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ABSTRACT. — We study renormalized self-intersection local times
Yn(ttz; t) for Lévy processes, where the n-fold multiple points are weighted
by the translate y, of an arbitrary measure u. General sufficient conditions
are provided which insure that -, (u.;t) is a.s. jointly continuous in z
and ¢. Our proof involves a new Doob-Meyer type decomposition of
Yn(1z;t) as the difference of a martingale and a lower order renormalized
self-intersection local time. © Elsevier, Paris

RESUME. — Nous étudions pour certains processus de Lévy les temps
locaux d’auto-intersection renormalisés ~, (u.;t) définis en affectant aux
points de multiplicité n un poids donné par la translatée p, une mesure
. Nous donnons des conditions suffisantes pour la continuité de 7, (u.;t)
comme fonction du couple (z,t). La preuve utilise une décomposition de
Doob-Meyer nouvelle de v, (u,;t) comme différence d’une martingale et
d’un temps local d’intersection renormalisé d’ordre inférieur. © Elsevier,
Paris
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144 J. ROSEN
1. INTRODUCTION

The object of this paper is to establish the almost sure joint continuity
of renormalized intersection local times for multiple self-intersections of
a large class of Lévy processes in R? including the symmetric stable
processes in the plane. This builds on our work in [14] which dealt with
intersection local times weighted by Lebesgue measure, and on our work
in [12] which dealt with continuity in the spatial variable only. Our main
technical tools are the Isomorphism Theorem for renormalized intersection
local times developed in [12] and a Doob-Meyer type decomposition for
renormalized intersection local times in terms of a martingale and a lower
order renormalized intersection local time.

Intersection local times “measure” the amount of self-intersections of a
stochastic process, say, X (t) € R%. To define the n—fold intersection local
time, the natural approach is to set

de
(1.1) e (3 t)

//0<t1< <tn<t) f(X(t1) — )

].—[f€ X(t;) = X(tj-1)) dty - - dtn dp(z)
j=2

where f, is an approximate §—function at zero, and take the limit as € — 0.
Intuitively, this gives a measure of the set of times (¢1,...,%,) such that

X(tr) == X(ta) = =,

where the “n-multiple points” z € R? are weighted by the measure pu.
However, in general, this limit does not exist because of the effect of
the integral in the neighborhood of the diagonal. The method used to
compensate for this is called renormalization. One subtracts from o, (i, t)
terms involving lower order intersections ay (p,t) for k& < n, in such a
way that a finite limit results. This was originally done by Varadhan [15]
for double intersections of Brownian motion in the plane with p taken to
be Lebesgue measure. Varadhan’s work stimulated a large body of research
which is summarized by Dynkin in [4]. Renormalized intersection local
times have turned out to be the right tool for the solution of certain
“classical” problems such as the asymptotic expansion of the area of the
Wiener and stable sausage in the plane and fluctuations of the range of stable
random walks. (See Le Gall [7, 6], Le Gall-Rosen [9] and Rosen [13]). For
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JOINT CONTINUITY AND DOOB-MEYER DECOMPOSITION 145

a clear account of progress concerning Brownian intersection local times
up to 1990 see Le Gall’s lecture notes [8]. For more recent results see Bass
and Khoshnevisan [1], Rosen [14] and Marcus and Rosen [12].

Let (2, F(t), X (t), P*) be a symmetric Lévy processes in R?, d = 1,2
with transition density p;(z,y) = p:(z — y) and Il-potential density
u'(z,y) = ul(z —y). Since intersection local times are trivial for processes
which have an actual local time we only consider Lévy processes for which
u(0) = oo. The results obtained in this paper are valid for a large class
of radially symmetric Lévy processes which we say are in Class B. This
class contains the symmetric stable processes and many processes in their
domains of attraction. Class B is defined later in this section, see (1.15).

We will take the function f. appearing in (1.1) to be a smooth approximate
identity. That is, f.(y) is a smooth positive symmetric function on
(y,€) € R* x (0,1] with support in the ball of radius € and such that

ffe(y)dy = 1L

For a Lévy processes X (t) € R and measure p on R? let

12 et = 04" ) 0 ot
k=0

where u!(0) = [ fe(y)u'(y) dy. Heuristically, one may think of v, .(u;1t)
as

(13)  elit) = / f{ e oy X))
H {f(X(t;) — X(tj-1)) — 6(t; — tj—1)ul(0)}

dty - - dt, du(x),

where 6(-) is the ‘6-function’. This formulation compensates for the
difficulties caused when various of the ¢; are close to each other. We set

(1.4) Yo (3 t) = lm s (13 2)

whenever the limit exists in L2(PY), and refer to +y,,(u; t) as a renormalized
intersection local time. For any measure 1 on R? and z € R%, we let p,
denote the translation of y by z. The main goal of this paper is to study
the a.s. continuity of {v,(uz;t); (z,t) € R? x Ry }.
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146 J. ROSEN

Since we are dealing with processes which do not hit points, one cannot
talk about the amount of ‘multiple time’ spent at a point . However, if p
is concentrated near the origin, 7, (i.; t) relates to the the ‘n-multiple time’
spent near z, and hence {7, (u.;t); (z,t) € R x R} can be thought of
as an analogue of the local time process {L%; (z,t) € R x R, }.

We will obtain a sufficient condition for a.s. continuity of
{¥n(tz;t); (z,t) € R x Ry} in terms of a Gaussian chaos process which
we now define. Known results about continuity of Gaussian chaos processes
then allow us to provide concrete sufficient conditions for the a.s. continuity
of {Vn(ka;t); (z,t) € R x Ry}

We use G™ to denote the class of positive measures y for which

(15) / / (ul(, )™ du(=) dp(y) < oo,

It should be understood that when we say p € G™, that this is with respect
to the 1-potential u!(x,y) of some given Lévy process.

Let {G..; (z,€) € R? x (0,1]} be the mean zero Gaussian process
with covariance

E(GyGor o) = //ul(y — ) fe(z —y)fe (2’ —y) dydy'.

It is easily checked that the right hand side is positive definite on
(R x (0, 1])2. Now let G(1) z., - - - , G(2n),z,c denote 2n independent copies
of Gg..

For (v1,...,v2,) € (RY)?" and p € G** define the decoupled Gaussian
chaos Gan dec,u(V1,---,V2,) as the € — 0 limit of

2n
(16) Gzn,dec,#,e(vl, e ,’()2") = /H G(j),ac+vj,e du(l‘)
i=1

It is easily checked that this limit exists in LZ(PG(I),,,_,G(%))

where Fg,,, .G, denotes probability with respect to Gay,---,G2n)-
Gon,dec,u(V1, - - - , V2,) has mean zero and for p,v € G we have
(17) EG(l),“.,G(gn) (G2n,dec,p(vla ey ’U2n)G2n,dec,u('w17 e aw2n))

://ljul(x+vj,y+wj)du(x) dp(y)-

For details see [11].
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JOINT CONTINUITY AND DOOB-MEYER DECOMPOSITION 147
We can now state our main result on a.s. continuity of renormalized
intersection local times.

THEOREM 1. — Let 1 € G*™. If {Gan,dec,u(v); v € (RY)?"} is continuous
a.s. then {v,(puz;t); (z,t) € R4 x R.} is continuous a.s.

With v = (vq,...,v9,), w = (wy,...,w2,) and p € G2", let us define
the metric on (R%)?"
(1.8)
(v, w)
def

1/2
= (EG(l),...,G(zn) ({G2n,dec,u(vla . av2n) —G2n,dec,u(w1a sy w2n)}2))

on 1/2
= (2 /((ul(x, y))*" — Hul(x + v,y + w])> du(x) d,u(y)) .

=1

A well known result about the a.s. continuity of Gaussian chaos processes
allows us to state the following criteria for the a.s. continuity of renormalized
intersection local times in terms of the metric 7(v, w) defined in (1.8). Let
N, (B,€) be the minimum number of balls of radius ¢, in the metric T,
that covers B, the unit ball in (R%)?". log N,(B,-) is called the metric
entropy of B with respect to 7.

THEOREM 2. — Let pn € G*. If
(1.9) / (log N, (B, €))" de < 0o
0

then {vn(pz;t); (z,t) € R x Ry} is continuous a.s.

Theorem 4 of [11] describes simple concrete conditions which
guarantee (1.9) and hence the as. continuity of {v,(us;t); (z,t) €
RY x R.}.

An important technical tool for proving Theorem 1 and an interesting
result in its own right is a Doob-Meyer type decomposition for renormalized
intersection local times. If y is a measure on R? with bounded potential
Up, and L} denotes the continuous additive functional with potential
E*(LE) = Up(z), it is easily seen using additivity and the Markov
property that

(1.10) E* (LG | Fo) = LY + Upn(X (t)

or equivalently Up(X (t)) = My— LY where M, = E=(L*, | F,). This is the
Doob-Meyer decomposition for the potential U u( X (¢)). This decomposition

Vol. 35, n® 2-1999.



148 J. ROSEN

has proven very useful in constructing and analyzing continuous additive
functionals. We present an analogue of the Doob-Meyer decomposition
related to the renormalized self-intersection local time ~,(u;t). We note
that ~,(u;t) is not increasing in t. In fact, v,(u;t) is defined so that
[ e *E®(vn(p;t)) dt = 0. (This can be seen by first replacing Yn(p;t) by
Yn,e(p;t) and then passing to the limit).

Let Y (t) denote our Lévy process X (t) killed at an independent mean-1
exponential time . For our next theorem, the renormalized intersection
local times 7 (p;t) will be defined for the process Y (t) in place of X(t),
and we write () in place of ~x(u;00).

Before presenting our general theorem, we first describe our results in
the simplest case, n = 2. Let 7}’ be the random additive measure-valued
process defined by

(1.11) Th(A) = Li*™* :/0 14(Y (s))dL*

for A C R%. Our next theorem will imply the following analogue of the
Doob-Meyer decomposition U u(Y (t)) = M, — L}:

(1.12) U'nf (Y (t)) = M = 72(n, t).
Here M, is the martingale E®(yo(p) |F;) and Ulnt (Y (t)) = fot ul (Y (t) -
Y (s))dL* is the potential of the random measure 7y

We now describe the general case. We use h;(y) &f h(y — z) for any
function h. Let u. - u denote, as usual, the measure obtained by multiplying
w(dz) by ul(z). We will see that under the conditions of Theorem 1, we
can find an a.s. continuous version of {y,_1(ul - p;t); (v,t) € R* x Ry}.
Using such a version we define

def
(1.13) V-1 (W) 158) = Y1 (U - 151) o=y (2)-

We also make the convention that yo(u;t) = ao(p;t) = |u|, the total
mass of pu.

THEOREM 3. — Under the conditions of Theorem 1, for each t > 0 and
y € R?

(1.14) EY(Ya ()| F2) = (5 t) + Yn-1(uy o) - 151)-

Let us point out that in the special case of Brownian motion in the plane,
with p taken to be Lebesgue measure, the decomposition (1.14) together
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JOINT CONTINUITY AND DOOB-MEYER DECOMPOSITION 149

with an exact description of the martingale as a stochastic integral was
obtained by Bertoin [2] for n = 2 and by Bass and Khoshnevisan [1] for
general n. Bertoin showed, in addition, that -y,(yu, t) has zero quadratic
variation. This guarantees that the decomposition is unique, and gives an
intrinsic characterization of y,(u, t) which does not involve any limiting
proceedure. The extent to which this can be generalized to other processes,
other measures and higher order renormalized intersection local times
Yn(H, t) is still an open question.
k * k

We now describe the Lévy processes in Class B. We say that a strongly
symmetric Lévy process belongs to Class B if it is radially symmetric, its
Lévy exponent () is regularly varying as |A\| — oo, its transition density
pe(r) is bounded outside any neighborhood of the origin 7 = 0 uniformly
in ¢, and, if p (7") denotes the j’th derivative of p,(r) with respect to 7,
then for any j = 1,... we can find C; < oo such that

(1.15) 1p?(2r)| < Cjpy(r) /17

for all ¢,7. In addition, we assume that [ |z|[°u!(z)dz < oo for some
B > 0. For this, it suffices that [ |z|°p;(z)dz < oo for some ¢ > 0, and in
particular this last condition is satisfied if X (¢) is in the domain of attraction
of some stable process. It is readily checked that Class B is contained in
the Class A of [12]. It is also easily checked that (1.15) holds for Brownian
motion, and hence, using subordination, for the symmetric stable processes.
We caution the reader that our Class A and Class B differ from those which
appear in earlier classifications of Lévy processes, .e.g. [5].

Assume now that u € G?" and define fs5.(y) = fs(y — ). The
Cauchy-Schwarz inequality says that for any a,b € R?

(1.16) // (u'(2,9))*" da() dyss(y // (2,))"" dpu(x) dps(y)

so that
11n) [ [ @) @) i) < [ [ o) dute) duty)

where p® = p* fs = p(fs.)dz. (Here we use the notation u(fs.) =
J fs,2(y) du(y)). It is easy to check that for each § > 0, u® has a bounded
density. Since [ u'(z)dz =1 and by assumption u!(z) is bounded outside
any neighborhood of the origin, we have that (u!(z))?" is integrable

Vol. 35, n°® 2-1999.



150 J. ROSEN

outside any neighborhood of the origin, and consequently (1.17) implies
that u!(z) € L**(R?,dx). The following Lemma will then follow from a
straightforward modification of [14]. :

LEMMA 1. — Let pn € G?™. Thenfor any 0 < k<n
n—k
{’le(H ull,j ',ug;t); (z,v,t,6) € RY x (RY)"* x Ry x (0, 1]}
j=1

is continuous a.s.

The only point which requires verification is that u!(z) satisfies
the conditions of [14]. The basic condition of [14] is that u!(z) €
L?>*~1(R%,dx). The fact that in our case we actually have u'(z) €
L?"(R%,dzx) gives us plenty of ‘room to maneuver’ and allows us to
readily check all the other conditions of [14].

Lemma 1 does not say that the continuity is uniform in 6, a fact which
would basically imply the conclusion of Theorem 1. An important ingredient
in our proof of Theorem 1 will be to show that the continuity in Lemma 1
is actually uniform in 6.

2. JOINT CONTINUITY

Proof of Theorem 1. — We will prove this theorem when, in the definition
of v, (p;t), (1.1) and (1.2), our Lévy process X (t) has been replaced by
Y (t), which is X(t) killed at an independent mean-1 exponential time A.
Fubini’s theorem will then yield our theorem for X (t).

Set 8 = p* fs. Our proof consists of two steps. We first show that
An(18;t) converges a.s. locally uniformly in (z,t) € R x Ry as § — 0,
and then we identify the limit, which is a.s. continuous by Lemma 1, with
Tn (,uac; t) .

We begin with an overview of our first step. For facts about the
Wick power chaos : G?" : (u) see [12]. Under the conditions of
our Theorem it follows from Theorem 3 of [11] that the Wick power
chaos process {: G®* : (u;); ¢ € R?} is continuous a.s. Hence, as.,
[ : G* : (uy)fs(z — y) dy converges to : G*™ : () locally uniformly
inz € R as § — 0. It will follow from the Isomorphism Theorem,
Theorem 4.1 of [12], that as. v,(ul) — 7n(pz) locally uniformly in
z € R% as § — 0, (see (3.6)-(3.7)). Using martingale techniques we will
be able to show that E¥(vy,(u8)| F:) converges a.s. locally uniformly in
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JOINT CONTINUITY AND DOOB-MEYER DECOMPOSITION 151

(z,t) € R*x Ry as § — 0 for each y € R% If, instead of E¥ (v, (ul)| Fb),
we could show that ,, (u8; ) converges a.s., the proof of our first step would
then be complete. Although EY(v,(u8)|F;) is not the same as 7, (u;1),
they differ by a term of lower order, as shown by the following Lemma,
and we will be able to complete our argument by induction. The following
Lemma, which is proven in section 6, is a special case of Theorem 3.

LEMMA 2. — Let yu € G*™. Then forany 0 < k < m, t >0, § > 0,
and y € R¢

n—k n—k n—k
EY (mc (HUij -uﬁ) | Ft>=% (Hu},j Hgs t>+7k-1 (um) | R t> :
Jj=1

=1 =1

We can now give the details of our proof that v, (u8;t) converges a.s.
locally uniformly in (z,t) € R? x Ry as § — 0. If S is a subset of
Euclidean 'space we will say that {Z.(z); (¢,z) € (0,1] x S} converges
rationally locally uniformly on S as ¢ — 0 if for any compact K € S,
Z(x) converges uniformly in x € K as ¢ — 0 when restricted to dyadic
rational x, e. The following Lemma is proven in section 3.

LEmMA 3. — Let p € G?™ If {Gan dec,u(v); v € (R?)?"} is continuous
a.s. then for each 0 < k < n,

n—k
Mi(p3,v,t) = EY (vk (H Uy, -ui>|ft)

=1

converges a.s. rationally locally uniformly in (z,v,t) € R¢x (R *x R,
as § — 0.

We claim that v, ([T;= _1 ul - ud;t) converges a.s. locally uniformly in
(:Efvté)ERdx(Rd)" ’“XR+as§—>0f0reach0<k<n The
case k = n is precisely our assertion that +,(ud;t) converges a.s. locally
uniformly in (z,t) € R? x R, as § — 0. We argue inductively on k.
Assume that our claim has been proven Wlth k replaced by k£ — 1. Then by
Lemmas 2 and 3 we have that 7 ([];Z; Ful . u8;t) converges a.s. rationally
locally uniformly in (z,v,t,6) € R* x (Rd)" k¥ x R, as § — 0 for each
0 <k < n, and Lemma 1 now allows us the remove the qualification
‘rationally’. Our induction will be completed once we prove the £ = 0
case, which is the £ = 0 case of the following Lemma. This Lemma, which
is proven in section 4, will be used again, at that time for all values of k,
in the proof of Lemma 3. We note the convention that : G° : (u) = |u|,
the total mass of pu.
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152 J. ROSEN

LEMMA 4. — Let pu € G?™. If {Gan dec,u(v); v € (R} is continuous
a.s. then {: G* : (H;‘;lk Uy, - fiz); (2,0) € R® x (RY)™~*} is continuous
a.s. for each 0 < k < n. Furthermore,

(2.1) sgp/ (u!(z,y))" dp(z) < .

The proof of our Theorem will then be completed by the following
Lemma which is proven in section 5.

LeEmMMA 5. — Let pn € G®™. If {Gon decu(v); v € (R} is continuous
a.s. then

V(s 1) = }igg)'yn(ui; t)

in L?(P?) for any z € R%.

3. MARTINGALE CONVERGENCE

Proof of Lemma 3.

We will use Lemma 4. To use this lemma we claim that in L2, for
each 0 < k < n,

n—k n—k
61 s (TLubnt)= [o0 (T ) fow)d
j=1 j=1

The simple argument needed to establish our claim will be used repeatedly
below, so for ease of exposition we isolate it as the following lemma.

LEMMA 6. — Let {Z(z,¢,6); (z,€,6) € R? x [0,1]?} be a stochastic
process such that
() Z(z,¢,8) = [ Z(y,€,0)fs.(y) dy in L? for each (z,8) € R*x[0,1]

and ¢ > 0.
If
(ii) lime_o Z(z,¢,8) = Z(x,0,8) in L? uniformly in x € R for each
6 € [0,1] then
(3.2) Z(z,0,6) = /Z(y,0,0)fg,z(y) dy a.s.

If in addition
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(iii) {Z(z,0,6); = € R%} is a.s. continuous for each § € [0,1]

then, a.s.,

(33)  {Z(2,0,6); ¢ € R} = { [ 20,0050, dys = € Rd}.

To prove this lemma simply apply (ii) to (i) to obtain (3.2) for each
z € R4 seperately, and then (3.3) follows from (iii).

To establish our claim (3.1) we apply Lemma 6 to

Z(z,¢,6) =: G (Hu )

Here : G2 : (u) = [ : G2% : du(y). Condition (i) follows from the
definitions and (ii) follows from the fact that {HJ “Lul cuds e R s
bounded in G%* for all § € [0,1]. To see this we use the multiple Holder
inequality

(3.4)

// (y- y))%Hu y') dysd (y) dpl (v)

< { [ [wiw-vadw duz(y')}k/"
1j {[ [ w0 aw ae )}”n

k/nn—k

{ [ [y i) d/ﬁ(y')} {/worao)”

Jj=1

and then use (1.17) and (2.1) to see that this is bounded uniformly in all
parameters. This proves (3.1).
Lemma 4 shows that f . G2k (H] | Uy, * Hy)fs,2(y) dy converges

as. to : G (H] L uy - pg) as & — 0 locally uniformly in
(z,v) € (R k+1 Let B( m) C (R*)!*"* denote the ball of radius
m and let D C (Rd)“‘"’k, D C x(0,1]® be countable dense subsets.
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154 J. ROSEN

Using (3.1) we have that for any m,n > 0 we can find € > 0 such that

(3.5)
n—k n—k
Bo( s ic s (TTut,ut)- e Rl E
(z,v)€B(m)ND ]];[1 ’ ]].Jl !
(6,6")€(0,)ND
Let p(dz) = wu'(z)dz which is easily seen to be 1n Gl using

ul(z) € L2(dx). We will use the abbreviation ¢, = [[7_; ul . Recalling
_7 =1

from Lemma 1 the a.s continuity of (¢, - u), and using the notation of
the Isomorphism Theorem, Theorem 4.1 of [12], we have that

(3.6) k! E* sup | vi(o - 15) — (Do - )]
(z,v)€B(m)
(6,6")€(0,e]

= kI EP sup | ve(Bo - 1) — (o - 1)
(z,v)€B(m)ND
(6,5')€(O,€]HD

=B  swp |Li(de- pd) = Lx(dw- )l
(z,v)€B(m)ND
(6,6")€(0,elND

=E’(  sup IZ< >2k .

(z,w)€B(m)ND ",
(6,6")€(0,elnD

Ea{(Lox - G470 3)(8, - ) = (Lix s G*470 ) (6, - ) )

< BB sup |Z( )=

(zv)eB(m)ND
(6,6")€(0,e]nD

[ G0 )3y i) = (£ix : GO (@, - D ).

In the third equality we used  the fact that
Ec{(Lix : G*E=D 1) (¢, - pd)} = 0 for all 0 < i < k.

It is easy to check that we can choose £ > 0 such that, with f(z) = |z|™"
on R% we have f(z)- dr € G'. Then, using our hypothesis that
[ |z|Put(z) dz < oo for some § > 0, we can choose p > 1 sufficiently
large, such that with 1/¢ = 1 — 1/p we have
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JOINT CONTINUITY AND DOOB-MEYER DECOMPOSITION 155

EP({f(X(N} ")
= B/ (IX(V)|*/7)

- / / l + y|"/Pu (z) de dp(y)
= [ [ 1o+ttt ) dwdy < .

Hence, using Holder’s inequality and then the Isomorphism Theorem,
Theorem 4.1 of [12] and (3.5), we see that (3.6)

(3.7)

A
SC E(;Ep( sup |Z<Z)F

(z,w)€B(m)ND
(6,6")€(0,e)nD

{(£oc G209 (6, - )~ (L0624 )6, ) JEF KON}

1
=574 Eal sup | : G%* 2 (¢, - p1d)
2 (z,0)€B(m)ND
(6,6")€(0,lnD
’ l/p
=G (- 1 )PG,Graa) |
< cn.

In the last step we used the equivalence of moments for a Gaussian chaos,
see [10], section 3.2. We note that the Isomorphism Theorem, Theorem 4.1
of [12] is stated for p with compact support and f bounded, uniformly
continuous and integrable, but the extension to our p, f is immediate.

Fix y € By(m/4), the ball of radius m/4 in R?. For any y’ € By(m/4)
we have

(3.8)
EY sup i (o - 1) = Yo - 1)
(z,v)EB(m/4)
0<5,6'<e
=EY sup I p(Duty—y * Maty—y) — Te(Poty—y’ * Hapy—y)|
(z,v)€B(m/4)
0<6,6'<e
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< EY sup  |ve(by - 1d) — Yi(Po ud)]
(z,v)€B(m)
0<6,6'<e

Using this, (3.6) and (3.7) we see that for any y € By(m/4)

(3.9) EY sup (o - 1S) — Vi - 1))
(z,v)€EB(m/4)
0<6,8'<e

<cE?|  sup (oo pE) — (oo - 13 )]
(E’U)GB(m)
0<6,6'<e

<en.
This says that for any y € Bg(m/4)

(310) B| swp  {Mi(ud,v,00) - Ml 0,000} | < em.
(z,v)€B(m/4)
0<6,6'<e

Since for any finite sets F C B(m/4) and F. C (0, €] we have that

(3.11) sup {Mk(uz,v,t) - Mk(ug',v,t)}
(z,v)EF
5,8'€F.

is a right continuous submartingale in ¢, we have from (3.10) that

(312) EY sup sup Mk(“ivv,t) - Mk(ﬂgl7vat)} <cy.
t>0 (z,v)EF
6,6'€F.

with ¢ independent of the finite sets F, F.. By monotone convergence this
holds also if we take F,F, to be all rational elements in B(m/4),(0,¢]
respectively. This proves that for each 0 < k < n we have that M,( pl v, t)
converges a.s. rationally locally uniformly in (z,v,t) € R*x (R*)"*x Ry
as § — 0 and completes the proof of Lemma 3.
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4. CONTINUITY OF CHAOSES

Proof of Lemma 4. — Let us first show that {: G2* : (H] 1 Uy,
12); (z,v) € R? x (R4)"*} is as. locally bounded for each 0 < k < n.
For any 0 < k < n set

(4.1)

(G2k decX @ G2 ‘n— kdec) (wl""aw2k;v1a”')vn—k)
n—k

= ll—{% / H G(z) T4w;,€ H {G(2k+]),m+vj E(G?2k+j),z+vj,e)} d“‘(z’l)

and

(4.2) (Gak,dec X Ln kdec)u(wla ey Wk V1, e ey Unk)

-t [ TG L 2057 it

where L'(’j) = L'(’j)po, Jj=1,...,n—k, denote the (total) CAF’s with Revuz
measure v built up from independent copies Y(;)(-) of Y'(-). We will often
write w = (w1, ..., W),V = (v1,...,Vs_k). It is easy to check that the
limit in (4.1) exists in L?( dPg), and by induction on 0 < k < n, using the
Isomorphism Theorem, see Theorem 4.3 of [12], it is easy to show that the
limit in (4.2) exists in L?( dPg x dP*°), uniformly in (w,v) € (R?)"t*,
for each p € G?". Here, P”* is the product measure for the processes
Y1)();- -+, Yin-k)(-), each with initial measure p( dz) = u'(z) dz. By the
assumption of our Lemma and Theorem 5 of [11] we have that {(Gak,decX :
G? tp_dec)u(w,v); (w,v) € (RY)™+*} is continuous a.s., so that an easy
application of the Isomorphism Theorem, using the ideas of the previous
section, shows that {(Gak,dec X Ln—k,dec)u(w,v); (w,v) € (R} is
continuous a.s. and that for any m

(4.3) || sup |(Gakdec X Ln—k.dec)u(w, )| |l2,6xL
(w,v)€B(m)

< C“ sup |(G2k,decx : G? :n—k,dec)u(w’v)l ”2,G <0
(w,v)€B(m)

where B(m) now denotes the ball of radius m in (R?)"** and
| - ll2,e Il - ll2,cxz denote respectively the norms for L?(dPg) and
L2(dPg x dPP?).

Vol. 35, n°® 2-1999.



158 J. ROSEN
Thus, if we set
2k n—k
Fs(w,v) = [ ] fs(ws) [T f5(v5)
i=1 j=1

we see that for each fixed § > O,

(44) (G2k,dec X Ln—k,dec);z * F5 (w, ’U)

d—i—f /(GZk,dec X Ln_k’dec)“('wl, ’U/)F,s(’w - ’LU/,’U - ’U) d’Ul dw'

is continuous a.s. and, for § sufficiently small,

4.5) || sup |(Gak,dec X Ln—k,dec)u * Fs(w,v)||l2,axL
(w,v)€B(m/2)
<|| sup |(Gakdec X Ln—kdec)u(w,v)||l2,axL-
(w,v)€B(m)

Furthermore, since the L2 limit in (4.2) is uniform in*(w,v) € (R%)"**,
we have from Lemma 6 applied to

(4.6) Z((w,v),€,6)
2%k

= / (H{/G(i),m+w;,ef6,z+wi(w2) dw:}
=1

n—k ey
H {/L(]) jf6,$+'l}j ('U;) dvg}) dﬂ(x)
=1

that
(47) {(G2k,dec X Ln—k,dec)p. * F&(’LU,’U); (’LU,’U) € (Rd)n+k}

2k n—k
- {/ [ Gwarws [T LG™ duta); (w,v) € (R“)n+k}
=1 j=1

Here we used the fact that both sides are a.s. continuous in (w,v) € (R*)"**
which follows easily since we are assuming that fs is smooth.
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Since

(4.8) ( / H Gi)atwi 6 H L du(x))
= /HG(i),uwi,& H U fs(z + v;) dp(z),
i=1 j=1

using translation invariance as in the previous section we have that

(4.9)

sup
(w,v)€B(m/8)

2k n—k
/H G i) otw: b H U fs(z + v;) du(z)
=1 j=1
2k n—k
Ps, m-}-v‘7
E(/ HG(i),z+wi’5 H L(]) d (.’L‘)) vo
Ps,x vj
/HGm — HL(]) " (m)) o
sup EP?( su / G oiru IO g )
|w|<£/8 <Iv|<15/4 H (@),z+wi,8 H () p(z)
P8+,
/1_‘[61(z ),x+w;,8 H L(]) * d (.’L’

=cl| sup  |(Gakdec X Ln—k,dec)p * Fs(w,v)|||2,exL-
(w,v)€B(m/2)

sup
(w,v)€B(m/8)

<

sup E( sup
|w|<m/8 lv|<m/8

<c

2,G

<ec

(w, U)GB(m/2) 2,GxL

Hence by (4.5) we have that
sup

/H Gi)atwi 8 H U fs(x + v;) du(z)
(w,v)€B(m/8)

<c|| sup |(Gakdec X Ln—k,dec)p(wav)' ll2,6xz < oo.
(w,v)€B(m) :

(4.10)

In the case of k£ = 0 our last inequality together with (4.3) says that

(411)  sup /H U fs(z + v;) du(z)
v€B(m/8)
< C” sup |( G? :n,dec)u(v)l ”ZG < 0.

vEB(m
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By assumption, u*(z) is continuous for z # 0, hence [[;_, U' fs(z+v;) —
[T}, us, () as § — O for each z ¢ {vi,...,vn}. Since p € g™ is
necessarily non-atomic, Fatou’s Lemma applied to (4.11) now gives

(4.12)

sup [ ] ud, (@) dte) < cf sup (06 a0 fa < o0
j—l veE m

vEB(m/8)

This shows that : G° : ([T}_; us, - pz) = [ [Tj=; ws, (%) du(z) is locally
“uniformly bounded, and continuity is proven similarly.
Using now the stationarity of G together with (4.12), we have that for

any y € R¢

n
(4.13) sup /H ul (z) dpy(z)
veB(m/8)J ’
<l sup |(: G? 1 dec)n, (V)| ll2,
v m
= ¢ S}BI(P )l(: G? in,dec)u(V)] l2,6 < 00.
vE m

In particular this implies (2.1).

Now consider the case of k& > 1. Let ¢, = H;:lk Uy, As in (3.4) we

have that ¢, - 4 € G**, and applying Lemma 6 to
(4.14) Z((w,v),¢,0)

=/ <i12jl{/G(i),z+w;,ef6,x+wi(w§)dwg}
E{ / U fe(v5) fs,e+v; (V5) du;-}) du(z)

we see that
(4.15) Gk dec,g.u * F5(w,v)
déf / sz,dec,%,-,‘(w/)F&(w _ ,w/, v — 'Ul) dw' dv'

2k n—k
= /H Giyatwes || UM fs(@ +v;) du(z)
=1 j=1
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in L?*(dPg) for each (w,v) € (R?)"*t*. Hence, for any finitt D C
B(m/8) C (R*)™*k, by (4.10) we have that

(4.16) | sup |Gakdec,p.u * Fs(w,v)|||2,c
(w,v)eD
<l sup  [(Gakydec X Lon—kdec)u(w, v)| ||2,6xL-
(w,v)€B(m)

As noted, ¢, - 4 € G?* and in fact, as a function of v, is continuous
in G** as follows from the proof of Lemma 3.1 of [12]. Hence
{Gak,dec,p,-u(w) ; (w,v) € (RY)™*} is continuous in L?( dPg). Therefore

/G2k,dec,¢.~u * Fs(w,v) = Gak,dec,py-u(W)

in L?(dPg) for fixed w, v, hence a.s for w,v in any finite D C B(m/8).
This shows that

(4.17) || sup |Gakdec,o-u(w)||l2,c

(w,v)€

< sup  [(Gakdec X Ln—k,dec)u(w,v)| ||2,6x1 < 0.
(w,w)EB(m)

By the Monotone Convergence Theorem this will also hold if we take D to
be any countable dense set in B(m/8). Since {Gak, dec,p, u(w); (w,v) €
(R4)"**} is continuous in L2, we can assume that we are dealing with
a separable version. Because of separability we can replace D in (4.17)
by B(m/8). This shows that G gec s, n(w) is bounded uniformly in
(w,v) € B(m/8) a.s. Then, Theorem 3 of [11] shows that : G** : (¢, - 1)
is bounded uniformly in (z,v) € B(m/16) a.s. The result on continuity is
treated similarly. This completes the proof of lemma 4.

5. L CONVERGENCE

Proof of Lemma 5.

LEMMA 7. — If p € G?™ satisfies (2.1), then for each t € R, and y € R?
the limit

Yo (thy; 8) = lim v, e (piy; 1)

exists in L*(P*), uniformly in y € R% and {v.(uy;t);y € R} is
continuous L*(P®).
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Using this Lemma we can apply Lemma 6 t0 Z(z,€,8) = vy (ué;t)
to see that v, (1u8;t) = [ yn(py;t) fs,.(y) dy in L*(P?). The continuity of
{Vn(py;t); y € R4} in L2(P?) now implies that v, (18;t) — ¥n(pe;t) in
L?(P?). This completes the proof of Lemma 5.

Proof of Lemma 7. — This proof is meant to be read in conjunction
with [12], on which we rely for ideas and notation. Using ¢:(x) to denote
transition density and semigroup of our killed process, we find the following
analogue of (5.24) of [12]:

(5.1)
Ez(anl,fl (ll/; t)anz,ez (V; t))

ni+no <(p) c(p—1)
=y / / Gty (Ta(r)+ Y Ys(p),i —Ta(p-1)= D, Ys(p-1),5)

ses? S t<tt poi j 1 =1
H dt, HH fe.(Yi ) dyi j dp(z1) dv(zz)
1=1j=1

where S is the set of mappings
s:{l,...,n1 +n2}— {1,2}

such that [s71(i)| = n;, i = 1,2 and c(p) = |[{m < p|s(m) = s(p)}|
1 < p < ny + ny. By convention we set z,0) = x and ¢(0) = 0.

Let us analyze the changes which occur in (5.1) when we replace one of
the factors, say oy, ¢, (14,t), by ("‘ D (wd, (0))F oy —ky (12 1) As in [12]
we see that

(5.2)
E*( (nlk: 1) (ud, (0))** Qg b e (b )t (1)

ni+n2
- ¥ Z//{ Jves I
D;C{2,..., €s = e Striep, p=1
D) €om Loy (s(p),¢(p))£(1,D1)
c(p) c(p—1)
1, (Zs(p) + Z Ys(p),i — Ts(p—-1) — Z Ys(p—1).5)
j=1 j=1
(s(p),7)¢(1,D1) (s(p—1),5)&(1,D1)
2 n;
IT dto ITTI £ (w:.5) dvs.; dus(a1) dv(a2)
i=1j=1

peDs
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where Sp, is the subset of S such that D; = {p| (s(p), c(p)) € (1, D)} C

B;. Using the notational convention that §(s) ds designates the probability
measure which places unit mass at s = 0, we can rewrite this as

(5.3) Ez((”l - 1) (62, (0)) i 1 (1 )ty (1))
= > > / / <t}Hu1(ys<p),c(p))5(tp)
P= 51

D1C{2,....,m1} s€Sp, >t
|D1|=k1
ni1+ne C(p)
I1 @@+ Y Usr)
p=1 j=1
(s(p),c(p))€(1,D1) (s(p),5)¢(1,D1)

c(p-1)
= Ts(p-1) = z Ys(p—1),5)
=1
(s(p—1),5)¢(1,D1)

II TLTT o (5) s dier) dien).

=1 j=1

Arguing once more as in [12], this leads to

(5.4)
E*(Yn,er (1 8) e (v5 1))

= Z//Zt < H {Qtp(ys(p),c(p)) - ul(ys(p),c(p))6(tp)Rys(P)’c(P)}

SES PEB;
c(p) c(p-1)
H qt, ﬂ?s(p>+zys(p>,; Ts(p-1) — Z Ys(p—1),5)

PEB

H dt H H fez (yz,] dyz,] dﬂ(flll) dl/(.’l,‘z)

=1 j5=1

where R, is the operator which acts on a function of the variable y by
setting y equal to 0. If now D, = I — R, where I denotes the identity
operator, we can write our last equation as
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(5.5)
E (7"61(/"” 771 €2 V t))

- Z // {q% (Ysw)ew)) — “l(yS(p),c(p))‘s(tp)}

ses Zt <t}p€B

+ Ul(ys(p),c(p))5(tP)Dys<p>,c<p>)

c(p) c(p-1)

H at, (Zs(p) +Zy8(p),1 Zs(p-1) — Z Ys(p-1).5)

pEB¢

H dt, HH fe:(yi ) dyi j dp(z1) dv(zz)

i=1j7=1

=3 > / / I {2 Wa).e) — #" Wsto),e))8(tn) }

s€S ACB, (D" te<t} pea
H “1(ys(p),C(p))‘S(tp)Dys(p),c(p)
PEB;—A
c(p) c(p-1)
IT a.( ws(pﬁzys(m To(p—1) — Z Ys(p—1),5)
PEBS

H dt, H H fe:(yi ;) dyi j dp(z1) dv(zz)

i=17=1

25 s

s€S ACB,

H {at, Waw).ew)) — ¥ Ys(0),c))8(tp) } dip
,/Z t,<t— Zacv pEA

1
H u (yS(P),C(P))Dys(p),c(p) H qtp(xs(p)

pPEB;—A PEBS
c(p) c(p-1)

+ Z Ys(p)i — Ts(p—1) ~ Z Ys(p—1),3)
j=1 j=1

2 n
H dtp H H fei(yi,j) dyz',j dﬂ(.’lfl) dl/(.’Ez).

Be i=1j=1

When we compare this with the analysis in [12] we see that the main
new element comes from the inner integral involving A. In order to handle
this, we now show
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LEmMMA 8

(56) | / oy T {00 00000) = 0800 s

< G(/Tm 2(0) ds) .

Proof of Lemma 8. — Set Qr = f;o ¢s(0) ds. We note that Qr is regularly
varying at T' = 0 (we include the possibility that Q7 is slowly varying)
and Q7 / u'(0) = oo as T \ 0. Let us analyze

(5.7)

k
u'(y;)8 3) — qs,;(y;) ; dt;
/{Ek <T}]~1;[1{ (u3)8(t5) = av; () } dt

= Y (s / Hq%(y])Hul(yJ)a(t)Hdt

BC{1,...,k} {Z i1 ti<T} jeB jeBe

. }(_1)|B| ([Z TT @, (vs) dt; ) (,H ul(y,-))

BC{1,...k e t<T} jeB €Be
= Z (=1)'B! </ Hqt (y;) dt, ) (/ H @, (y;) dt; )
BC{1,....k} (30,cpts<T }]EB jEBe
= Z (—l)lB’/ Hqt](yJ
BC{1,...,k} {E ien ST} j=1
=/ Y. ()Pl () qu Y
BCA1,...,k}

where T(B) = {(t1,...,tk) | Xjept; < T} and & = (ty,...,t). Thus
k
5.8 uljéj—tjj dj
(5.8) '/{z;njsmr:[l{ (1)8(t5) — a0, () } dt;|
k
<1 Y 0Pm®I] a0
BC{1,...,k} i=1
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and it suffices to bound this last integral over sets
C(A) = {(t1,-..,tx)|t; < T if and only if j € A}

for all A C {1,...,k}.
Since ¢ € C(A) implies that

Z (—1)"Pl17m) (0 = Z(—l)lBllT(B)(f),

BC{1,...,k} BCA

and if ¢; > T' we can integrate f;o a,(0) dt; = Qr, we see that it suffices
to show that

k
(5.9) /D | Z (—1)|B|1T(B)(f)lHQtj(O)dtjSC(QT)k,

T BC{1,...,k}

where Dy = C({1,...,k}) = nk_ {#|t; < T}. Furthermore, by
symmetry, it suffices to show that

k
(5.10) > (1Bl @) ] 2,0 dt; <C@r)".

{t1<..<t<T} Bc{1,..k} j=1

Note that if t; > T'/(2n), (5.10) follows immediately as above using the
regular variation of Q7 which implies that Qr/2,) < CQr. Hence, we
need only show

611) foe coen ] X (D@ o, ©di; 0@

t1<T/(2n) BC{1,...,k} j=1

Observe that

S F0Prs@® = Y (DM (Lrw@) — Lraopy (),

hence we are reduced to proving (5.11) with integration restricted to sets
of the form D(A) = {(tl,...,tk) | lT(A)(f) - lT(Au{l})(f) # 0}, ie.
D(A) = {(t1,. .-, t&) | Xati < T, X aupyti > T} and clearly we must
have A # 0. Let m denote the largest index in A. Then, if A’ = A — {m},
we have

(5.12) T- ti—t;i <tm <T =" t;.

JEA' jEA!
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Furthermore, since ) AU{1} t; > T implies that t,, > T/n, we have
from (5.12) that

T/TL <T- Z t;,
jEA!
while ¢; < T'/(2n) then implies that
(5.13) T/(2n) <T - t;j—t1.
jea’
Using the regular variation of Q7 once more we bound

k
SUN I«

m41S St jomt

k oo
< I [ a@d<c@.,) ™ s c@n

j=m+17tm

We can then bound the dt,, integral by using (5.13) and the regular
variation of ¢ (0) to obtain

(5.15) / T Xent Go,, (0) by

T EjEA' ti—h
<t sup 4t.,(0)
T—ZJ’EA’ t _tlst"‘ST_ZjeA’ ti
< Ct1gr(0).

On the other hand, the dt; - - - dt,,_; integral is bounded as in (5.14)

SO TT ., (0) dt; < C(@u)™

15t <<t j=2

and using (5.15) and (5.16) and the regular variation of ¢, (0) we see that
we can bound (5.11) by

(5.17) (@r)* "4z (0) / (@) (0 dts
< C(Qr) " 4r(0) / (@)™ dty
t<T

< C(Qr)* " gr(0)T(Qr)™
< C(Qn)*.
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The second inequality follows from the fact that (Q.)™ " is regularly
varying at ¢t = 0 of index > —1. To see this, let 3 be the index of regular
variation of . This implies that u!(z) is regularly varying at z = 0
of index B — d. As we saw in the introduction, G>" non-empty implies
ul(z) € L**(R?, dx), so that 2n(3—d) < d and therefore 2n(8/d—1) < 1.
The use of polar coordinates together with the standard Tauberian Theorem,
Theorem 1.7.1 of [3], shows that g,(0) is regularly varying of index —f3/d,
hence Q, is regularly varying of index 1 — 3/d. Since m — 1 < 2n, our
claim is established. This completes the proof of Lemma 8.

We now return to (5.5). Assume first that A = B, so that, using (5.7)
with Tp: =t — 3 p. t, we have the integral

(5.18)
/ / ( / ( > (_1)|A|1TB§(A)(E)) I1 4. (ys(,,),c(p))dt,,>
{ZB;: tPSt} Ang pEBS
c(p) c(p-1)
H i, (Zs(p) + Zys(p),j — Ts(p-1) — Z Ys(p—1),7)
PEB; j=1 =

2 n
H dtp H H fe: (Wi ) dyi j du(xq) dv(z2).
B;

1=1j=1

This differs from the integral

(5.19) / /{ = e ( / (Z (—1);A|1TB§<A)(E)> II qtp(O)dtp)

Ang pEBs
c(p) c(p-1)
H at, (Ts(p) + Zys(l’)wj —Ts(p-1) — Z Ys(p—1),5)
pEB: j=1 j=1

2 n
IT e [T 11 fe: (i) dyis dis(z1) dv(z2)
B:

i=1j=1

by a sum of terms similar to (5.18), in each of which the product

]-[pe B, 9t, (Ys(p).c(p)) has some of the of the yy(p),c(p)’s replaced by 0, and

- one factor g;, (Ys(p),c()) Teplaced by the difference gz, (0) — g, (Ys(p),c(r))-

Using once again polar coordinates together with the standard Tauberian
Theorem, Theorem 1.7.1 of [3], we have that
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(5.20) lg:(0) — ¢ (y)| < /|1 — e[t @) gp

where ¢(t) is regularly varying of index 1/3 at t = 0. (Actually, the precise
index of ¢(t) will not be important for us).

We have seen above that (Q,)?"~! is integrable at s = 0, so that we
can find a function h(s) < 1, slowly varying at s = 0, with h(s) \, 0
as s \, 0 and such that

T
(5.21) / (Q(s))*™ tds < o0
0
with -
Q(s) = ———q:(0) dt.
Q( ) \/; h(¢(t))qt( )
Interpolating between (1.13) and the trivial bound |g:(0) — ¢:(y)| < ¢:(0)
we have

h(lyl)
h(¢(t))
More precisely, if |y| < ¢(t) use the bound |y|/#(t) < Ch(|y|)/h(¢(t))

which follows from |y|/h(|y]) < Cé(t)/h($(t)) and the fact that z/h(z)
is regularly varying of index 1, while if ¢(¢) < |y| use the bound

L < h(lyl)/r(¢(2))-

Using the analysis of Lemma § we find that the difference between (5.18)
and (5.19) can be bounded by integrals of the form

(523)  h(le]) / /{z @e=3)™
Bgt”gt Bg

(5.22) |9:(0) — ¢:(y)| < C 7:(0).

c(p)’ c(p—1)
H qt,,(ws<p>+2ys<m Ts(p—1) — Z Ys(p—1),5)
PEBS
H dt, H H Jei(¥i.5) dyi ; dp(z1) dv(z2)
1=1j5=1
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where € = max(ey, €2). If Y 5. t, < t/2, we bound (5.23) by

(5.24)
_ c(p) c(p—1)
Ch(lﬁl)(Q(t/2))'Bs'/ IT v @)+ vaw)i—Tsw-1)= D Ystp-1).4)
pEB j=1 j=1

TTTI fe (9i) dys,j dpu(a) dv(x)

i=1j=1

which converges to 0 as €1, € — 0. On the other hand, if Y. t, > /2,
then we can find p' € B¢ with t,, > t/(4n). We bound the G,
factor in (5.23) by ¢: ,(0), integrate over t,» > t/(4n), and in this way
bound (5.23) by a similar integral in which we have one extra power of é
but have eliminated the g;, factor. This can be continued, and eventually
shows that (5.23) converges to 0 as €;,e; — 0. We will briefly describe
how to handle the last step in the ‘worst-case scenario’.

(5.25) /0 (Q(t — ) g (x) ds
t/2 t
- / @ =" e ds+ [ (@9 ae)ds

< @ ) + ) [ @t
< c(u'(z) +1)

where we used (5.21). This analysis also shows that (5.19) converges as
€1,62 — 0.

We now return to the general case of (5.5) in which B — A # 0. We
rely heavily on the proof of Lemma 3.4 and 3.5 of [12]. As in that paper,
if |Bs — A| > 2, we write out all but two of the D differences. If B, — A
contains some p’s with s(p) = 1 and some with s(p) = 2, we must be
careful to retain one D difference for some p with s(p) = 1, and one for
some p with s(p) = 2. Again expanding as in [12], we can assume that
the D differences are now attached to one or two g¢;, factors with p € Bg.
We then use the basic assumptions of Class B processes (1.15), to bound
our integral in terms of an integral which resembles the A = B, case

-of (5.5), except that on the one hand the divergent u'(ys(p),c(»)) factors for
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p € B; — A have now been replaced with factors that converge to 0 as
€1,€2 — 0, while on the other hand we introduce a new factor ¢(z; — z2)
which has no effect on convergence of the du(z;) dv(z2) integral. Then
using Lemma 8 as above we bound the remaining integral, showing that

in fact any term in (5.5) with B, — A # 0 converges to 0 as €;,e3 — 0.
This completes the proof of Lemma 7

6. A DOOB-MEYER TYPE DECOMPOSITION
For any n > 2, let
(61) An l,e N;t)

n—1
//0<t <ot 1<t} f” (tl))er(X(tj)—X(tj—l))

U'fo(X(t) = X(tn_1))dty--- dt,_y du(z)

and
(6.2) T, 15(,u;t)

—Z( D4 (" 1 %) 0 Aot it
("

n-—= 1(0))*
—Z( O S [ Y S e ()
TT J000) = X (50 X 0) — Xt i)

- dty—p—1 du(z).

The following essentially combinatoric Lemma is the key to proving
Lemma 2 and Theorem 3.

LEmMma 9

(6.3) EY (Yn,e ()| Fe) = Anye(i5t) + Trn,e (13 t)

Vol. 35, n® 2-1999.



172 J. ROSEN

Proof of Lemma 9. — It will help clarify the proof if we let the €’s in (1.1)
vary from factor to factor. Thus we introduce

def
(64.) ey ... en (u»t)

//{0<t <<t <t} fel(X(tl) - .’E) H ffj (X(tj) - X(tj—l))
J= dtl v dtn d,u(a:)

and the related approximate renormalized intersection local time

(65)  Veelmt)= Y (DM ] ul, (00 cn (151)

AC{2,...,n} j€A
where for any set A = {i1,...,4} C{2,...,n} weletes = (€i,,...,¢€;,)

and A° will refer to the complement of A with respect to {2,...,n}. We
let [(A) = 4 denote the largest element in A

Similarly, for n > 2, we introduce
(6.6)c,,...c.. (15 8)

B //{0<t <ot <t} fora(X (1) 1:[ fe; (X(25) — X (t5-1))

Jj=2

U fo (X(E) = X(tn_1)) di - dtuos dpi(x)

and

(6.7)
Loy e (15t)

= z —1)IA| (H ul (0)> €1,€EAC,€n (u” t)

AC{2,....,n JEA
- 3 G D T] ut,(0) / / Foa(X(£)
AC{2,n—1 jea {0t <ty <t}

IT . (x (tj) — X(tj-1))U" fe, (X (2) = X (tyary)) dt - - - diiacy dp(z)
jea
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where, naturally, A° is taken with respect to {2,...,n — 1}. We also set
(6.8) Aalit) = [U1£,(X(0) - o) duo)

In the following, X denotes an independent copy of X, and E™ denotes
expectation with respect to X starting at w. From the definition (6.4) of
Qe ..e, (1) We see that

(6.9)
EY(tey,...pe, (1) Fr)

k
i=0 {0<t:1 <oty <t<tip 1 <<t}

k
fer,2(X(t1)) H fe (X (85) = X (tj-1)) dty - - dtx dp(z)| F)

k 1
- ; / /{OftlS“-tiStStiHS"'Stk} fﬁhm(X(tl)) ]1;[2 fej (X(tj) B X(tj—l))

k
Ey{ IT fo(xX(t) - X(t-0))

j=it1

ft} dty - - dty du(x)

k 7
-3 // ety A KO T (X(0) = X(500)

j=i+2

k
EX“){qu(X(tm —t) = X(t:) ] (Xt =) - X(tjo1 - t))}
dt - - dty dp(z)

k %
-3 / /{ ISR ) | IO RECRY

k
U fon (X (1) - X(ti»( 11 u;<o>) dty -+ - dt; dp(x)

j=it2
k—1 k
= ey (i 8) + Y Ay (5t) T wl (0).
=0 j=i+2

Consequently, adopting the notation that for any set B = {jy,...,jx} C
{2, e ,n} we let B; = (jl, .. 7ji—laji)v and B* = (ji,ji+1> e ,jk), we
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have

(6.10)  EY(Vey,oen (1) F)

= 3 )Ml (O F (@0 (1 F)

AC{2,...,n} JEA
— _1)\l4] 1
= > () ][w
AC{2,...,n} jEA
|A°|
X { Oy epe (151) +ZA€1,5AC wt) J] w
EAC ,i41
= Yer,e.or€n (,LL; t) + Z (_l)lAl
AC{2,...,n}
|A°|
X Hu ZAQHC. it H u
JEA =0 jEAei+1

= Yeq,oen (M51)

+ Z (_1)|B°ﬁ{2,...,l(B)—1}| H ’U'ij (0)

BC{2,....n} jeBen{2,...,i(B)—1}
Z (_1)|A2| H u}:j(o) Acy e (151).
AsC{U(B)+1,...,n} j=U(B)+1

Since Y ,cp(—=1) 4l = 0 for any nonempty set D, we see that in the
last display B will not contribute unless we have /(B) = n. We can then
rewrite the sum in (6.10) as

611) Y (-plEnEenl [T w0 |Aqea(st)

BC{2,...n} jeBen{2,...,n—1}
I(B)=n

= Y (—1)'A'(Huij(0)>1\q,m,en(u;t)

AC{2,...,n—1} jeA
=Tq, e (151)

This completes the proof of Lemma 9.

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques



JOINT CONTINUITY AND DOOB-MEYER DECOMPOSITION 175

Proof of Lemma 2. — Let

(6.12)
| . IE(U;N6§t)
1 k
kZ( O G [ I I e )
—k—
H X(t5) = X(tj-1))u' (v = X (tn—g-1))) dty -+ dbn_g_1 dp’(z)

An easy modification of [14] shows that I',_; (v; u®;t) converges a.s.
locally uniformly in v € R? to ~,_;(u} - 4®;t) as € — 0. By Lemma 9
this implies Lemma 2 for & = n. The general case follows by replacing n
in Lemma 9 by k£ and p by H] 1 u .

Proof of Theorem 3. — This now follows easily from Lemma 2 on letting
6 — 0 and using the proof of Theorem 1.
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