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Abstract

In this paper, we study a renormalized self-collision local time for superprocesses over sta-
ble processes and classical diffusions. When the renormalization breaks down, we obtain limit
theorems. (© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

With any nice Markov process z, in R? we associate a new Markov Z, taking values
in the space of finite measures on R¥. The process Z; is called the superprocess over z;,
and we refer to Dynkin (1988a) for an introduction to superprocesses and for further
references.

We will use the notation

(0.Z) = / o(1)Z(dx),

(Fy), Z(dD)Zi(dy)) = / £ )Z(d0)Zi(d).

Throughout this paper we assume that the initial measure Zy = p has a bounded and
integrable density with respect to Lebesgue measure. Also we use |v| for the mass of
a measure v. Our starting point is the formal expression

T
/0 (60c — ¥).Z,(dx)Z,(dy)) ds (L)

which intuitively should measure the ‘self-collisions’ of Z;. In Eq. (1.1), 0 is the
Dirac delta ‘function’. In an attempt to make Eq. (1.1) rigorous, we replace § by
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an approximate delta function. Let f(x)>0 be a continuous symmetric function with
support in the unit ball, and such that [ f(x)dx=1. Set

=g (5)

and replace Eq. (1.1) by

T
/0 il — ). Z(dx) Zi(dy)) ds. (12)

We will describe the behavior of Eq. (1.2) as ¢ — 0.

To be specific, let us first take Z, to be the superprocess over Brownian motion in
R?, If d =1 there are no problems with the ¢ — 0 limit. However, if d >2, the case
we study here, Eq. (1.2) will typically blow up as ¢ — 0. In Theorem 1 we will show
that if d =2 or 3, then Eq. (1.2) can be renormalized, i.e. by subtracting a singular
term which does not involve collisions, we can obtain a nontrivial limit.

This is the analogue of a result for self-intersections of Brownian motion in R?> which
goes back to Varadhan (1969); see also Le Gall (1985), Rosen (1986), Yor (1985a) and
Dynkin (1988b). See also our work on the self-intersections of superprocesses (Rosen,
1992), which initiated many of the techniques used in this paper. The renormalized
intersection local time for Brownian motion in R? turns out to be the right tool for
analyzing fluctuations of the Wiener Sausage (see Le Gall, 1986b; Chavel et al., 1991,
Wienryb, 1987) and the range of random walks (Le Gall, 1986a; Le Gall-Rosen, 1991).
It is our hope that the renormalized collision local time of Theorem 1 will find similar
applications to the study of measure-valued processes. In this regard see the recent
paper of Evans and Perkins (1997).

When d =4, we can no longer obtain a renormalized collision local time. However,
Theorem 1 shows that a suitably scaled version converges in distribution. This is the
analogue of Yor’s theorem for Brownian motion in R3, (Yor, 1985b; Rosen, 1988).

We use B; to denote a real Brownian motion independent of our superprocess.

Theorem 1. Let Z, denote the superprocess over Brownian motion in RY, and set

T T
2o(T) = / il — . Z(dx)Z(dy)) ds — 2 / (T — 9)\2,| ds, (13)
0 0
where
ou(1) = /0 ( / / p,(x)ﬁ(x_y)p,@)dxdy) ar (14)
and
- /2s
ps(y)= (GZMW

is the transition density for Brownian motion in RY.
If d=2 or 3, then y,(T) converges in L* as ¢ — 0.
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If d =4, then y,(T)/1g(1/¢) converges weakly to By, where

1 T
M=y [ 1z)as (15)
™ Jo

Remarks on Theorem 1.

e More generally, if 7€ C{°(R?) and we set

T

T
Va(Tah) = /O <h(x)ff(x - y):Zs(dx)Zs(dy» - 2/0 <¢S,T—Sa Zs> ds,

where now

o) = /0 ( / h(Z+X)pr(x)fs(x—y)pr(y)dxdy> dr,

then y,(7,h) converges in L? for d =2,3 while if d =4
ve(T, 1)
lg(1/e)

converges weakly to By, ;) where

1 T
MT(h):?/O (h*,Z,) ds.

Adler and Lewin (1991) have developed a Tanaka-like formula for the renormalized
intersection local time of super-Brownian motion. Formally applying Lemma 1.3 of
Adler and Lewin (1991), (Ito’s formula), as in Lemma 1.4 of Adler and Lewin
(1991) we obtain

(Go(x — »), Zr(dx)Zr(dy))

T
= (Ge(x — »), Zo(dx)Zoy(dy)) + /0 (AGy(x — ), Zy(dx)Zy(dy)) ds

T T
+ 2/ (G:(0), Zy(dx)) ds + 2/ (Ge(x — ), Zy(dx)M (ds, dy)), (1.6)
0 0

where G(x) (see Egs. (2.2) and (2.3)), is the 1-potential for Brownian motion in R¢,
G.(x)=f. * G(x) and M(ds,dy) is the martingale measure associated with super-
Brownian motion. Setting

T T
H)=tim [ (76— ). 202 ds - 6.0 [ 1z ds (1.7)
«=0.Jg 0

which is very similar to (7)) (see e.g. Eq. (2.8)), and using the fact that (—A/2 +
1)G, = f., Eq. (1.6) suggests that if d =2 or 3 we will get the Tanaka-like formula

2)(T) = (G(x — y), Zo(dx)Zo(dy)) — (G(x — ), Zr(dx)Zr(dy))

T
12 /0 (G(x — y),Z,(dx)Z(dv)) ds

T
+2 /0 (G(x — y),Z,(dx)M (ds, dy)). (1.8)
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It would be interesting to justify such a formula. (We caution the reader that the
super-Brownian motion in Adler and Lewin (1991) and Adler (1993) is somewhat
different from the super-Brownian motion considered here which follows Dynkin
(1988a).)

e Adler (1993) gives a particle picture interpretation for the renormalized intersection
local time of super-Brownian motion. Using his notation we have for o # f, |a| =|f|
and 1 ~ o,

t
607~ =G0 X+ [ Ve —xhaxs
al/|u
t

t
—/ VGS(X,,“—Xf)d)gM/ AG(X? — XPyds. (1.9)
o/l B

Set

1 T 1 r
=5 Y [ nee-xhas -0 S [ ees (1.10)
u np /0 H=Jo
Arguing as in Adler (1993), Eq. (1.9) leads to
298(T) = (Ge(x — ), Zy(dx)Z5 (dy)) — (Gelx — »), Z7(dx)Z7(dy))

T
12 / (Gulx — ), ZH(dx)ZH(dv)) ds
0

T
+2 / (Go(x — ), ZM(dx)M"(ds, dv)), (1.11)
0

where M* is the martingale measure analogous to that which is denoted Z* in Adler
and Lewin (1991) and we used (—A + 2)G,=2f; to handle the case of o= p.
Comparing Egs. (1.8) and (1.11) suggests that $(7)— $(T), where, as in Adler
and Lewin (1991), we take u— oo and ¢=pu~° for appropriate ¢ >0. If indeed this
could be proven, it would indicate that the renormalization term is needed only to
control the spurious collisions which arise from including f=o in Eq. (1.10).

Theorem 1 will be derived with the aid of the following very explicit theorem.

Theorem 2. Let x, be Brownian motion in R? killed at an independent exponential
time, and let X, be the superprocess over x;.
(a) If d =2, then

/0 (folx = ). X d0X,(d)) ds = — 1 (6) /0 x| ds (1.12)
converges in L* as ¢ — 0.
(b) If d =3, then

/ T = M doxd)) ds - Y [T a (113)
0 2n ¢ J,

where c(f)= [ f(x)(1/|x])dx, converges in L* as ¢— 0.
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(¢) If d =4, and
n= [ U — ) X)X (dy)) ds — a(e) / " I ds, (1.14)
where

1 1 1
w0)= 5o (5 [rorso e (1)), (115)

then v./1g(1/e) converges in distribution and we have
Ey (e /1010y elul1/2)1—/1=272/%) (1.16)
for A small, as ¢ — 0.

Remark. X; is not the same as Z; killed at an independent exponential time!

Theorem 1 can be generalized to nice diffusions in R?. Let z, be a diffusion with
generator

1 I R— d -
5; () 50 5 +;bz-(x>a—x[. (1.17)
If a;;, b; are smooth and uniformly bounded together with their derivatives, and
d d
> ay(x)iiii=0 0 (1.18)

ij=1 i=1

for some 0 >0, uniformly in x and A;, we will say that z, is a smooth uniformly elliptic
diffusion.

Theorem 3. Let Z, denote the superprocess over z,, a smooth uniformly elliptic dif-
fusion in R? and set

T T
1o(T) = / il — ¥).Z(d0)Zi(dy)) ds — 2 / (Par—sZ2) ds, (1.19)
0 0
where
fui(z)= /0 ( // mz,x)pr(z,y)ﬁ;(xy)dxdy) ar (120)

and ps(x,y) is the transition density for z;.
If d=2 or 3, then y,(T) converges in L* as ¢ — 0.
If d=4 then y.(T)/1g(1/e) converges weakly to Bys, where

1 T
MTZF/O (Y, Zs)ds (1.21)
and

Y(x) (1.22)

~ detay(x)’
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We now generalize Theorem 1 to symmetric stable processes of order f# in R?. As
before, only the case f<d is of interest, since if f>d, the ¢ — 0 limit exists.

Theorem 4. Let Y, denote the superprocess over the symmetric stable process y; of
order B in RY, and
T

T
1o(T) = /0 (il — ). Vo(dx)Y(dy))ds — 2 /0 (T — )Y, ds, (123)

where

ou(1) = /0 ( // PO filx — y)pr(y)dxdy> ar (1.24)

and py(y) denotes the transition density for y;.
If d/2<p<d, then y,(T) converges in L* as ¢ — 0.
If p=d/2, then y.(T)/1g(1/e) converges weakly to By, where

T
My =a(d Y,|d 125
r = a(d) /0 7] ds (125)
and
24—2d 1
o)== Ty

Sections 2—6 are devoted to Theorem 2, i.e. the superprocess over killed Brownian
motion. In Section 7, we derive Theorem 1 with the aid of Theorem 2. The necessary
modifications for the proofs of Theorems 3 and 4 are explained in Sections 8 and 9.

The present paper is a sequel to Rosen (1992) which studied renormalization and
limit theorems for self-intersections of superprocesses. (Collisions occur at the same
time, while self-intersections of the path can occur at different times.) We have tried to
adhere to the structure of that paper to allow the reader easy reference. Some arguments
needed for the present paper are almost identical to those in Rosen (1992), and in such
cases we have simply referred the reader to that paper.

2. Theorem 2: preliminaries

Our proofs involve the calculation of moments, and in this section we derive a
formula for moments of the approximate renormalized collision local time. Our starting
point is Dynkin’s formula (1988a)

Ey <H<ﬁ,x,>>

i=1

=> / I ) I Psvo—sior@ — i) [ dsvdve [ fiz) dzi 2.1)

D, veV - acA veVy i=1



J. Rosen| Stochastic Processes and their Applications 80 (1999) 25-53 31

In Eq. (2.1),
efxz/Zs

I (2.2)

ps(x)=e"*

is the transition density for exponentially killed Brownian motion in RY, where by
convention ps(x)=0 if s<0. D, is the set of directed binary graphs with n exits
marked 1,2,...,n. Given such a graph, 4 is the set of arrows, and if the arrow a € 4
goes from the vertex v to w, we write v=1i(a), w= f(a). To each vertex v we associate
two variables

(0, 70) € Ry x RY

which we refer to as the time and space coordinates of v. V_ denotes the set of
entrances for our graph, and if ve V_, we set 5, = 0. If v is the exit labelled by j,
i<j<n, we set

(50, 0) = (8,2))

Finally, V denotes the set of internal vertices, i.e. those vertices which are neither
entrances nor exits.
Let

Gx) = /0 py(x)ds (23)

denote the Green’s function for exponentially killed Brownian motion in R¢. From
Eq. (2.1) we see that

E.U (H/O <fi,/Yt;>dti>

= [ I st TL 600~ v TT @0 [T e (2.4)
D,

<y acA vely i=1

From Eq. (2.1) it follows that
Ey ([/0 (felx = »), Xs(dx)X(dy)) dS} )
=> / 1T 2o IT Psso—sior@ = view) [ dsvdv

Dy, vEV_ acA vely

x [ [ filzar = 22i-1) dzzi dzp, drs, (25)

i=1

where now the times t;_1,t; associated with the exits labeled 2i — 1,2i are both
replaced by r;, and we integrate r; over [0, co].
We will say that the pair of exits v,w are coupled if for some k& we have

22k = Yvs  22k—1=DJw
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or

20k = Yw>  Z2k—1= Vo (2.6)

We will say that a pair of exits v,w are a twin if they have the same immediate
predecessor, i.e., if we can find a,b €4 and a vertex u such that

i(ay=i(b)=u 2.7)
and

flay=v,  f(b)=w.

If a twin v, w are coupled, and e.g. zor = ¥y, zaxr—1 = and Eq. (2.7) holds, then we
get a factor in Eq. (2.5) of the form

/ //ptfs(yv - yu) szs(yw - yu)fl;(yv - yw)dyv dyw dt

-/ [0 e 10 = )

- /O / () () dydr
- / FOG() dy. (28)
Set
e(e)= / F)NG(G) d. (2.9)

Then it is easy to check that
E, ([ [t pxox@) ds - e [ 0.0 ds] )
0 0
= Z/ H u(dy,) H Ps,((,)—s,-m(J/f(a) - yi(a)) H ds,dy,

Cop veEV_ acA veVy

X H Je(z2i — 22i-1) dzp; Az, d s, (2.10)
i=1
where C,, is the set of binary graphs with 2z labeled exits; 1,2,...,2n, such that no
twin exits are coupled, i.e. no twin exits are labeled 2i — 1,2i for any i.
Thus, the effect of the subtraction term in Eq. (2.10) is to eliminate all coupled
twins. The factor 2 comes from the two possibilities in Eq. (2.6).
We now calculate the asymptotics of ¢(¢). We first note that

G+ G = [ /0 N /0 " iy — Op) dsdr

- / / ooy dsdr
0 0
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=/000/0tpz<y)dsdt

= / tp(y)de
0
1 [ e~ I¥P/2r
:—/ e_ti
27 /o (2nt)d-2)/2
1
Z%g(y) (2.11)

where ¢(y), y € R?, with obvious notation, corresponds to the Green’s function for
killed Brownian motion in d — 2 dimensions.
If d =2, it is known that for |y|<3,

1 1
Gr)=— [lg <|y|) +1g(v2) - K} +O(|y)), (2.12)
where x is Euler’s constant. Hence

(o) = / F()NG() dy

=1 [ (1e () a1/ - ) + olsiay

! (lg (1> + /f(y)lg (1> dy + 1g(v2) — K) + O(e). (2.13)
m e |yl
If d =3, it is known that
1 e
G(y)=——. 2.14
) 2 (2.14)
Hence
1 e_‘ ‘
(o) = 3 [ 1) @
1 eyl
l
2ns/f( )— - — +O(8). (2.15)

Finally, for d =4, let us analyze G(x) using Go(x)=(1/2n%)1/|x|* the zero-potential
for Brownian motion in R?. Iterating the resolvent equation we find

Go(x) — G(x) = G * Go(x)

=G *x G(x) + G * G * Go(x). (2.16)
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By Egs. (2.11) and (2.12), we know that

1 1
GxGx)===lg|— ) +0(1), Jxl<l (2.17)
22 |x|
and it is easy to see that
G x G x Go(x)=0(1)

so that for [x| <]

1 1
G(x)=Golx) — 5 7 1g (—) +0(1)

x|
111 1
=533 ﬁlg <7> +0(1). (2.18)
Hence
o(e) = / £()G() dy
L3, (] _
“sma ) dy—ﬁlg<g>+o(1), d=4. (2.19)

We also note for future reference that, as in Eq. (2.1),

G+ G*G(y)= / ~ / / Prassi(y)drdsdi
0 0 0

o0 t S

:/ //p,(y)drdsdt
o JoJo
oot2

- [ Srma (220)

3. Theorem 2: the second moment

In this section, we compute the asymptotics of

I(e)=E,

e’} oo 2
( /0 il — v, Xo(dn)Xy(dy) ds — () /0 <1,Xs>ds>]. 3.1)

By Eq. (2.10) we obtain a contribution from each binary graph with four exits, such
that no twin exits are coupled.

We first sketch the possible graphs and write down their contribution. Later we will
work out the combinatoric factors. We sometimes use the abbreviation dx... to indicate
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integration over all variables.

(21, t)
(z,s)

(u> O) (Z37 tl)
(327 t)

(y,8")

Graph 1

(Z4, t/)

35

/u(du)pr(z —u)ps—r(x = 2)py (¥ — 2) pr—s(x — 21) prr—s(x — z3) p1—s'(y — 22)

Po—s (¥ —24) fu(z1 — 22) filz3 — z4)dx dy dzdr dsds’ dedf’

= / pr(z —u)dzdu(u) / Ds—r(X) Pyt (V) DPr—sryi—s * fo(X — ¥) Prr—g 441 —s

* fo(x —y)dx...

= /pr(z) dz dﬂ(”)/]?sfr(x)]?s’—r’(J’)Pz—s’ﬂfs * f:E(x - y)pt’fsurt’fs

* fo(x — y)dx...

— |l / Do 1) (D) Prsr b1 * i) Prr s % fo() dx..

S VR VR AS T

= 2‘,“‘/p25+(s’7s)(x)p2(t7s)+(s’fs) * fo(X) Porr —s)(s'—s) * fe(x)dx ...

= %\#\/G* Po(X)(G % py* fu(x))? dx do,

(3.2)
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/#(d”)pr(z —u)pi—r(z1 —2) Py~ (¥ — 2) ps—y/ (X — Y) pr—s(x — 22) pr—s(x — 23)
Po—s(y —24) fo(z1 — 22) fozs — z4) dxdy dZ drdsds’ drdr

= |yl / Py (V) Ps—st (X = ¥) Parr —syrs—s ¥ Jo(X = Y)Y Prsie * fe(x)dxdy
I / D (0) s ) rr—syisv * i) Pr—sir Sl + ) dxdy
] [ POy S WIP * 5)

=lul / Ps—s () P2 —sy(5—57) * Jo(X) Pot—s)425 +(5—s7) * folx) dx

:%‘ﬂ‘/pv(x)G*Pv*fe(x)G*G*pu*fg(X)dxdv, (3.3)

(zlr t) (22, t)

(v,0)

(23,) (24, )

Graph 3

/u(du)#(dv)ps(u —x)ps (V= Y)pi—s(x — 21) pr—s(x = 23) p1—y (¥ — 22)
X pr—s (v — 2) 21 — 22)fulzs — za) dx dy dZ dsds’ de df’
— [ U0 it X1 poe = 3P S5 V)P
s fi(x — y)dx...
— [ ARG 5 5 = = (G ¢ £ dx (3.4)

Graph 4



J. Rosen| Stochastic Processes and their Applications 80 (1999) 25-53 37

/ W(A)(AD) pr(it — 20) o6 — ) Prr—y( — 23) Py st — D) Prs (3 — 22)
X py—s (¥ — za) fo(z1 — 22) fe(z3 —z4)dx dydzds ds’ drd?’

- / W(QUI(AD) (0 — ) Prys Sl = 1) Py (X = V) Py st

* folx — y)dx. ..
= %/u(du}u(dv)G *G* pe* fo(x — (u—0))p(x)G * p, * f(x)dxdr,
(3.5)
(22,1)
(@0 (=1) (w,0) (z,5)
———o o—o
('U, 0) (2,’3, t,)
(24, 1)

Graph 5

/,u(du),u(dv),u(dw)ps(x — W) Pr—si % fo(X —w) pr_sip * fiolx — v)dxdsdede’

= %/u(du)ﬂ(dv)u(dvv)ps(x = wW)G k psx folx —u)G * pyx fo(x — v)dxds,

(3.6)
(U,O) (Zl,t> ('LU,O) (Zg,t/)
o —0 o —0 *—0 *r—0 /
(U,O) (ZQat) (Z,O) (2471:)
Graph 6
1 .
3 [ ARG + il = 0)G ¢ flw = 2). (3.7)

Let u,(x) denote a generic measurable function which falls off exponentially and mono-
tonically in |x|, and such that |x| — co, and

1
|u(x)|<cw,

and let u, .(x) denote a generic measurable function which falls off exponentially and
monotonically in |x|, and such that

ua,s(x) < C|x|_“, |x|>39

”oc,z:(x) < csias ‘x‘ <é.

With u, . we associate 1g(1/|x|) instead of |x|~*.
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We will use the following simple lemma from Rosen (1992):

Lemma 1. If a<d then uy* f,(x) has exponential falloff as |x| — oo, and

1
ST 40 |x|>87

| * fo(x)] < (3.8)

C_'S_a: |x|<83

e Uy ¥ fo(X)=uy(x).

The functions G, G x G are of the above form as we saw in Section 2. They all have
exponential falloff as |x| — oo, while for small x we have the bounds:
d=2 d=3 d=4
clg(ﬁ) ex~! cx—2 (3.9)

G+ G(x) c c clg (ﬁ)

G(x)

Using Eq. (3.9) and Lemma 4, it is easy to check that all the integrals in formulas
(3.2)—(3.7) are uniformly bounded as ¢ —0 when d =2 or 3.

We thus concentrate on d =4. The integrals for graphs 3,5 and 6 are uniformly
bounded as ¢ — 0, while the above shows that the integral for graph 4 is O(lg(1/e)).
To obtain a similar bound on the integral for Graph 1 we first note that

3 3 133
/H pey)do<]] (/P%(yi)dv) = [T w050
i1 i1 i1

and that w193 * u2(y) =ua/3(y) hence
1
Zw/G* Po(X)(G * py* fi(x))>dx dv
SC/M4/3(X)M§/3,E(X)(1X

<clg <i) . (3.10)

We now carefully compute the integral (3.3) corresponding to Graph 2. We will
show that it is ~ c(lg(1/e))>.
Using Eqgs. (2.18) and (2.17) we first obtain an upper bound:

J(e) = %/pv(x)G* Po* [:(x)Gx G x p,* fo(x)dxdv

<3 / G()G* /y(x) G+ G» fy(x) dx

1

= —/ G(x)G* f(x)G* G * fo(x)dx + 0(1)
8 x| <1/2

_ 1 1,1 5
8 /|x<1/2 Y e )W)
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2 (2 () )+ ((2))

. X2 f) ()

6
641° Joocini <12

(lg(i)*ﬂ%x”“(lg(%))
=i Lo e () orerseare
+°1())
= S (1o (5) () ool (5))
o [0 0)
ek ()90

We now obtain a lower bound whose leading term is the same as that obtained in
the upper bound.

J(e) = %//000 Po(X)G * py* fo(x)G x G * p, * fo(x)dvdx

A\

1 a
: / / Po)G % pyx fA(X)G % G % py = fi(x) dvda
0

l/G*psz*ﬁ(x)G*G*psz*ﬁ(x) (/OF

A\

g pu(x) dv) dx

2

1 &
§/ G*pgz*fg(x)G*G*pgz*fg(x)</
x| <172 0

l/ 1 (1)
— X
8 S cryp 22 * P I I3 o

* P2k fo(X) (/0 pv(x)du> dx — O<1g (:))

- x|~ 2>'<pl*f(X)1g< : )
x|

32m 2< x| <1/2¢
2 [° 1
xprxf(x)|e po(ex)dv | dx —Of 1g p
0

Pu(x) dv> dx —O(1)

2
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1 / s 1
=_—= x| 7% prx f(x)1g (—)
64m° 2<|x[<1/2e elx|

1 1
Y 1
~a (1) o (s(2)) o

as in the calculation of Eq. (3.11). Here we have used

2

&’ / po(ex)do
0

1 —x%/21
_ _€
= /0 [ t—zd[
1 —x%/2t 1 —x?/2t
€ 2, €
= dr — ] —e ! dt
/0 £? /0 ( ) £?

oo —x%/2t 1 —x%/2t
= Go(x) */ © = dr — O(eZ/ © 5 dz)
1 0

— {Go(x) — O™ )}(1 + O(c?))

for 2<|x|<1/2e.

It can be shown as in Rosen (1992) that the number of graphs in C; which give
rise to a contribution (3.3) is precisely 4°.

Thus

1 1 1 1
I(e)=4|ulJ (e) +O<lg <&>> = F|,u|1g2 (a) +O<lg (e)) . (3.13)

4. Proof of Theorem 2(a) and (b)

Let
o= / U — ) X(d)X(dy)) ds — o(e) / (1,X,) ds, @.1)
0 0
where
llg <1> , d=2,
o(e) = i £

L0,

— - , d=3.
21 ¢ |y

Almost precisely as in Rosen (1992) we can show that
Eu(3 = 79’1 =0 as 6,50 (42)

and this completes the proof of Theorem 2(a) and (b).

5. Proof of Theorem 2(c): Combinatorial aspect

Our proof is by the method of moments.
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Recall that
n:Ammu—yx&mm&mwMM—dewaxvm, (5.1)
where

dw:/ﬂum@wx

_ L1 [f» Lo (L
=) dy—mlg (E) +0(1). (5:2)

By Eq. (2.10) we know that

E. (") (5.3)

is a sum of contributions from the graphs of Cy,, i.e. the set of binary graphs with
4m labeled exits, 1,2,...,4m with no twin exits coupled — i.e. no twin exits are ever
labeled 2i — 1,2i for any i.

The basic idea which we explain in this and the next section is that the dominant
contribution to Eq. (5.3) comes from graphs which effectively break Eq. (5.3) up into
a product of m second moments.

Let A4, C Cy4y,, denote those binary graphs in Cy, for which there is a complete
pairing (i1, j1),.-.,(im, jm) of the 2m integers 1,2,...,2m and such that for each such
pair (is,j,) the exits labeled 2i, — 1,2iy, 2j, — 1, 2j, are arranged as in Graph 2 of
Section 3:

29,
(54)

29j,—1

224

or one of its 43 variants as described at the end of Section 3.

We will see later that the dominant contribution to Eq. (5.3) comes from the graphs
in Ay, and is of order 1g*"(1/), while any other graph in Cy,, will give a contribution
which is O(Ig*"~'(1/¢)).

Let us compute the contribution from the graphs in A4,,. Consider the subgraph (5.4).
The partial integral with respect to dxdy dzzl-/_1 dzy;, dzz‘,'/_I dzyj,_, is described in
Eq. (3.3). It is crucial that this partial integral is independent of z and » (a consequence
of the translation invariance of Brownian motion), and is simply the constant (see

Eq. (3.11))

1 1 1
J(s):mlgz (E) —&—O(lg(;)). (5.5)
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As we saw at the end of Section 3, there are 4° variants of Eq. (5.4). Thus the partial
integration corresponding to all m pairs (is,j,) and all the 4 variants for each pair
gives rise to the factor

(2 () -o( ()

After this partial integration, we are simply left with a binary graph with m exits. Since
any graph in D,, can arise in this fashion, and since there are (2m)!/m!2"™ ways to pair
the integers 1,2,...,2m we see that (see Eq. (2.4)) the contribution to Eq. (5.3) from
A4m is

2 (e Q) o(([ o) oo () o

We will show in the next section that the contribution of all graphs in Cy, — A4y, 18
O(Ig*~"(1/¢)). This will give

i . 2m 2 ! 1 m o "
<1g(y1/g)> ]—>(,ZZ!) (ﬁ) E, ((/0 <1,Xs>dS> > as e—0. (5.8)

E,

Furthermore, the next section will show that

r 7 2m—1
E > —0 as e—0. (5.9)
AGim)

Let M;,, denote the right-hand side of Eq. (5.8). A simple combinatoric argument
spelled out in Rosen (1992) shows that for || small,

X 12m
Z A7 Moy, — olnl/2)(1=y/1=22/x%) (5.10)
— (2m)!

This shows at once that any limit distribution of y,/lg(1/¢) is determined by its
moments, hence unique, and also shows that its Laplace transform is given by
Eq. (5.10), which establishes Theorem 2(c).

6. Proof of Theorem 2(c): analytic aspect
We recall from Eq. (2.10) that

E;L(?Z) = Z/ H M(dJ/v) H pS/(a)fs,(a)(yf(a) - yi(a)) H dSvdyv

Con veV_ acA veW
n
x [ [ filzai — z2i-1) dz; dzgy dri. (6.1)
i=1

In this section, we show that unless » =2m and the graph C is in Aa,, then the
contribution of C to Eq. (6.1) is

(e (1)

As discussed in Section 5, this will complete the proof of Theorem 2(c¢).
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We can think of the integral in Eq. (6.1) as obtained by assigning a factor py, ., s,
(¥f(a) — Yi(a)) to each arrow a€A. We must integrate out all internal variables dy,,
vel,, all entrances with respect to dy, all exits with H?:1 fe(z2i — z0i—1) dzpi—1 dzy;,
as well as all time variables.

Our approach to Eq. (6.2) is to successively integrate out the variables, at each
stage replacing the graph C by a different graph C’ (not necessarily a directed or
binary graph).

The arrows of C’ are associated with factors described below, such that the contri-
bution of C is bounded by that of C’. In this process we will be able to associate a
factor 0(lg(1/¢)) to each f; in Eq. (6.1) in such a way that these factors will bound
all divergences as ¢ — 0, and we will show that unless n=2m and C C Ay, at least
one of the factors associated to some f, will be 0(1).

Here are the details:

We begin by integrating the exit variables zj,...,z,. We obtain n factors of the
form

/p,,.,.(a — 22i-1) fe(22i — 22i-1) pyy— (b — 22) dzpj—1 dz0; <G * fo(b—a).  (6.3)

We know from the fact that C C Cy,, that a%b. Form a new graph C’ obtained
by putting an edge between i(u) and i(v) whenever f(u)=zy_1, f(v)=2zp, i.6. We
connect the vertices associated with a,b in Eq. (6.3). With this new edge, called a
‘leading edge’, we associate the factor G * f.

Assume that C’ has a subgraph of the form

¢ L (6.4)

229p

where (x,a),(x,b) are both leading edges. We distinguish three possibilities:
1. a=c, or b=c (We cannot have both.)
2.a=b
3. a,b,c are distinct.
We analyze each in turn:
(i) Assume that b=c. This can only have occurred if C contained the subgraph

(6.5)

22i—1
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Since we think of z,;,z5,— as connected by f,, we refer to the situation in Eq. (6.5)

as a simple loop.
The partial integral over x in this case is bounded by

/G(c —x)G* fo(c —x)G* fo(a —x)dx = /G(x)G * fo(x)G * fe(a — c — x)dx.

(6.6)
We know from Lemma 1 that
G *ff Sup ;.
If |x| >1|a — |, Eq. (6.6) is bounded by
up,(a — c)/G(x)G * fola—c—x)dx=uy (a — c)up(a—c) (6.7)

as we see from Eq. (3.9). While if |x[<1|a — c|, so that |a — ¢ — x|>(|a — c|)/2,
Eq. (6.6) is bounded by

uy, (a — c)/G(x)G*fg(x)dx: lg(%) uy (a—rc). (6.8)

In any event, Eq. (6.6) is bounded by 1g(1/¢)us .(a — c). (It is important to recall that
we cannot have a=c.) We then form a new graph C”, with an edge between the
vertices associated with a and ¢. We consider the factor lg(1/¢) as associated with
Je(z2i — z2i—1), and associate u, . to our new edge, now called a leading edge.

Because Eq. (6.5) refers to a binary graph, in C”, aside from our new edge con-
necting a and c, there is only one other arrow connecting c, with a factor G(c — d).
We now integrate

/G(c —d)uy (a — c)dc=ug (d — a). (6.9)

(This integral was already computed in Eq. (6.7).)

If a=d, we are in the situation of Section 3, Graph 2, i.e. our subgraph (6.5) was
precisely of the form making up Ay,, contributing lg?(1/¢) which we associate with
the two f; factors for that subgraph, which now have no further influence.

If a#d, we form a new graph C” linking a and d, and with the factor ug (d — a).
We have a subgraph

(6.10)

h

which looks like Eq. (6.4), except that instead of the factor u, . associated to (d,a),
we have ug_,.
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We will see after analyzing cases (ii) and (iii) that the worst possible case comes
from the two loop subgraph

(6.11)

21
£ d ¢ g<::
\ za\ 25\ 24 23
i.e. h=e (so that aZe) and the partial integral over d is bounded by

[Gte— s e~ dyun(d — (@) = [ GGoys (xun(a — e ~x)dx (6.12)

with a Ze.
As in the analysis of Eq. (6.6) we find Eq. (6.12) bounded by

1
lg(;) uo,o(a — €) + u (a— e) (6.13)
so that the de integral is

os(2))

Thus, three factors of f, give rise only to a lg®(1/¢) contribution (as opposed to
1g*(1/¢)).

In particular, a subgraph of the form
29 21
e oo 0 K K < <
with i>2 loops, gives a contribution which is O(lg'~'(1/¢)), unless i =2.
(i) This case arises from the subgraph

21 22
c x: d Y i
23 24
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The partial integral with respect to zy,...,zs,x, y is bounded by
[P st £ D pi s S = Ypy ) dxdydrdsrar
:/pm(c —d = X)prrri—s * [o(X) prr—rir—g % fo(x)dxdrdsdede’

:%/G*pU(C—d —x)(G*pv*ﬁ:(x))Z dx do

<ug (e —d) (6.15)

as in Eq. (6.7) after using Holder’s inequality in the dv integral as in Eq. (3.10).
If ¢=d (which is the situation of Section 3, Graph 1), we have a 1g(1/¢) for two
factors of f;, while if ¢c%£d we can also bound

up,(c — d)<1g(%> u(c —d),

where u(c — d) is bounded, and falls off exponentially as |¢ — d| — co. We have a
factor 1g(1/¢) for the two f.’s, and a new graph with an edge connecting the vertices
associated with ¢ and d, and associated factor u(c — d).

(iii) If a,b,c are distinct, the partial x integral is

/G(c —x)G* fo(x —a)G * fo(x — b)dx. (6.16)

If the variable a or b no longer appears in any other factors associated with edges of
our graph — we perform the da or db integral. If, e.g., we first do the da integration,
then Eq. (6.16) is bounded by

uo,g(c—b)glg(%> u(c — b) (6.17)

and as in the discussion of (ii), we associate 1g(1/¢) with two f;. factors.
If both a and b appear in other factors, we use

uvé%(uz +0?)

to bound Eq. (6.16) by

Gxuy(a—c)+ Gruy(b— c)<1g(é> (uz,(a —c) 4+ up (b —c)). (6.18)
We now form two new graphs, one with a new edge connecting a and ¢, with a factor
uy,.(a — c¢) — and analogously for the other graph.

It suffices to consider the first graph. Notice that the factor uy .(a — ¢) is the type
of factor we obtained from the initial integration over exits — hence we can continue
our analysis as if it arose in the latter manner — with the difference that we have
actually used up two f; factors at the cost of one lg(1/e) factor. This could only lead
to problems if our new u; .(a — c) were part of a two-loop graph, and it is easily seen
that that is impossible because of the dx integration in Eq. (6.16).
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We can now return to the end of our discussion of case (i), and see that indeed the

worst possible case for Eq. (6.10) is as described there — i.e. Eq. (6.11).
By iterating (i)—(iii), applied to leading edges, we see that Eq. (6.2) holds.

7. Proof of Theorem 1

In analogy with Eq. (2.10) we find

£, )= [ TT #@n T] 2o = v T sy,

[ = acA vel,
n
XL <nvy H JSe(z2i-1 — 221) dzo; 1 dzo; A7y (7.1)
i=1
where now
eV
ps(y)= W

is the transition density for Brownian motion in R¢.

Note that by inserting factors e~ /@) >e~T we can bound the contribution to
Eq. (7.1) of any graph C, by its contribution to Eq. (2.10). This immediately shows
that if d=2,3 and n=2, then Eq. (7.1) is uniformly bounded in &, while if d =4,
we can bound the contribution of each graph to Eq. (7.1) by clg”(1/¢), and in fact,
unless n =2m and our graph belongs to A4, then its contribution can be bounded by

clg" '(1/e).

The L? convergence for d =2,3 follows easily by using such a domination together
with Eq. (4.2). The case of d =4 is more subtle.

We consider in detail the contribution of a subgraph of the type described by Graph 2
of Section 3. This contribution is

J(re) = |ul / /A Ps—s (X) o —s)(s—s') * JeX) Pati—s) 125" —r)+(5—5")
* f(x)ds" dsdrdt’ dx
= |#|//A Ds—s/(X) Paqr —s5) * Ps—s' * [e(X) Pa(i—s) * D2A(s'—r) * Ps—s'
* fo(x)ds’ dsdrde’ dx

where 4 ={(s',s,0,t") |r <5’ <s<t,t’ <T}.
Recall from Egs. (3.11) and (3.12) that

J@&)=g / Do) * po# fu(X)G % G ¥ py f(x) dxdv

1 (1 I

We now show that for any fixed >0,

J(r,s):J(s)—i-O(lg(%)), T —r=38 (7.3)
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Let
-
a=<"p. G- [ e pwa
0
Using
1 —e|<2t

we easily check that
J(I”, 3) = |ﬂ|// q.c—s/(x)qZ(t/—s) * Pg—g’ * fs(x)q2(t—s) *qo(s'—r) * Ps—s’
A

1
* f(x)ds" dsdedd dx—l—O(lg(—)) . (7.4)
€

Note that under our assumption that 7' — r>36 we have that

A={(s",s,,t') | r<s' <s<t,{' <T}

ODB={(s,5,t,!')|0<s’ —r<5,0<s — 5’ <36,0<t — s<6,0<t —5<9, }.
Using the bound
—x2)2r
ce

g-(x)< 52
if

r=0,

we see that in Eq. (7.4) we can assume that the integral is over the region B and using
the bound
—x2/2t

1G(x) — G’(x)|<c/oo ¢ 5 dr=u()

and the methods used to obtain Eq. (7.2) we see that

5
J(r,e) = %\,u\//o qv(x)G*pv*f,;(x)G*G*pv*ﬁ(x)dvdx+0(lg<%)>

J(a)JrO(lg(%)) (7.5)

which proves Eq. (7.3).
The rest of the proof now follows as in Rosen (1992).

8. Theorem 3: superprocesses over diffusions

Let z to a smooth uniformly elliptic diffusion in R?, with transition density p,(x, y).
It is easy to write down the analogue of Eq. (7.1) for Z;, the superprocess over z;:
simply replace

Ps ) —siw (yf(a) - yi(a))
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by

pS/‘(u)—Sf(a)(yi(a)’ yf(a))-
Since, for some M, o >0

e—o:(x—y)z/2t

S b SM*’
Ds(x, ) O

(8.1)

we can apply all the results of the previous sections to obtain bounds on the moments
of y.(T).

In particular, if d =2 or 3, E,(72(T)) is uniformly bounded in ¢, and convergence
in L? follows using Rosen (1987), (2.4), (3.16)).

When d =4, the same reasoning shows that we can bound the contribution of any
graph C to E,(y(T) by lg”_l(l/e) unless n=2m and C C Ay,,,.

As in the previous section, it suffices to show that

/ w(du) pr(z,u) pr—r(21,2) Pt (3, 2) Ps—s (X, V) Pr—s(X, 22) prr —s(%,23) pr —5 (V5 24)
folz1 — 22) fi(z3 — z4)dx dy dZ dr ds ds’ de df’

:|u|641n41g2 (i) +0<lg(i>)- (8.2)

However, using the bounds just described, we know that up to errors of order Ig(1/e),
we can restrict integration to the region where zy,x, y,z1,...,24 are close together. It is
known that for x near y

e—1CT =0/ 0 1 alx—y|?/ 8.3
_ — — V| /x
pi(x, ) (2nt)4/2det(C) + <ta7/2/3e ) (8.3)

for some >0, where C=/A4(x) and A(x) in the matrix a;;(x).
We thus see that up to errors 0(lg(1/¢)), the integral in Eq. (8.2) is equal to
/ 1(du)g (D(z — u))g;—(D(z1 — 2))qs —(D(y — 2))qs—s (D(x — y))
Gi—s(D(x — 22))qr —s(D(x — 23))qr —s (D(y — z4)) fe(21 — 22) fe(23 — 24)
(det(D))’ dxdydzdrdsds’ drde|u / 42— (21 = 2)4y—(y — 2)

Gs—sr (X — V)q1—s(x — 22)qr—s(x — 23)qy (¥ — 22) [ (21 — 22)
fP(z3 — z4)dxdydzdrdsds’ ded/, (8.4)

where ¢ denotes the Brownian transition density,

D= \/AT(Z), A(z)={a;(z)}

and

[P = (D)
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Comparing Eq. (8.4) to the calculations in Eq. (3.11) we see that our last integral is

st (1) (000 (i) so(i( 1)

1

1 1
:ng2<E> (det(D))? —&-Olg(E), (8.5)

which proves Eq. (8.2); hence Theorem 3. [J

9. Superstable processes: Theorem 4
Let y, denote the symmetric stable process in RY of index f with transition density
1 ; p
)] _ —1
Pr (J/)—W/elpye 7dp

so that

By~ 1 b 1 I d/p)
P (0)‘(2n>d/ ¢ P T T2y

With

o
GP(y)= / e py(v) s,
0

we have
I'id-p)y2) 1 1
GO ) — _ 9.1
" T ) 2 e
Our normalization has the property that
G(()OC) % G(()ﬁ) — G((;H—ﬁ). (92)

Notice that with our normalization

P2 () = pau(y),

where p, is the Brownian transition density, hence the Brownian Green’s function is
twice G(()z).

When f is fixed, we often suppress it and set G iGgﬁ ). Theorem 4 will follow
from Theorem 5 in the same manner that Theorem 1 followed from Theorem 2.

Theorem 5. Let X, be the superprocess over x,, the symmetric stable process in R“

of index f killed at an independent exponential time.
1. If d)2<p<d then as ¢—0

/ Ui — ). X(dx)Xo(dy)) ds — ((e) / X, ds
0 0
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converges in L*, where

(o= one(;) i p=

1 o (9.3)
(6= g [ s if ped.
2. If p=d/2, then if
n= [ U @@ ds o) [ s (9.4)
0 0
where
1 1
()= / Gy (x)f (x) dx — ﬁpl(ong(g) :
Then as ¢ — 0, v./1g(1/e) converges in distribution and
Eﬂ(e_)'y*‘/lg(l/s)) — elHI1/2) (1 =/T=A(d)2?)
for . small, where
2872d 1
dy=—F+ ——— .
MDD == r2(d)2) ©-3)

Theorem 5 will follow as in the proof of theorem 2 once we have computed the
asymptotics of G and G * G, see the appendix of Rosen (1990).
We first use the resolvent equation to find

G=Gy— Gyo*G. (9.6)
If d/2<f<d, then it is easy to see that the last two terms are continuous, and then
Eq. (9.2) gives that half of Eq. (9.3) referring to ff<d.
If f=d/2, we use G=Gy — G*xG + G*G* Gy and proceed as in Eq. (2.11):
G+xG(x)= / e 'ip,(x)dt
0
1 00
:/ e tp,(x)dt +/ e ip,(x)dt (9.7)
0 1

and
1 1 1
/ e_ttp,(x)dt:/ Zpt(x)dt—l—/ (e™" = Dip,(x)dr. (9.8)
0 0 0
Then, using scaling
1 1 /!
/tpt(x)dt:—d/ pye(1)dt
0 X*Jo

l/x/f
:/ ip,(1)dt
0
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1/x" 1
:/ lp,(l)dt—i—/ tp,(1)dt
1 0

1/x 1/x 1
- / p,(0)dr + / {(pi(1) — pi(0))di + / p(Ddr (9.9)
1 1 0

and finally

1/xP 1/x”
/1 tp,(O)dt—pl(O)/ dt—ﬂpl(O)lg( ) (9.10)

Thus, from Egs. (9.7)—(9.10) we find that for f=d/2,

G*G(x)= ﬁp1(0)lg(| |>

+ terms continuous in x which leads to «(e).
Finally, we need the analogue of Eq. (3.11) when f=d/2:

K(e)~ i/G(x)G*fF(x)G*G>l<ﬁ(x)

1 1
:—3/ GoGo*feG*G*fe(x)dx+0<lg(—)>
2 2e< x| <12 &

1 ! : 1
- fcz(ﬁ)ﬁpl(o) - y|dﬂlg( )

2e<|x|<1/2 xd b ‘X— |)C—Z|

fs(y)fe(Z)+0<1g(1>)
a2
= = C*(B)pp1(0 )1"2(751’/2) ; Ig? <i) +O(lg<i)>, 9.11)

where C(f) is the coefficient of 1/X?~# in Eq. (9.1). Putting all this together and
using d =20, we find that

a3 2nd? ]
AN(d)=2-22C*(B)fp1(0 )F(d/2) 2
s 1 1 1 2n??
(2m)28 p2d—1qd2 1'(d/2) I'(d/)2)
257251 1
T nd TXdR2)

9.12)

We note that for f=2,d =4 this gives

1 1

_A5—2d L _

MD=200 = g

consistent with our normalization as described at the beginning of this section, and the
2/n* which appears in Theorem 2. [
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