be the identity operator whenever D = {).) Clearly, for
each j, the sets {B; ;;, B; i, i € C} form a partition of B, ;. Therefore
if we set b(i) = |B, ,(i),il, b(1) = |Bs,r(i),/| we see that

D> (1L+b(i)+b(i) = k
ier=1(j)

for all 1 < 7 < n.

Using (5.9) with d = 0 we see that (5.12) can be bounded by a sum
of terms of the form

(5.13)

(IT =28 / T fsaysicimny (e = 21y + €) dr dzs - - dz
PEDB; eC

The following variant of the Basic Lemma will now establish (5.11).
LEMMA 6. — Let h > 0 be a spherically symmetric function on R™ with

(5.14) Ihll; < 00, V< 2k-1

and such that h(z) is monotonically decreasing in |z|.
Then if {C,r} is any k-fold n-colored chain, and b,b are integer valued
Sfunctions on C such that b(f) = 0 and

(5.15) D (A+b(i)+b(i) <k VI<j<n
ier=1(j)

then

(5.16)

sup / H h1+b(i)+5(i—1)(3’r(i) — Tp(i—1) + ;) dzydzy - - - dx,, < 00
ac(Rm)ICl eC

where we set .0y = 0, and a = (a1,...,a)c|) € (R™)lC,
Proof of Lemma 6. — Set
(5.17) D)= Y (L4b(i—1)+b(i)) + (1 + (i) + b(i + 1)) Liss.

ier=1(j)

D(j) counts the number of factors in (5.16) containing the variable z;,
and thus gives a measure of the divergence in z;. Using (5.15) and the
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disjointness of the sets 7=1(j) we see that

(5.18) i‘D(j) = {(1+b(i — 1)+ b(6)) + (1 + b(i) + b( + 1)) L5}

1€C
= 21+ b(4) + b(i)) — (1 + b(1))

ieC
_22 Z (14 b(i) + b(d)) — (14 b(1))
<ok

where we use b(1) to denote the value of b on the initial element in C.

This shows that for some j, D(j) < 2k — 1. By relabeling the colors
we can assume that D(n) < 2k — 1.

We now proceed along the lines of the proof of Lemma 5. We use
I;i,bi to denote functions at stage ¢ satisfying (5.15) with Bi( f) =o.
We shall only describe the modifications. In case B), we set F;, =
Ficihyyy, 1O+ @) =005 ) )b ) (Tr(41)
Ty +al;1), and bi(i—1) =bi_1(i+ 1). In case C), we use (3.7) only on
the h factors, while all h(z) = h(x)V 1 factors are thrown into F;. Thus in
the notation of the proof of Lemma 5, F; = F;_; q;hb—1()+bi-1(i-1) (@r() —
Tr(i-1) + ai T b OF i D (g s — Gy a71). We then set
bi(i —1) = b;(i + 1) = 0. Finally, as in case C), if i = fand r(f) = n, we
set F; = Fiothyyy  yei_ (e 1) (@r(i) = Tr(i n+ait), and b;(i—1) = 0.

It is easy to check that & 7 contains at least one h factor, but no more
than D(n) < 2k — 1 factors altogether, hence the dz,, integral is finite and
will eliminate the factor F;. The remaining integral will then be of the
form (5.16) with b = bf,l~) = Bf satisfying (5.15) and l;(f) = 0 and our
proof will be completed by induction. O

Proof of Theorem 4 (continued). — With these results, we now turn to the
bound (5.10). For ease of exposition we use y*,w’ to denote the y,w’s in
the 7’th factor; in the end we will set y* = y, w' = w. We may assume that
y,w differ only in the v’th coordinate, and we set a = y, — w,. We use
Lemma 6 to expand (5.10) as a sum of many terms similar in form to (5.5),
where now z* is variously y' or w?, and each term is preceeded by

n

(5.19) 112.:.:

i=1
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where, if & is a function of the variable r or s, then D, ;h = h(r) — h(s).
We reorganize such a term in the form of (5.12), again preceeded by (5.19).
Expanding as before, we can associate each D,; i with one of the factors

r r(z—1
C I s@fpa o) II olfy ™)
PEB; r(2). PEB, 1 (1—1).i-1
9(zriy — Zr(i-1) * €i)
of (5.12).

If ( . ) ;é (S(p) ( )) for any p € Bq ,r(2), szG ;r(i—=1).i—1 the effect of
D il is simply to add another A, to one of the g(z,(i) — z,i—1) + €;)
factors in (5.12) and using (5.9) with d = 1,2 we see that (5.13) will now
have an extra factor of |a|® .

Assume now that (j,v) = (s(p),c(p)) for some p € B, ,x.
Bs’,‘(i_l).i_l, so that either mféﬁg =yl orzx Eﬁg = wl. If we have that
both |a| > |y?]|/4 and |a| > |w?!|/4, (5.13) directly provides us with a
factor |m‘2§£§|5 < clal?.

If on the other hand, say |a| < |y?|/4 so that |a| < |w!|/2, we make
use of the identity

(5:20) g(y)A,; —g(w)A,; = (9(y)) —g(wl)A,; +9(wl)(A,; - A,,)

For the first term in (5.20) we use (5.7) and (5.13), while for the second
term we use (5.6) and (5.13) noting that

(5.21) lg(wl)(A,, = A,1)g(@)] < cg(a)|Aug(z +w])

Thus, each factor in (5.19) contributes a factor |a|®. This completes the
proof of (5.10), hence of our theorem. [J
Recall the approximate k-fold renormalized intersection local time

(5.22) Vee(wt) = Z (—1)|A|(Hgs(ffj))ak—u|,e($.4r;t)

AC{2,..k} jEA

(5.23) g=(z) = /fe(y —z)g(y)dy = / f(y)g(ey + z) dy.
THEOREM 5. — Under the assumptions of Theorem 4,

a.s. and in all L?, and this convergence is locally uniform on (R™)*~1.
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Proof of Theorem 5. — We will show that for all even n

(5.24) E({vre(@;¢) = Yo (@'3O)) < (e, 2) = (¢/,2")

with ¢,, independent of 0 < £,¢’ < 1 and |z|,|2'| < M.

Comparing Lemma 2 and (5.1) we see that E([]]_; Yk, (z%;¢)) can
be expressed as in lemma 6 except that each occurence of m; is replaced
by €;y; + 2 and the resulting expression is integrated with respect to
dF(y) = I, 17 £(v)) dus.

The proof of theorem 4 now shows that the left hand side of (5.24)
is bounded by

/ [T1cv' +2) = €y + 2 dF ()

where y' = (y5,95,...,9%) and ¢, is as in (5.10). (5.24) immediately
follows.

From this it follows that 7 .(x,() converges locally uniformly on
(R™)k=! as ¢ — 0. The limit must be a continuous function of
z € (R™)*¥~1. Since we know from Theorem 2 that for z € (R™ —{0})*~!
this limit is 7;(z,(), and from Theorem 4 that ~.(z,() has a unique
continuous extension to (R™)*~1, our present theorem follows. [

6. JOINT CONTINUITY

Recall the approximate k’th order renormalized intersection local time.

(61)  me@t)= S (DM gele))onoae(@acs ).

AC{2.....k} jeA

THEOREM 6. — Under the assumptions of theorem 4, ~y. .(x;t) converges
locally uniformly on (R™)*~1 x R as e — 0, with probability 1. Hence

(6.2) Y (x; 1) f lixr(l) Ve (z3t)

is almost surely continuous in (z.t) € (R™)*~1 x R,.

Proof. — Let Y; denote our Levy process X, killed at an independent
mean-1 exponential time ¢. From now on ~. x(z;t) will be defined for
the process Y; in place of X;. By Fubini’s theorem it suffices to show

Vol. 32, n® 6-1996.



690 J. S. ROSEN

that . x(x;t) converges locally uniformly on (R™)*~! x [0,¢) as & — 0
with probability 1.

If & is a subset of Euclidean space we will say that {Z.(z); (¢,z) €
(0,1] x S} converges rationally locally uniformly on S as e — 0 if for
any compact K € S, Z.(z) converges uniformly in 2 € K as ¢ — 0 when
restricted to dyadic rational x,e. We note that since v, x(x;t) for € > 0
Is continuous in ¢, ,t, saying that ~. .(z;¢) converges locally uniformly
or converges rationally locally uniformly on (R™)*~1 x [0,¢) as ¢ — 0
are equivalent.

We know from Theorem 5 that -y, x(x;00) converges locally uniformly
on (R™)*! as e — 0 with probability 1. Using martingale techniques we
will see that the right continuous martingale

e (w:t) Y By (w500 | Fo}

converges rationally locally uniformly on (R™)*~! x R, as ¢ — 0 with
probability 1. 'y .(x:;t) is not the same as 7. (z;t), but we will see that
they differ by terms of “lower order”, and we will be able to complete our
proof by induction. Given all the tools we have developped so far in this
paper, the proof of joint continuity is conceptually fairly straightforward,
but in order to treat the “lower order” terms systematically we need to
introduce some notation. This we now proceed to do.

We first define the approximate k’th order generalized intersection local
time

(6.3) are(xo. 23, ..., 285 5 t)
k

/ I fee, (v, - V2
{0t <<t <t} 5o

Y(Ye, ) dity ... dty

J—1

and set
Qo (To, T3, T3 ) = (T, T3, .., Tg; 5 00).

(T2, 23, ..., 2,;¢) is the approximate k’th order generalized total
intersection local time. For ease of notation in later formulas, we also set

coe(drt) = / 9(2) dz

although «g .(¢;t) is actually independent of e, ¢.
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Observe that
(6.4)
E{O&k,e(flfg,flfg, ceey T ¢) IFt}

= ak,s(xz)xiia ey T ¢at)

k—1
+ye(f
i—0 {0<t1 <<t <t<tigpa <t }

k .
H fe,:cj (Y'tj - Ytj_1)¢(yvtk-)dt1 oo dtk I]:t)
j=2

= ape(T2,23,. .., 21 ;1)

k—1 %
+ E / Hfé‘,xj (Y't_; - }/t]—l)
i=0 J{0Sty - S<ti<t<tiy1--<tr} 5o

k
E( IT fees (v, = Y2, _)o(Ya,) m) dty ... dty

j=i+1

= (T2, T3, ..., T3 D3 )

k—1 i
+Z/{ Hfé‘,:tj(yrij _Y;J—l)
1=0

0<t:<--<ti<t} 5o

X Ak—ie @5 Tig1, s Vil (V) dty .. d

+ Z @i (T2, T3, ., iy Ak o[O3 Tigr, - - o Tk Yi)s 8)

where

(6.5) Ak—ie[ 3 Tigrs - oo g u)(v)
k
= /fa,.tl+1(zi+l +u— U) H f.—:,.rj(zj)
j=i+2
k
H(zig1+ -+ 21 + ) H 9(zj)dziy1 ... dzy
j=i+1
k
= /Q(ZH—l +v—u) H 9(z;)
j=i+2
k
¢(Zi+1 + -0+ 2k + U) H f&mj (Z]') dzi+1 . de-.

j=i+1
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Setting
(6.6)  A—ilds ziv1, ...,z u)(v)
k
=9(zis1 +v — ) H 9(z))d(zip1 + - + 21 +v)
J=i+2
we have

(6.7)  Mecicldiivr, ... .o u)(v)

. k
= / Me—ild: Zig1s oz u)(v) H Jew (25)dzigr ... dzy.

J=itl

We next define the approximate k’th order generalized renormalized
intersection local time

6.8)  melzgit) = > (=D)P(] ge(@)tnopar el dst)

AC{2... k) jeA
and set
Yee(T2, @3, 211 @) = Y (@, T3, .., g i OC).

Vee(T2, @3, ... 2 P) is the approximate k’th order generalized total
renormalized intersection local time. As before, for ease of notation in
later formulas, we also set

0cldit) = [ ol s
although « - (¢:t) is actually independent of . t. Using (6.4) we find that
(6.9) E{yi-(ro.23.....205:0) | F}

T
k—1

+ Z’yl c(wo s Ao e[ Yo t)
=0

where

(6.10) Ap_;c[diwivr. ... xpul(v)

= / Ap—ildizigae .., z;ul(v) H few (2j)dzigr ... dz
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and

(6.11) Ap—i[d; zig1s .-, 215 u)(v)
k

= g(zir1 +v—u) H 9(2))Dz;(zig1 + -+ - + 2 + 0).

We will say that Ay_;[¢; 241, ..., 2zx;u] is obtained from ¢ by adjunction

of z;41,...,2k;u. We note that when ¢ = 1 we have forall i < k — 1
k
(6.12) Ap—i[l;zig1,. .., zk5u](v) = g(zig1 +v — u) H 9(z;)D.1=0
j=it2
whereas
(6.13) Av[1; 2 u](v) = g2k + v — u).

Therefore we have

(6.14) E{vke(x2,23,...,21) | i}
= Yie(T2, T3, ..., Tk 1)

+ Vo1, T3, . e Ar L [1 T V] 2).

We will say that a function ¢(y1,...,y,;2) is an admissable function of
z with auxilliary parameters vy, ..., 1, if it can be written in the form

P
(6:15)  @lyroymiz) = [T 9Dy, [Joz+ Y #0)
j€Bo i=1 vEB,

where B; C {1....,n}.Vi=0,1,...,p,and {1,...,n} = | J’_, B;. Here
p 1s an arbitrary positive integer. If p(y1, ..., yn; ) is of the above form we
will say that ¢(y1, ..., yn; 2) is of weight |By| + p. Note that the weight of
©(Y1,- ., Yn: z) is the number of ¢ factors in (6.15). We will also consider
the function ¢(z) = 1 to be an admissable function of z (of weight 0 and
with no auxilliary parameters).

the function in which some of the auxilliary variables have been smoothed.

parameters yi, ..., y, we will use the notation ¢.(yi,...,y,;2) to denote
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More precisely, we will say that ¢.(y1,...,y,;2) is a totally e-smoothed
version of p(yi1,...,yn;2) if

(6.16) ©e(y1,---yYn; 2)

= /LP(yl +621,---ayn+€2n;z)Hf(zi)dzi H dpo(2;)

1€EA 1€ A”

for some subset A C {1,...,n} such that (with the notation of (6.15))
By C Aand B;i(YA# 0 foralli=1,...,p, ie we require that each g
factor in (6.15) contain at least one element of the set Y, J € A. Here g
is the Dirac measure which puts unit mass at the origin. It would be more
precise to refer to the function defined in (6.16) as Ve a(Y1s---,Yn; 2), but
in order to avoid further cluttering the notation, and because the actual
nature of the set A will be irrelevant for us, we shall simply drop it from
the notation.

It is easy to see that ¢ (y1,...,Yy,; 2) is continuous in €, i, . . ., y,,, z for
e > 0, and therefore v; .(x; ¢-(y:-);t) is continuous in ¢, z,y for € > 0.
Thus, as with ~. x(z;t), saying that ~y; .(z;¢.(y;);t) converges locally
uniformly or converges rationally locally uniformly on (R™)"+~! x R,
as € — 0 are equivalent.

The next lemma assembles some facts about adjunction which follow
easily from the definitions.

LEMMA 7. — Let p(y1, . . . , Yn: 2) be an admissable function of z of weight q
and auxilliary parameters yy, . .., yn, and let Ap_;[o(y;-); Tit1, . - ., Th; U]
denote the function in (6.11) obtained from ¢(yi,...,yn;2) by adjunction
of Tiy1,-..,ZTk;u. Then:

L Ar—ilo(y:)sigr, ... zx;ul(2) is an admissable function of z of
weight q + k — i and auxilliary parameters yy, ..., Yn, Tis1s- .., Th, U

2. If oc(y1s - - -, Yn; 2) is a totally e-smoothed version of p(y1, ..., Yn; 2),
then Ap_;c[@e(y;)iTiv1,. .., op;u] defined in (6.10) is a totally
e-smoothed version of N_;[p(y;-); Tit1, ..., Tr;ul.

The next lemma generalizes Theorems 4 and 5.

LEMMA 8. — Let (y; z) be an admissable function of z of weight k — i
and auxilliary parameters y = (yi1,...,y;) and let p.(y;z) be a totally
e-smoothed version of ¢(y; z). Then under the assumptions of theorem 4,
there exists 6 > 0 such that for each n and M < oc we can find ¢, pr < 50
such that

(6.17) E({sup i (@5 0e(y3 ) = vier (25 00 ()] }n)g .

Far |(6=$1y) _(Elvmlsy/”é
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where supy. is taken over all dyadic rational pairs (e,z,y) # (¢',2',y)
such that 0 < e,¢’ < 1 and |z|,|2'|, |y|, |y'| < M.

Proof of Lemma 8. — According to Theorem 2.1, chapter 1 of [12], it
suffices to show that there exists § > 0 such that for each n and M < oo
we can find ¢, s < oo such that

(6.18) E([vie(x;0:(y; ) = vier (25 00 (' )I™)
S. Cn,1\1|(€ax7y) - (617x/7yl)’6n

forall (e,z,y),(¢',2',y’) such that 0 < e,¢’ < 1 and |z|, |2'|,|yl, |y'| < M.
This follows as in the proof of Theorems 4 and 5 once we realize that
the condition that ¢(y; z) be an admissable function of z of weight k — ¢
is precisely what is needed to guarantee (5.15). This completes the proof
of Lemma 8. [

Proof of Theorem 6 (continued). — We will show by induction on
¢ = 0,1,...,k that v, .(x;¢-(y;-);t) converges locally uniformly in
(z,y,t) € (R™)7T=1 x [0,{) as ¢ — 0 for all admissable functions
@(y; z) of z of weight k — ¢ and auxilliary parameters y = (yi,...,¥;).
The case i = k and ¢(y;2) = 1 will prove our theorem.

Consider first the case of : = 0. We have to show that if ¢(y;z2)
is an admissable function of z of weight £ and auxilliary parameters
y = (y1,...,y;) and @.(y;2) is a totally e-smoothed version of ¢(y; 2),
then

Yo, (5 e (Y5 )i 1) E/%(y;Z) dz
converges locally uniformly in y € (R™)’ as ¢ — 0. But it follows
from (5.15) as in the proof of Theorem 4 that

/ o(y;2) dz

is continuous in y € (R™)7, hence recalling the definition (6.16) of w.(y; 2)
we see that [ ¢ (y;z)dz converges to [ ¢(y;z)dz locally uniformly in
y € (R™)? as e — 0.

Assume now that for all p < ¢, and for all admissable functions ®(y; z)
of z of weight £ — p and auxilliary parameters y = (y1,...,y;:) we
have that -, .(z;®.(y;-);t) converges locally uniformly in (z,y,t) €
(R™)7"+P=1 % [0,¢) as e — 0O for any totally e-smoothed version D (y; 2)
of ®(y;z). Let us show that if ¢(y;z) is an admissable functions of z of
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weight k£ — 4 and auxilliary parameters y = (y1,...,¥;), and @.(y;2) is
a totally e-smoothed version of ¢(y; z), then v; .(z; pe(y;-): t) converges
locally uniformly in (z,y,t) € (R™)7F~! x [0,() as € — 0.

With F)j; as in Lemma 8, let Fy}; m = 1,2,... be an exhaustion of
F»; by a sequence of finite symmetric subsets. (A set F' of pairs (a,b) is

symmetric if (a,b) € F = (b,a) € F). Let us define the right continuous
martingale

(6.19) Lie(@s e (ys)it) = E{vie(@: e (yi ) | Fe}-
By Lemma 8 applied to the right continuous submartingale

; : =T A" o (")
(6.20) A™ = sup Uic(@pe(y;)it) —Tie (= ,<p; (y's):t)
Fy (e, 2,y) = (€', 2", y)]

we have that

(6.21) E({sup sup T c(@;0:(y;-);t) = Tier (25 00 (Y5 0): )] }")

Fy l(a,m,y) - (Elﬁwl’y,)‘é
< E<{Sup Vie (@5 0 (43 ) = vier (&5 0 (45 )] }")
B Fy (e, z,y) — (¢/,2',9)]°
[ie (@50 (5 ) = Yirer (@5 0 (05 )"
< E{ {sup
- Fyr |(6,1‘.y)—(8’,$’,y/)|5
S Cn.M\ -
Hence
, T o (2 e (y;); ) = Dicr ('3 020 (y'5 )3 )] })
6.22) E| <{supsu - :
(6.22) <{ R (emn) = e 91
< cpar-

In particular this shows that

(6.23) sup sup |T.o(z:9c(y:):t) = Do (w0 (35 )3 1) < Clw)le =€’

t Fioar

where F) j;; denotes the set of dyadic rational (z.,y) € (R™)7t!
with |z|,|y| < M. Thus, I'; .(z;¢-(y;-);t) converges rationally locally
uniformly on (R™)’*=! x R, as € — 0 with probability 1.
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By (6.9)

(6.24) T (z590(y:+);t)
= Yie(T2, @3, .. @i 0:(y; )i t)

+ Z’Yp,a(*T?ame» .. ';ajp;Ai—p,.-:[(pE(y; ');1:p+l7 <y g }/f] t)

Hence to show that ~; .(z;¢.(y;-);t) converges locally uniformly on
(R™)7+=1 % [0,¢) as € — 0 with probability 1 it suffices to show that
for each p < ¢

'Yp,a(x’.)az'&'-wxp; i— pe[‘pc y,' J"p+17"'7xi;yt];t)

converges locally uniformly on (R™)/*~1 x [0,() as ¢ — 0 with
probability 1. However, by Lemma 7 A;_, .[0-(y;*); Zpt1,...,Ti;u] is
a totally e-smoothed version of A;_,[p(y;-);Zp41,...,2:;u], and the
latter is an admissable function of weight k£ — p with auxilliary variables
YsTpy1, - - -, T;, u. Therefore, by our induction assumption,

’7p,€($27$37 <oy Tps Ai—p,e[%(y; ');xp+1> cee sy T4y U]; t)

converges locally uniformly in (z,y,u,t) € (R™)7* x [0,() as ¢ — 0
with probability 1. Since Y; is locally bounded on [0, (), this completes
proof of Theorem 6. [

THEOREM 7. — Under the assumptions of theorem 4, o (z;t) converges
locally uniformly on (R™ — {0})¥=1 x Ry as € — 0, with probability 1.
Hence

(6.25) ag(z;t) o lirr(l) aek(z;t)
E—
is almost surely continuous in (x,t) —{0})k-1
Furthermore,

(6.26) Ye(z;t) = Z 1)kl Hg Nti—ja)(zae;t)

AC{2,...k } JEA

for all (z,t) € (R™ — {0})*~! x R,.
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In addition, the occupation density formula holds a.s.:

(627) /q)(lg, ooy k)ak($2,.. s Lk )dflfg dl‘k

/ /0<t1< <t <t}

X ® Xt> - th th th‘l) dtl e dtk

for all bounded Borel measurable functions ® on (R™)*~1.

Remark 3. — The occupation density formula (6.27) shows that ay(x;t)
is independent of the particular f used to define ay .(z;t).

Proof. — This follows easily by induction from Theorem 6 using (6.1).
(6.27) follows by the methods used to prove (4.3) of Theorem 3. [

7. THE SYMMETRIC STABLE PROCESSES

In this section we prove Theorems 1 and 2 of the Introduction by
verifying that the conditions of our Theorems 3-7 are satisfied by the
symmetric stable processes in RZ.

Proof of Theorems 1 and 2. — 1t is well known that g(z) ~ == for
|z| ~ 0. By (2.10), and (7.15) of Rosen [13] we have for |z| # 0

(7.1) 9(x) <rap3(w)

< Hiilai]

|z[™

(7.2)

HAg

for |a;| < |z|/4m where 7, ;(z) denotes a function which is ~
|z| small, and O( ) for [z] large.

Take h to be a symmetric monotone decreasing 72_ 425 3 Where 6 > 0 is
chosen sufficiently small so that (2k —1)(2— 3+26) < 2, so that (5.8) will
be satisified. We first prove (5.9) . If |a;| < |z|/4m for all 1 < i < u+d,
this follows easdy from (7.2). In general, let A = {i; |a;| < |z|/4m},
and expand ( Hu+ Ag)g(x) as a sum of terms involving ([[;c4 Aa) g
evaluated at points x + b where b involves the a; € A°. For i € A%’s
we use the fact that g(a;) < cg(z) < clz|’h(z) < clz|’(h(z) V1) <

==——ry_g3(x)

for

lfl“
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cla;|*(h(z) Vv 1), and similarly 1 < c|a;|®/|z|®. For each b, we now divide
the indices in A into two groups, setting A, = {i € A; |a;| < |z +b|/4m},
expand ([T, 4 Aa,) 9(z + b) as a sum of terms involving ([[;c4, Aa.) g
evaluated at points x + b + d where d involves the a; € Aj. For i € A}
we use the fact that g(a;) < cla;|*(h(z 4+ b) vV 1) and 1 < c|a;|®/|z + b|®
as above. This proceedure, iterated a finite number of times, will complete
the proof of (5.9).

To prove (5.6) it suffices to note that for the symmetric stable processes
g(x) is monotone decreasing in |z|. This is obvious for Brownian motion,
and for the general case we use the formula

g(z) = / " G(s)pa(a) ds

which comes from subordination, where p,(x) is the transition density for
Brownian motion in the plane (obviously monotone in |z|) and g(s) is
the 1-potential density for the stable subordinator of index (/2. See (2.30)
of [2]. (5.7) then follows easily from (7.2) and the fact, already mentioned
above, that g(z) ~ 5= for |z ~ 0. [
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