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Abstract

We study large deviations for the renormalized self-intersection
local time of d-dimensional stable processes of index 5 € (2d/3,d].
We find a difference between the upper and lower tail. In addition, we
find that the behaviour of the lower tail depends critically on whether
B <dor =d.

1 Introduction

Let X; be a non-degenerate d-dimensional stable process of index (3. We
assume that X; is symmetric, i.e. X; L —X;, but we do not assume it is
spherically symmetric. Thus

(1.1) E (emxt) — ot

where 1(A) > 0 is continuous, positively homogeneous of degree [, i.e.
Y(rA) = rPy(N) for each 7 > 0, (=) = ¥()\) and for some 0 < ¢ < C' <

(1.2) cAl? < w(A) < CIA
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In studying the self intersections of {X;; ¢ > 0} one is naturally led to try
to give meaning to the formal expression

(1.3) /Ot [ 80X, — X, dr ds

where dg(x) is the Dirac delta ‘function’. Let {f.(x); ¢ > 0} be an approxi-
mate identity and set

(1.4) /Ot /0 F(X, — X,) dr ds.

When [ > d, so that necessarily d = 1 and {X;;¢ > 0} has local times
{L; (z,t) € R' x RL}, (1.4) converges as ¢ — 0 to 3 [(Ly)?dz. Large
deviations for this object have been studied in [7].

In this paper we assume that 3 < d. In this case (1.4) blows up as ¢ — 0.
We consider instead

(15) e = //fEX _X,)drds—FE {//fEX _X,) drds}

and let
(1.6) e = lim e

whenever the limit exists. It is known that this happens if (and only if)
B > 2d/3, and then 7, is continuous in ¢ almost surely, [21, 22, 25]. In this case
we refer to ; as the renormalized self-intersection local time for the process
X;. Renormalized self-intersection local time, originally studied by Varadhan
[27] for its role in quantum field theory, turns out to be the right tool for
the solution of certain “classical” problems such as the asymptotic expansion
of the area of the Wiener and stable sausages in the plane and fluctuations
of the range of stable random walks. See Le Gall [14, 13], Le Gall-Rosen
[15] and Rosen [24]. In Rosen [26] we show that +; can be characterized as
the continuous process of zero quadratic variation in the decomposition of a
natural Dirichlet process. For further work on renormalized self-intersection
local times see Dynkin [10], Le Gall [16], Bass and Khoshnevisan [3], Rosen
[25] and Marcus and Rosen [20].

The goal of this paper is to study the large deviations of v;, generalizing
the recent work for planar Brownian motion of the first two authors, [4].



Theorem 1 Let X; be a symmetric stable process of order 2d/3 < < d in
Re. Then for some 0 < ay, < 0o and any h >0

1
(17) lim ~ log P{y; > ht*} = —h™'a,.

The constant ay, is described in Section 4 and is related to the best possible
constant in a Gagliardo-Nirenberg type inequality.
v; is not symmetric. In fact the lower tail has very different behaviour.

Theorem 2 Let X; be a symmetric stable process of order 3 > 2d/3 in R%.
Then we can find some 0 < by, < oo such that if B < d

o1
(1.8) tlggo ; log P{ — v > t} = —by,
while if B =d

1
(1.9) Jim —log P{—y1 = p1(0)log 1} = —by;,

where pi(x) is the continuous density function for X;.

Using the scaling property {X(ts); s > 0} < tY/8{X(s); s > 0} of the
stable process it is easy to check that

(1.10) vy L 2By

Then (1.7)-(1.8) show that

1
(1.11) tlim n log P{|y|?/¢ > ht} = —hay
which implies that

. -1
Ay |74 <oo ifA< Qy,
(1.12) Efe ){ = 00 if)\>a;1.

Our large deviation results lead to the following LIL type results.

Theorem 3 Let X; be a symmetric stable process of order 2d/3 < < d in
R, Then

. Ve _ —d/B
(1.13) hxliigp 1T (log log ()77 Qy a.s.




Theorem 4 Let X, be a symmetric stable process of order 3 > 2d/3 in R%.
If 6 < d then

o gL L —/B-1)
(1.14) llgglf 1279 (Tog log 771 — by, a.s.

while if 3 = d then

1
(1.15) lim inf

—— % = —p1(0 .S.
t—o0 tlogloglogt% n(0) as

The methods needed for this paper are very different from those used
in [4] for planar Brownian motion. In that case, and more generally when
(8 = d, the upper bound for large deviations for v, comes from a soft argument
involving scaling. This argument breaks down when 3 < d. Instead we obtain
the upper bound using careful moment arguments developed in sections 2 and
3.

Another major difference between this paper and [4] is in the proof of the
lower bound for large deviations for —v; when § < d. Suppose we divide the
time interval [0, n] into subintervals I, = [k,k+1], k =0,...,n—1, let B(I})
denote renormalized self-intersection time for the piece of the path generated
by times in I, and let A([;;I;) denote the intersection local time for the
two pieces generated by times in I; and I when j # k. Then the major
contribution to the renormalized self-intersection intersection local time for
planar Brownian motion on the interval [0,n] comes from >, [A(I;; Ix) —
EA(I;; It)]; the contribution from Y, B([)) is smaller. In contrast, when
[ < d, both contributions are of the same order of magnitude. As a result,
the lower bound for —v; when (3 < d requires a much more delicate argument.

Our paper is organized as follows. In section 2 we obtain bounds on expo-
nential moments of the intersection local time for two independent processes,
which is then used in section 3, following an approach due to Le Gall, to ob-
tain bounds on exponential moments of the renormalized self-intersection
local time 7, and in particular to obtain an exponential approximation of 7,
by its regularization ;.. Together with some results from [8], this allow us
to prove Theorem 1 in section 4. In sections 5 and 6 we prove Theorem 2
on the lower tail of 7;. Finally, these results are used in sections 7 and 8 to
prove the LIL’s of Theorems 3 and 4 respectively.

We thank Evarist Giné for supplying the elegant proof of Lemma 1.



2 Intersection local times

Let X3, X, be two independent copies of the symmetric stable process of order
3 in RY with characteristic exponent 1 and set

def [t [t )
(2.1) . X / / F(Xs — X!) drds
0 Jo Jra
where f, is an approximate d—function at zero, i.e. f(x) = f(z/e)/e? with
f € S(R%) a positive, symmetric function with [ fdr = 1. If f f(p) denotes

the Fourier transform of f then f(ep) is the Fourier transform of f. and we
have from (2.1)

(2.2) (2m)~ ///d ip(Xs = Xr) ep)dpdrds
R

Theorem 5 Let Xy, X| be independent copies of a symmetric stable process
of order d/2 < 3 < d in R?. Then for all p > 0 sufficiently small we can

find some 6 > 0 such that
B/(d+p)
< Q.

B/(d+p)
=1.
Proof of Theorem 5: From (2.2) we have that

(2.5) Qpe — apo = (21)° ///R P X=X (F(ep) — F(e'p)) dp dr ds.

Hence

26) E(fap, —apa)™) = (2 *nd/ / / (o Sy ey X0,
(2.6) E({one — e }™) (2m) oa Joa S (e k)

ﬁ{f(ﬁpj) - J?(Glpj)} dpj dr;ds;.

Qe — Oy ¢l
’6 — 6/|P t2—(d+p)/B

(2.3) sup F (exp {9
e,e’ ,t>0

Furthermore,

Qe — Ol ¢l
’6 — 6/’P t2—(d+p)/B

(2.4) lim sup F (exp{@

0—0¢ € >0

We then use the decomposition

[0,¢]" x [0,¢]" UD (m,7")

7T7T



where the union runs over all pairs of permutations 7,7’ of {1....,n} and
Dy(m, ') = {(r1, - Ty Sty 80) [Ty < oor <y Sty Sy < < s <
t}. Using this we then obtain

Q1) Blow—ae}) = @Y [ [ B ()
H ep] 6 f(€p;)} dpjdr; ds;.
On D, (m,7") we can write

8) Zpk(Xsk Z Urn k Tﬂk rﬂk 1 Z (Y k I - X/ )
k=1

kfl

where Uy, = Y7_y P, and vpr g = 04 Pr- Hence on D, (7, ')

o S T A e S e
(2.9) ~ ~
We will use the bound |f(ep;) — f(€'p;)| < Cle—¢€|?|p;|? for any p < 1. Using
the Cauchy-Schwarz inequality we have

(2.10) / B (e Ziaa XY T] [yl d,
Rdn ]:1
N 1/2
: (/Rd €2 Ly W)y Trics) 11 Ipsl” dpj)
7j=1
o 1/2
-2 ('U ’ k S /—5 / n
( J I \pjrpdpj) |
Now ITj_y [p;| = TIj=y [pm;| = Tz lumy — tmjin| < TGy [tn ] + Jtr ] s0

that, using (1.2) for the second inequality
(2.11) /R2n 6_2 Zk:l P (um k) (rmy =g, 1) H |pj|pdpj

J=1

n
<3 [ T T g 90 du,
h mn

Jj=1



IA

j=1
n

H (rﬂk — Trea )_(d—‘rhjp)/ﬁ

j=1

IN

n
- " ™ s Ly iy h;
;/}{ne CZk-:l ‘u vk‘ (T k r kfl) H ‘/u’ﬂ',jl JPdUﬂ-J‘
cmy
h

where the sum runs over all h = (hy,...,h,) such that each h; = 0,1 or 2
and 2?11 hj = n.
Hence, taking p > 0 sufficiently small that (d + 2p)/25 < 1 we have

n n 2
Qte — He " (nl)2 —(d+hyp)/28

E(|Se=2t) ) < o (n) / R i0)/28 g
( le— ¢l ) = (n!) (; r1<-~<rngthl(T] rj-1) T

| 2

< o Ot/ n! )

( [(n(1 = (d+p)/20))
(2.12) < O /28) ()05

Hence by Holder’s inequality

o Qpe — Qe nfB/(d+p) . Qpe — Qe ny B/(d+p)
|€ — €/|P t2—(d+p)/B - |€ — €’|Pt2_(d+9)/ﬁ

(2.13) < C™nl
Our Theorem follows easily from this. i

If we set

def s rt ,
(2.14) Qe / / FA(X, — XY drr ds
o Jo

then by the same method we can show that
(2.15) Oy = lir% Qs te

exists a.s. and in all LP spaces and for some 6 > 0
as,t

B/d

Let p;(z) denote the density function for X, started at the origin.

7



Theorem 6 Let X;, X{ be independent copies of a symmetric stable process
of order d/2 < 3 < d in R?. Let P@o¥) be the joint law of (X, X!) when X,
is started at xo and X| is started at yo. Then

(217) () < o0+ 20— (s 1)
where o
b1

(d/B=1)(2—-d/B)
If xo = yo, then we have equality in (2.17).
If 8 = d then we obtain

(2.19) E@0w) (o, ) < p1(0)[(s +t)log(s +t) — tlogt — slog ]
with equality if To = yo.
Proof of Theorem 6: We have
(2.20) Ewow) ( / : / (X — XY dr du>
/ / /fe pr(@ = 20)pu(y — yo)dz dy dr du
= [ [ 2wty = o = vo)puly)de dy dr du
= [ [ [ 5wt = (o — o)) dr du

where the last line follows from the semigroup property. Letting ¢ — 0 and
using the fact that (2.15) converges in L',

F(@o:wo) (s —/ / DPraw(To — Yo)dr du.

The right hand side is less than or equal to

/ / 7“—|—ud/5d rdu

with equality when xy = yg. Some routine calculus completes the proof. ©



3 Renormalized self-intersection local times

Let X, be a symmetric stable process of order 3 in R?. For any random
variable Y we set {Y}, =Y — E(Y). For each bounded Borel set B C R%
let

(3.1) ~(B) = {/B/fE(XS —X,,)drds}o.

We set v = 7e(B;) where B, = {(r,s) € R7 |0 <r < s <t}.
Using the scaling X, £ A/BX, and fyo(z) = %fg(z/)\) we have

(3.2) Ye(B) £ XG40y 5 (AB).

Theorem 7 Let X; be a symmetric stable process of order 3 > 2d/3 in R%.
Then for all p > 0 sufficiently small we can find some 6 > 0 such that

B/(d+p)
< Q.

Proof of Theorem 7: Taking A = 1/t and B = B, in (3.2) we see that it
suffices to prove (3.3) when ¢ = 1.
Let

Yt,e — Vi
’6 — 6/|P t2—(d+p)/B

(3.3) sup E (exp {9

€,e/ >0

(3.4)  Ap=[2k—2)27", 2k —1)27"] x [(2k — 1)27", (2k)27"].
Note that By = U2, Ui~ ," A7 so that for any € > 0

00 271,71

(3.5) Te =D D Ve(AR):

n=1 k=1

We will use the following lemma whose proof is given at the end of this
section.

Lemma 1 Let 0 < p < 1 and let {Yi(¢)}}x>1 be a family (indexed by ¢) of
sequences of i.i.d. real valued random functions such that E(Y:(¢)) =0 and

(3.6) lim sup Be?/M©F = 1,
0—0 ¢

Then for some A > 0,

(3.7) S:PEexp {)\‘ Zi: Yk(C)/\/ﬁ‘p} < 00.



By (2.4), for some p > 0

Ve (A%) — e (AD

e

(3.8) lim sup £ (exp {9

—0 €,e/>0

B/(d+p)
=1.
Hence by our lemma, for some A > 0,

2N ! —1) AN (N=1) AN
e? = sup (E (exp{ ‘ L 2™ o Ai) —e(2 A}

N,e,e’>0 _1)/2|6 - €/|p

B/ d+p)}) ) .

(3.9)
Since (> %d, for p > 0 sufficiently small
3
(3.10) a=: §ﬁ/(d+p)—1>0
Write
N .
(3.11) by =X2"" and by=X2""J[(1—-2"%) N=2.3,--
j=2

Then for any integer N > 1, by Holder’s inequality

(3.12) \I,QG,,N::E(GXP { |zﬁlzw (AR = 70 (AR}

el
by
: (E (eXp { (1—2-N)

B/(d+p) })
B/(d+p) }) >1_2aN

! Zk:l {7e(AR) — 7 (AR}

e~ el
N -1 N Ny |8/ (d+p) 2-aN
(s (exp {b o ZE (AR — e (AD)} }) )
=
Taking A = 2V~ in (3.2) we see that
2N71
(3.13) > {7e(AY) — e (A}
k=1
2N—1
£ 97 C= AN N7 {qin-0o QN TV AY) = yyov-nyse (2N VAN
k=1
Using (3.10), we note that
d\ p  (d+p)
3.14 2——)—=—a =1/2.
S [2-5)-f-o 52 =



Hence

N-1 B/(d+p)
(3 15) 2aN Zz:l {,Ye(Ai:V) - 76’(‘/42])} g
' e —¢lr
< 90 2 (o178 QD ANY — g0 (20D AN) ) |7/

QN=D)/2[2(N-1)/B _ e1o(N—1)/Bs

Using this, (3.9), and the fact that by2* < X for the last line of (3.12),
and (3.11) and the fact that 1 — 272" < 1 for the second line of (3.12) we
have that
(3.16) Ueon < Voo nogexp{p27N}.

Inductively,
Ueon <exp{p27%(1—2"%""}

Letting N — oo, our Theorem follows by (3.5) and Fatou’s lemma. m
It follows from our Theorem and Kolmogorov’s continuity theorem that
(3.17) e =2 lm e

exists a.s and in all LP spaces.
Furthermore, it follows from our Theorem that for some p,6 > 0

B/(d+p)
< Q.

Note that, since for p > 0 sufficiently small 3/(d + p) > 1/2, it follows
that for any \,0 > 0

Yt T Ve
le|p t2—(@+0)/8

(3.18) sup F (exp {9

€,t>0

(3.19) E(exp{A|v — w.e['*}) < e + E(exp{ A — Ye.e| " primnre > 6002})

- 8/(d-+p)
<My E (exp {/\‘( W8 T The }) .

5t)2~(@+o)/8

Using (3.18) we conclude that for any A > 0

1
(3.20) lim sup lim sup — log E(exp{ |7 — vi.c|"/*}) = 0.

e—0 t—oo L

11



For later reference we note that arguments similar to those used in proving
our Theorem show that for some § > 0
B/d
< Q.

(In fact, by scaling we only need this for ¢t = 1).

Proof of Lemma 1: Let ¢,(x) = ¢® — 1 for large x and linear near the
origin so that v, (z) is convex. We use |- ||, to denote the norm of the Orlicz
space L., with Young’s function 1,. The assumption (3.6) of our Lemma
implies that for some M < co

Vi

>0 2—d/8

(3.21) sup B (exp {9

(3.22) sup Y1 (O ly, < M.

By Theorem 6.21 of [17], if & are i.i.d. copies of a mean zero random variable
&1 € Ly, then for some constant K, depending only on p

<
wp

Using Prop 4.3.1 of [11], for some constant C,, depending only on p

+ 11%11?§(n|€’“’ . ) )
L1 p

> &k
k=1

> &k
k=1

max &k |

. < Cy(logn)||& [l

Since the &, are i.i.d. and mean zero

n n
1Y &kl < 11D &l < vnll&llr..
k=1 k=1

Thus we have

> 6V

logn
< 0, (Jlle + 2161, )

for some constant D,, depending only on p. Our Lemma follows immediately
from this. o

¥p

12



4 Large deviations for renormalized self-intersection
local times

Let

(4.1 Eulf )= [ POIF)E .

and set

(42) Fo={f € EY[IIfl2 =1, Eu(f.f) < oo},

The following Lemma is proven is Section 2 of [8].

Lemma 2 If 5 > d/2 then for any A > 0

(4.3) My(3) = sup {1~ o7, 1) f < o0
&Sy
and
(4.4) My(\) = N2/~ 0 (1),
Furthermore,
(4.5) rp =t {C || fllzp < CIFIL™ 1€/ NI} < o0
and

B 23 —d <d/€i>26/(2ﬂ_d)
= g — .

(16) My(1) 5

We write My, = My(1) and let

4 (25— a\
o koot ()

Proof of Theorem 1: We show that if X; is a symmetric stable process of
order 3 > 2d/3 in R% then

1
(4.8) lim ~log P{y, > £} = ~27/4 'k,

Let h be a positive, symmetric function in the Schwartz class S(R?) with
J hdx =1, and note that f = h*h has the same properties and f, = h, * h,.

13



Using this, observe that
t s
(4.9) / / F(X, — X,) drds
0 Jo
1 st gt
- —/ / Fi(X, — X,) dr ds
2Jo Jo
1 e (x 2
-2 R(/O he s—.:z:)ds) dx

hence, by Theorem 5 of [8], for any A > 0,

(410)  lim ~log Eexp {A</ot /0 fe(Xs = Xr)drdS) 1/2}

t—oo t

1 A\ ¢ 2 1/2
:tk%glogEexp{\ﬁ(/Rd (/0 h6<XS—Z')dS> dx) }

= s { ([ en@pa)” - a0}

For each fixed € > 0

(4.11) ( /feX X)drds)

’p'(XS_ ’“) dr dsf(ep) dp

AL
/// == dr ds f(ep) dp
ct /.

pl f(ep) dp = O(t)

IN

if 3 < d. (When 3 = d we can easily obtain O(t'*9) for any § > 0). Using
(3.20) we conclude that for any A > 0

lim sup lim sup — log E(exp{\|y:— / / fo(Xs—X,)drds|*?}) =
e—0 t—o0
(4.12)
Hence using (4.10) together with the argument used to take the e — 0

limit in [8] and then recalling (4.4)

1
(4.13) tlim glogEeXp{)\htP/Q}

14



~ s { ([ g <n) @) uto)}

=0 geFy

= s { ([ o) - evta)

243

A 28—d
() My
(ﬂ) v

By the Gértner-Ellis Theorem, [9, Theorem 2.3.6]

1
(4.14) limsup  log P{|7t| > t2}

t—o00

= —sup{A — (%) o My} = =2

A>0

g_lﬂ(% —dy 24
B\ 2BM,

On the other hand, writing v, = 75~ — 7 and using the positivity of
[ J fo(X, — X,)drds and (4.12) we have that for any A

1
(4.15) lim sup n log E(exp{ Ay, ['?}) = 0.
t—o0o
Our Theorem then follows. m|

5 The lower tail; § < d

Proof of Theorem 2 when 3 < d: Let B([s,t]) = v({(u,v)|s <u < v <t})
and note that ([0, s: s, t]) < {ast—s}o. Thus for any positive s and ¢,

(51) Vst
=75 + B([s,s +1]) +7([0, 5]; [5, 5 +1])
> s + B([s,s +1]) = Ea([0, s]; [s, 5 + 1]).

vs € Fs, B([s,s + t]) is independent of Fy, and B([s,s + t]) has the same
distribution as 7;. Define

(5.2) Zy = cpt?>™ P — Zoy = cyt* 8 — B([s,5 +1])

15



By the above {Z,;; t > 0} is independent of {Z,; u < s} and we have

{Zss; t >0} £ {Z; t>0}. Using (5.1) and Theorem 6 we have that for
any s,t > 0,
(5.3) Ly < Zy+ Zoy.

Given a > 0, define
T, = inf{s; Z; > a}

By continuity Z,, = a on 7, < 0o. Let

(5.4) o(h) = sup |Z; — Z
0<s,t<1
jt—s|<h
Fix a,b,n >0 and 0 < < a,b.

(5.5) P{supZ; > a+b, ¢(1/n) <4}
t<1

n—2
=) P{supZ; > a+0b,¢(1/n) <6, j/n<7.<(j+1)/n}
j=0 t<1
n—2
<3P Zgayme 20 =0, j/n <70 < (j+1)/n}
Jj=0 =
n—2

2 P{sup Zinyma 2 b= 0}P{j/n < 70 < (j + 1)/n}
j= <
< P{supZ; > a}P{sup Z, > b —4}.

t<1 t<1

Using the continuity of Z; and first taking n — oo and then 6 — 0 we obtain

(5.6) P{sup Z; > a + b} < P{sup Z; > a}P{sup Z; > b}.
t<1 t<1 t<1
Hence, there is ¢ > 0 such that for some \g < oo
(5.7) P{supZ, > A} < e, YA> )\
t<1
so that
(5.8) Eexp {co sup Zt} < 00

t<1

for some ¢y > 0. Then by the sub-additivity (5.3) and what we have just
proven, there is ¢y > 0 such that

Eexp {co sup Zt} < (Eexp {co sup Zt})n < 00

t<n t<1

16



for all n. Then by the scaling (1.10) we see that (5.8) holds for all ¢, > 0.
Therefore, we have

(5.9) Eexp {csup{—fyt}} < 00, Ve,n > 0.
t<n
Setting now

ax(t) = log (E exp {)\Zt}>,
by the sub-additivity (5.3) we have that for any positive s, t, A,

(5.10) ax(s+t) < ax(s) + ax(t).
Consequently,

1 o]
(5.11) Jim ;aA(t) = g{{gm\(t)} =: Ly <0

where the last inequality folllows from (5.9). Note that
ax(t) = Aegt* P 4 log (E exp{ — )\%})

with 2 —d/f < 1, so that (5.11) implies that for any A > 0
1
(5.12) tlirn n log (E exp{ — )\'yt}> = L) < o0.

It follows from Theorem 8, immediately following, that Ly, > 0 for some
0 < Ag < oo. Using the scaling (1.10) it follows from (5.12) that for any
A>0

1 _ _
(5.13) Jim ~ log (Eexp{— Ay}) = M@0,
It then follows by the Gértner-Ellis Theorem, compare (4.13)-(4.14), that
. -1 -
(5.14) lim ¢~ log P{—y>t}=—-b,
28-d
d—
with by = (M (2’6 _d> ’ /\g/ (@=8) " This will complete the proof of Theo-
d

O

Theorem 8 Let X; be a symmetric stable process of order 2d/3 < < d in
RY. There exist constants c1,co > 0 such that

(5.15) P(—~, > cin) > c4.

17



Proof of Theorem 8: Let A(/;.J) denote the intersection local time be-
tween X (1) and X (J), where X (/) = {X, : s € I} for an interval I and let
B(I) denote the renormalized self-intersection local time of X (I). € < 1/4
will be chosen later. Set M = e !. First of all, —B([0, 1]) has mean 0 and is
not identically zero. So there exist positive constants k1, ko not depending
on € such that

P(—B([0,1]) > K1) > K.

By scaling,
P(-B([EQ, 1-— 62]> > /€1/2) > Kao.

If we choose € small enough, by the fact that the paths of X, are right
continuous with left limits,

P( sup |X;— Xe| > M/2) < ky/2.

2<s<1—¢2
Therefore if
B, = {—B([Ez, 1—€)>k1/2, sup |X,— Xe|< M/2} :
e2<s<1—¢2

then
P(El) Z K/2/2.

Let S, = B((Mk,0),€®) and let Qy, be the square which has one diagonal
going from (Mk — 4¢€,0) to (M (k + 1) + 4¢,0). Let 2 be the center of Qy,
that is, 2z, = (M(k + %),0). Let

Ey = {Xe € B(x, 1) and for s € 0,€’], X, € Qx} .

Let
Es = {Xez € Spy1 and for s € 0, €%, X, € Qk} )

Lemma 3 (a) There exists cg such that if © € Sy and € is sufficiently small,
then
PI(EQ) Z 63€4+ﬁ.

(b) If © € B(zg, M/2) and € is sufficiently small, then

PI(E;g) 2 C3€6+ﬂ.
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Proof of Lemma 3: (a) Let 7 = inf{t : | X; — Xo| > ¢/2}. By scaling and
the fact that 5 > 1, P(sup,c. | X, — Xo| > ¢/2) — 0 as € — 0. So by taking
e small enough, we may assume that

Pi(r <€) <1/2

for all x.
By the Lévy system formula for stable processes (see [2], Lemma 2.3, for
example),

(5.16) P*(X;pe2 € B(2k,1/2)) > E* Y 1(x._eB((Mk0)e/2)) L(Xa€B(1,1/2))

s<TA€2

TAE?
= Ez/ / n(Xs, z)dz ds,
0 B(z,1/2)

where n(y, z) = ¢4y — 2|727?. Since n(y, z) is bounded below by csM ~2~# if
y € B((ME,0),2¢) and z € B(z,1/2), we see

(5.17) P"(X.pe2 € B(z,1/2)) > e PP E*[1 A €%] > ey PE [ 17 > €]
= 4 ?PEP(1 > €%) > e3P /2

We noted in the first paragraph of the proof that there is probability at
least 1/2 that X; moves no more than €/2 in time 2. So by using the strong
Markov property at time 7, there is probability at least cse*™¥/4 that X
exits Sy by time €%, jumps to B(z,1/2), and then stays in B(zy,1) until
time 7 + €2. But this event is contained in Es.

(b) The proof of (b) is similar. Using the Lévy system formula,

TAE2
PP (Xope2 € B((M(k +1),0), 22Ex/ / X.,2)dzds.
(e € BOIE+ D012 2 5 [ [ x 2deds

This in turn is greater than or equal to
e M2 PE®[1 A €] > cge®tP.

We chose € so that the probability that X; moves no more than ¢/2 in time
€? is at least 1/2. Using the strong Markov property at time 7, there is
probability at least cge®™?/2 that the process exits B(z,€/2) by time €,
jumps to B((M(k+1),0),¢/2), and then moves no more than ¢/2 in time 2.
This event is contained in Fj3, and (b) follows. This completes the proof of

Lemma 3. O
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Let
B, =F300,_»={X, €Sy, and for s € [1 — 1], X, € Qi }.

Using Lemma 3 and the Markov property at times €2 and 1 — €2,

(5.18) P*(Ey N Ey N EY) > 260, /2.
Let
(5.19) ={B[0,¢] > I€1/16}

1= {8

5= {B[L—¢%,1] > m/16},

s = {A(0, ¢ 1]) > r1/16},

{A(O 1- &) [1- &, 1)) > k1/16).

Lemma 4 There exist c7,cg and b not depending on € such that
P(E4) + P(Es) + P(Eg) + P(Er) < cre™*/.

Proof of Lemma 4: The estimates for £, and E5 follow from the scaling
(1.10) and (1.11). By (2.16)

(5.20) P(A[0,1];[1,14a]) > \) < Cge_cloAﬁ/d/aB/d—l/Q.

This and scaling give us the desired estimates for Fg and E;. This completes
the proof of Lemma 4. 0

Recall that the occupation measure pz is defined as

i () = [ 140X ds

for all Borel sets A C R%. If py(x) is the probability density function for X,
and u(x) = [;° ps(x)ds is the O-potential density for X it is easily checked
that

G2 B ({eE)) =t T ute - oG dr

where o = z. Hence if
(5.22) cA = sup/u(x —y)1a(y) dy
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we have that sup, E* ({M{;(A)}") < n!c and thus

sup E* (eXp {,ué(A)/QcA}) <2
so that by Chebycheff

(5.23) sup P (2 (A) > 2Xcq) < 2¢7.

Let B(z,r) denote the open ball of radius r centered at .

Lemma 5 Let 6 € (0,28 —2) and M > 2. There exist constants c11 and cio
depending only on M and 6 such that

X(B
(5.24) P ( sup w > )x) < e MPemo2?,
|z|<M,0<r<1 r

Proof of Lemma 5: First fix z and r. Since u(y —z) < ci3y — 2|72, using
symmetry cp(.,) is bounded by

/ cislr — 2P 2dz = ey
B(z,r)

Applying (5.23),
(5.25) P(uX (B(z,r)) > ArP=0) < 2e7c1s? ™’

Suppose now that uX (B(x,r)) > Arf=° for some |z|] < M and some
€ (0,1). Choose k such that 27571 < r < 27% and choose 2’ so that both
coordinates of 2 are integer multiples of 27% and |z — 2’| < 27%*+1. Therefore

pioe (B2, 2773)) > 1A (277F%)770,

where ¢1¢4 does not depend on k.
Since there are at most ¢;7M?2?* points in B(0,2M) such that both
coordinates are integer multiples of 27%, then if 27~ < r < 27F,

X B -
(5.26) P ( sup M > 016)\> < 1522 M2 1822 "

ol<m 770

Summing the right hand side of (5.26) over k from —4 to oo yields the right
hand side of (5.24). This completes the proof of Lemma 5. m
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By Lemma 5 it follows that

X(B
(5.27) P< sup L(QZ’T)) > Ky logz(l/e)/8> < 202y, /4
|| <M,0<r<1 rB-

if € is small enough.
Let 117% (A) = [} 1a(X,)ds and set

D, = {Xk c Sk7Xk+1 < Sk+1; and for k <s<k+1,X, € Qy,

X..1(B
B = ki /4, suwp B k’k+;;_§x’r))§n110g2<1/e)/8}-

lz|<M,0<r<1

By (5.18), Lemma 4, (5.27) and the Markov property
P(Dy | Fi) > c196 %k, /4

on Dk:—l'
Let
Fr={A(k = LE: [k, k+1]) < r1/8},  Fo =0,

and
L, = D, N Fy,.

Lemma 6 Let § € (0,20 —2). We have

26—2—0

P(FgN Dy | Fi) < cape™ /e
k—1
on the event N;_; L;.

Proof of Lemma 6: When k£ = 0 there is nothing to prove, so let us
suppose k > 1. As before, A([k — 1,k|; [k, k + 1]) has the distribution of
a1, and using the properties of Dy _1, Dy, and the Markov property we have,
recalling (2.1),

(5.28) P(ch N Dy, | fk)
1 1
< sup P (hm [ [ 1 = X0)10,(X) drds > sy /8)
0 0

—0
z€Sy, X'€D), p
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where P§ denotes probability with respect to the process X, while the inde-
pendent process X' is fixed, and

, (B
D), = {M{( (+) is supported on Qj_;,  sup i ( ﬁ<f’r)) < Ky logQ(l/e)/S} .
i

lz|<M,0<r<1

We have
(5.29) E% ({hm/ / [o(Xs — X )1Qk(Xs)d7’ds} )
= n!lim /0,1}7“1 /Rnd}:[lu(l‘i — xi1) ol — X, )1q, (%) dz; dr

p—0J]

=nl _/Rnd H U(CL’Z — ZEi_1>1Qk (:L'Z> d,u{(l (ZL‘Z)
j=1

with o = x and the interchange of limit and expectation can be justified as
in section 2. As in the proof of (5.23) it then follows that P(FfN Dy | Fi) <
o928/ where

(5.30) ¢ = sup /Rd u(y — x)1g, () du (y).

z€QK_1NQy, X' €D}

Since p is supported on Q1 and Qr_1 NQ C B((ME,0), 16¢), if we choose
ko so that 32¢ > 27% > 16¢, we have that the right hand side of (5.30) is
bounded by

(5.31) Z / RN (L T ()

<CQ4Z #)B=2, X (B(x,27%))

k=ko

S Cos Z 2—k(ﬂ—2) (2—k)ﬁ—5

k=ko

oo
= (o Z 9-k(26-2-0) < ) (20-2
k=ko

This completes the proof of Lemma 6. m]

If € is small enough, we thus conclude that

P(Lk | fk) > 627610+26H2/8 (7)
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on the event ﬂ?;lle. Take € sufficiently small, but now fix it, and let k3 =
core*tPry /8. We have

P(NS_ L) = E[P(Ly | Fi); 0= Lj] > ks P(MZ{Ly).
By induction,
On the event M, = N7_,L; we have that X, € Qrifk <s<k+1, and

so there are no intersections between X (/;) and X (1) if [i — j| > 1, where
I; = [i,i 4 1]. Furthermore, on M,,, we have

n

> —B(Iy) > kin/4,

k=0
while .
Z A(Ik, [kJr]_) < Hln/8.
k=0
Since . .
SB(0.]) = Y0 B — 30 Al Ter) = ki)
k=0 k=0
on the event M, and P(M,) > k%, Theorem 8 is proved. O

6 The lower tail; 3 =d

In this section we prove Theorem 2 in the critical cases where § = d. This
includes planar Brownian motion and the one-dimensional symmetric Cauchy

process.
By (2.19) we have

(6.1) E(a(s,t)) = pl(O){(s +t)log(s+t) — slogs — tlogt}.

Write
(6.2) =~ —p1(0)tlogt
We have that 79 = 0 and, as in the proof of (5.3), for any s,t > 0, 154 <

ns + 1), where {r; v > s} is independent of {n,; u < s} and 7, < 7. So
by the argument used to obtain (5.9) and (5.10) we obtain

(6.3) E (exp {csupnt}> < 00, Ve >0,
t<1
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and

1 1 1
Elexp{——n, < Elexpy——=ns¢ | E|ex , Vs, t>0.
( Pl ”}> ( P }> ( p{mm”t})
(6.4)
Therefore there is a constant —oo < A < oo such that

1
. lim ¢ log E ) =4
(6.5) lim ¢ log (eXp {pl 0 m})

or equivalently
(6.6) lim ¢! log <t_tE (exp{ — L7,5}> ) =A
t—o0 D1 (O)

Take t = n to be an integer. By scaling and Stirling’s formula,

n—oo n,

1 _1 n B
(6.7) lim — log ((n') E (exp{ - mm}) ) =A+1
By [12, Lemma 2.3]

(6.8) lim ¢ log P{exp{ -

or equivalently
(6.9) tlim t~'log P{ — v > p1(0) logt} =—L

which proves (1.9). It remains to show that b, < co. That b, < oo for the
B = d = 2 case was shown in [4, Section 5]. A very similar proof takes care of
the f = d = 1 case. Note that the proof in [4] does not rely on the continuity
of Brownian paths. Instead of the ¢'/? scaling there, we now have ¢! scaling.
Instead of 1/(27), we now have p;(0), which in the § = d = 1 case is equal
to 1/7. This completes the proof of Theorem 2. 0

7 The limsup result

Proof of Theorem 3: We begin with a lemma.
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Lemma 7 If a < ay, there exists C < 0o such that

(7.1) P (Sup% > udm) < Ce ™, u > 0.
t<1
Proof of Lemma 7: It follows from (4.8) and scaling that

(7.2) sup P <% > ud/ﬂ) < Ce ™, u > 0.

t<1

Let B([s,t]) =: v({(u,v)|s <u <wv <t}). Forany s <t
(7.3) 7= = ([0, 5 5,t]) + B([s, 1])

with ([0, s; s, t]) £ {as1—s}o and B([s,1]) 2 s,
It follows from (2.16) and (3.21) that for some 6 > 0

)

(7.5) P (]’yt — | > ud/ﬁ) < Cemew/ =9, u>0

Yt — Vs
(74) sup E (eXp {G‘H—l_dm

s<t<1

hence by Chebycheff that for some ¢ > 0

uniformly in 0 < s < t < 1 where ( = $/d —1/2 > 0. Our lemma then
follows from the chaining argument used to in the proof of Proposition 4.1

of [4]. m
It is now straightforward to use scaling and Borel-Cantelli to get

Lemma 8

. Tt —d/B
(7.6) hrtriilolp 1479 (log log £)7/7 <a, a.s.

Proof of Lemma 8: Let M > 1/a,. Choose € > 0 small and ¢ > 1 close
to 1 so that M(ag — 2¢)/q* > 1. Let t,, = ¢" and let

(7.7) Ch = {sup 7y, > ti /7 (M loglog t,, )"/}

n—1
s<tn
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By Lemma 7 and scaling the probability of C,, is bounded by

Cl6—(ag—s)M(tn_l/tn)2< loglog tn—1

By our choices of € and ¢ this is summable, so by Borel-Cantelli the prob-
ability that ), happens infinitely often is zero. To complete the proof we
point out that if , > t2~48) (M loglogt)¥? for some t € [t,_1,1,], then the
event C,, occurs. This completes the proof of Lemma 8. |

To finish the proof of Theorem 3 we prove

Lemma 9

. Ve —d/p
(7.8) h?iigp 1T (log log 1) 777 > a,, a.s.

Proof of Lemma 9: Let a > ag and let o’ be the midpoint of (ag, a). Then
by (4.8)
(7.9) Py > (uloglogt)¥P) > cye~¥uloslost u > 0.
Let 6 > 0 be small enough so that (1+6)a’/a < 1 and set t,, = """, Recall
that B([s,t]) £ ~,_,. Using (7.9) and scaling, it is straightforward to obtain

00 d/p
loglogt,

S P (B([tn_1,tn]) > t2=/9) (%) ) - .

n=1

a

Using the fact that different pieces of the path of a stable process are inde-
pendent and Borel-Cantelli,

) B([tn-1,tn]) 1
7.10 lim sup > ,
(7.10) n—so %) (log log t,,)#/8 ~ a?l?

n

Let € > 0. From (3.21), scaling, and Borel-Cantelli it follows that
(7.11) B0, ta-a])| = [yt | = O(eti=? (loglog t,)?), a.s.
Since

(7.12) 7w, = B([0,t])
= B([tn-1,ta]) + B((0, tn1]) + ([0, tna]; [tn-1, 1))
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and ([0, s]; [s, t]) < {as1—s}o with ag s > 0, we have our result from (7.10),
(7.11), (7.12) and the fact, from Theorem 6, that

Eatnil,tn_tnfl S EOétn = Cﬁtgg_d/ﬂ) = 0<t%2_d/5) (IOg log tn)d/ﬂ)
This completes the proof of Lemma 9. O

Lemmas 8 and Lemma 9 together imply Theorem 3. 0

8 The liminf result

Proof of Theorem 4: We consider first the case when § < d. Let D, = —~;.
We begin with a lemma.

Lemma 10 If b < by, there exists C < oo such that

(8.1) P (sup D, > ud/ﬁl) < Ce™, u > 0.

<1
Proof of Lemma 10: It follows from (1.8) and scaling (1.10) that

(8.2) lim v 'log P{Dl > ud/ﬁ_l} = —by.

U—00

Scaling once more shows that for any ¢t > 0
(8.3) P (D >u"?) < e/, u>0

with p = (2—d/B)/(d/B —1) > 0. For any s <t

(8.4) Dy — Dy = —v([0,s;5,t]) — B([s,])
< E(Oés,tfs) - B([Svt])
< cpt — )77 = B([s,1])

with —B([s, t])=:D;_s and we have used Theorem 6
(85) Elasi—s) = cals” 7 4 (t — 5)* 70 — 272 < cp(t — 5)° /7.

Our lemma then follows from the chaining argument used to in the proof
of Proposition 4.1 of [4]. |

It is now straightforward to use scaling and Borel-Cantelli to get
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Lemma 11

Dy < @81
t(g—d/ﬁ)(log]ogt)d/ﬁ—l =Y

a.S.

(8.6) lim sup

t—o0

Proof of Lemma 11: Let M > 1/b,. Choose € > 0 small and ¢ > 1 close
to 1 so that M (bg — 2¢)/q” > 1. Let t, = ¢" and let

8.7 C, = {sup D, > 224/ M loglog t,,_1 )1
n—1

s<tn
By Lemma 7 and scaling the probability of C), is bounded by

Cle—(bﬁ—e)M(tn,l/tn)p loglogty—1

By our choices of € and ¢ this is summable, so by Borel-Cantelli the prob-
ability that C,, happens infinitely often is zero. To complete the proof we
point out that if D, > t2~4/8) (M loglogt)¥#~! for some t € [t,_1,t,], then
the event C), occurs. This completes the proof of Lemma 11. O

To finish the proof of Theorem 4 when [ < d we prove

Lemma 12

: % —(d/B-1)
(8.8) lu;risogp 1279 {log log 1)/7—1 > by a.s.

Proof of Lemma 12: Let b > by, and let 0’ be the midpoint of (bg, b). Then
by (8.2)

(8.9) P(D; > (uloglogt)¥/8=1) > ¢ye~tuloslost u > 0.

Let 6 > 0 be small enough so that (1 + 6)b'/b < 1 and set £, = e" . Recall
that B([s,t]) < ~,_,. Using (8.9) and scaling, it is straightforward to obtain

_ loglogt ¢
ST P =B([ta-1,tn)) > tF 40 [ == = 0.
= ( ([ 1 ]) > n b

Using the fact that different pieces of the path of a stable process are inde-
pendent and Borel-Cantelli,

: _B([tn—btn]) 1
8.10 1 > ,
( ) 1m nSEIO)o t(2—d/ﬁ) (log log tn)d/g_l bd/B-1

n

a.s.

29



Let € > 0. From (3.21), scaling, and Borel-Cantelli it follows that
(8.11) [B([0,ta-a])l = [, = O(etiZ™P (loglog t,)"*™"),  a.s.
Note that
(8.12) D;, = —B([0,t,])

= = B([tn-1,tn]) = B([0,t0-1]) = ([0, tual; [tn1, 1)
and ([0, sJ; [5,]) £ {s4—s}o. Using (2.16)
(8.13) P(a([0, tyr]; [tao1, ta]) > t2749))

<p ((ta([O,tn-l]; [tn—l,tzgﬁ) >t /tn_l)(l—d/2ﬂ)>

n—l(tn - tn—l))(l_
< e—(tn/tn_ﬂ(ﬂ/d*l/”

which is summable. Using Borel-Cantelli, we have

(8.14) a([0, tp1); [tn1, ta]) = o(t2~YP(loglogt, )5 7).

Substituting this, (8.10) and (8.11) in (8.12) completes the proof of Lemma

12.

Lemmas 11 and 12 together imply Theorem 4 when 3 < d. The case of

B = d follows from (6.9) and the proof of [4, Theorem 1.5].
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