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ABSTRACT. Sufficient conditions are obtained for the continuity of renormal-
ized self-intersection local times for the multiple intersections of a large class of
strongly symmetric Lévy processes in R™, m = 1,2. In R? these include Brow-
nian motion and stable processes of index greater than 3/2, as well as many
processes in their domains of attraction. In R' these include stable processes
of index 3/4 < B <1 and many processes in their domains of attraction.

Let (2, F(t), X (t), P*) be one of these radially symmetric Lévy processes
with 1-potential density u'(z,y). Let g%n denote the class of positive finite
measures p on R" for which

//(ul(%y))”‘ dp(z) du(y) < oo.

For p € g%n, let

d
O‘nﬁe(ﬁh)‘) ;f //
{0<t1 <<t <A}

fe(x(t1) =) [ [ fe(X (1) = X(tj-1)) dta - dt dpu(a)
j=2

where fe is an approximate §—function at zero and \ is an random exponential
time, with mean one, independent of X (with probability measure Py). The
renormalized self-intersection local time of X with respect to the measure p is
defined as

n—1

() = lim § (~1)k ("E ) (sl (0)) <t e (41, A)

where ul (z) = f fe(z—y)ul(y) dy, with ul(z) = (z+2,2) forall z € R™.
Conditions are obtained under which this limit exists in L2(Q x RT, PY) for

all y € R™, where P} “f py « Py.

Let {pz, z € R™} denote the set of translates of the measure p. The main
result in this paper is a sufficient condition for the continuity of {vn(pz), = €
R™}, namely that this process is continuous Pf\J almost surely for all y € R™,
if the corresponding 2n-th Wick power chaos process, {: G*?uy :, * € R™}
is continuous almost surely. This chaos process is obtained in the following
way. A Gaussian process G s is defined which has covariance u%(z, y), where
limg_.o u% (z,y) = ul(z,y). Then

def ..
:GZn#z = }14%/ : Gi% 2 dpe(y)
where the limit is taken in L2. (: G?/”b. : is the 2n-th Wick power of G, 5, that
is, a normalized Hermite polynomial of degree 2n in G, 5). This process has
a natural metric
def 1 L
d(z,y) = @) (BGG™ g - — - G*py 2)?)

1/2
- ( / / (u' (w,0))*" (d(ﬂx(u)—uy(u)))(d(ux(v)—uy(v)))) .

A well known metric entropy condition with respect to d gives a sufficient
condition for the continuity of {: G2" g :, x € R™} and hence for {7y (itz), = €
R™}.

1/2
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CHAPTER 1

Introduction

We study the continuity of renormalized self-intersection local times for the
multiple intersections of a large class of strongly symmetric Lévy processes in R™,
m = 1,2, including symmetric stable processes. We do this by comparing these
processes to Wick power Gaussian chaos processes using an isomorphism theorem
which generalizes an isomorphism theorem of Dynkin.

Intersection local times “measure” the amount of self-intersections of a stochas-
tic process, say, X (t) € R™. To define the n—fold self-intersection local time, the
natural approach is to set

def
Uln e ,u>

/], 0 =) T X 0) = X))t dt)
<t <<t <t i

where f. is an approximate d—function at zero, and take the limit as ¢ — 0.
Intuitively, this gives a measure of the set of times (t1,...,%,) such that

X(tn) =+ = X(tn) = .

where the “n-multiple points” x € R™ are weighted by the measure u. However,
in general, this limit does not exist because of the effect of the integral in the
neighborhood of the diagonal. The method used to compensate for this is called
renormalization. One subtracts from o, (11, ) terms involving lower order inter-
sections oy (u,t) for k < n, in such a way that a finite limit results. This was
originally done by Varadhan [25] for double intersections of Brownian motion in
the plane with p taken to be Lebesgue measure. Varadhan’s work stimulated a large
body of research which is summarized by Dynkin in [6]. Renormalized intersection
local times have turned out to be the right tool for the solution of certain “classical”
problems such as the asymptotic expansion of the area of the Wiener and stable
sausage in the plane and fluctuations of the range of stable random walks. (See Le
Gall [10, 9], Le Gall-Rosen [12] and Rosen [23]). For a clear account of progress
concerning Brownian intersection local times up to 1990 see Le Gall’s lecture notes
[11]. For more recent results see Bass and Khoshnevisan [2] and Rosen [22].

For Brownian motion in the plane and with p taken to be Lebesgue measure,
Dynkin [5] introduced the idea of studying a, (i, A), where A is an exponential
random variable with mean one, independent of X (¢), and showed how this random-
ization of time leads to technical simplifications. Also, he introduced the following
renormalization formula

MhmEj P () e (12)

e—0
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2 1. INTRODUCTION

where ul(z) = [ fo(z — y)ul(y)dy and u'(z) = [;° e 'pi(x)dt is the 1-potential
density.
Let

n—1
n—1
i) = X0 (%) O a0 (13)
k=0
Heuristically, one may think of v, .(u) as

e (1) = / /{ o, K@) =)
H {fe(X(t;) = X(t;-1)) = 6(t; —t;—1)ul(0)} dty - dt, du(x).(1.4)
j=2

This formulation compensates for the difficulties caused when various of the t; are
close to each other.

In this paper we consider renormalized self-intersection local times ~, (u) for a
large class of radially symmetric Lévy processes in R™, m = 1,2 and positive finite
measures g on R™. We define p,(-) = u(z + -) to be the measure p translated by
x € R™ and study the continuity of the stochastic process {7y, (1), z € R™}.

Let (2, F(t), X (t), P®) be a radially symmetric Lévy processes in R™, m =
1,2 with I-potential density u!(z,y). Since intersection local times are trivial for
processes which have an actual local time we only consider Lévy processes for which
u'(0) = oo. Clearly u!(x,y) = u'(x —y,0) and since X () is radially symmetric we
sometimes write these terms as u!(x — y) or u!(]z — y|). The results obtained in
this paper are valid for a large class of radially symmetric Lévy processes which we
say are in Class A. This class contains the symmetric stable processes and many
processes in their domains of attraction. Class A is defined later in this chapter,
see (1.15) and (1.16), after which we give more details about the range of this class
and the scope of our results.

We use G2" to denote the class of positive measures p for which

/ / (u (2, ))*" du(z) du(y) < oo. (1.5)

It should be understood that when we say p € G27, that this is with respect to the
1-potential of some given Lévy process.

As in our recent work [17, 15| in which an isomorphism theorem of Dynkin
enables us to use ideas from the theory of Gaussian processes and Gaussian chaos
processes to study the continuity of Markov local times and additive functionals,
here too we develop an isomorphism theorem and use it to relate renormalized self-
intersection local times to higher order Gaussian chaos processes. We call them
2n-th Wick power chaos processes and denote them by : G2"p, :. These processes
are described rigorously in Chapter 2. But, roughly, here is how one can think of
them. Let us first note that the 1-potential, u'(z,y) of X(t) is positive definite.
This follows because

ul(z,y) = / e 'p(x,y)dt
0

and a symmetric transition probability density, here denoted by p:(x,y), is easily
seen to be positive definite for all ¢ > 0 by the Chapman-Kolmogorov equation. (See
also Theorem 3.3, [17]). We would like to be able to consider a Gaussian process
with covariance u!(z,y), however the 1-potentials that interest us are infinite at
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the origin. To deal with this we approximate u'(x,y) by a positive definite function
u}(z,y) such that u}(0) < oo and lims—_ou}(z,y) = u'(z,y). We then consider the
mean zero Gaussian process {G5(y),y € R™} with covariance u}(z,y) and take its
2n-th Wick power : G2"(y) :. (This is the Hermite polynomial of degree 2n in G
with leading coefficient one). We define

6=l [ GE W) dia) (1.6)

where the limit is taken in L2. This limit exists for u € G?*. Thus, given a Lévy
process with 1-potential u! and a measure u € G*" we consider the 2n-th order
Gaussian chaos process {: G*"pu,, :, ¥ € R™}.

The main result of this paper is the following sufficient condition for the almost
sure continuity of the renormalized self-intersection local time ~,, (1, ) as a function
of z. To be more precise we say that a random variable Y is a version of ~,,(u) if

in L*(Q x Ry, PY) for all y € R™, where P} is the product probability measure
PYPy, (and P, is the probability measure of A\). Often we simply say that a
stochastic process has a property almost surely when we actually mean that the
process has a version with this property almost surely.

THEOREM 1.1. Let X = {X(¢),t € R"} be a Lévy process in Class A and
p be a finite positive measure in G*. Let {: G*"u, :, x € R™} be the 2n-th
Wick power chaos process associated with X and p and let {v,(us), © € R™} be
the n-fold renormalized self-intersection local time process of X, with respect to
w. If {: G*™p, 1, x € R™} is continuous almost surely then {v, (i), * € R™} is
continuous almost surely.

Theorem 1.1 requires the continuity of the 2n-th Wick power Gaussian chaos
process {: G*u, :, x € R™}. Here is a well known sufficient condition for the
continuity of this process. For € G*" define a metric on R™

dwy) = ( [ o™ (d(uw(U)—uy(U)))(d(ux(v)—uy(v)))>1/2
1

= ——(BE(G"up:—:G*py :)2)1/2.

Gl (1.8)

(The last equality is explained in (3.14)). A sufficient condition for the almost sure
continuity of {: G*"yu, :, z € R™} is that

/Ooo(logNd(B,e))" de < 00 (1.9)

where B is the unit ball in R™ and Ny(B,¢€) is the minimum number of balls of
radius €, in the metric d, that covers B. (log Ny(B,-) is called the metric entropy
of B with respect to d). Thus we get the following corollary of Theorem 1.1:

COROLLARY 1.1. Let X = {X(t),t € R™} be a Lévy process in Class A and p be
a finite positive measure in G**. Let {v,(itz), * € R™} be the n-fold renormalized
self-intersection local time process of X, with respect to u. If (1.9) holds then
{Yn(ptz), * € R™} is continuous almost surely.
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Here is a concrete application of Corollary 1.1. Let 7(§) denote the Fourier
transform of (u!(x))?" so that

[ r0la©P i = [ [ (@ @.0)™" duta) auty). (1.10)

COROLLARY 1.2. Let X = {X(t),t € RT} be a Lévy process in R™, m = 1,2,
in Class A and {vn(is), x € R™} be the n-fold renormalized self-intersection local
time process of X, with respect to a finite positive measure p on R™. If

/oo (iejza (OO de) /2

X

(logz)" tdr < oo (1.11)

then u € G®* and {v,(uz), © € R™} is continuous almost surely. In particular, for
Brownian motion in R?, this is the case when

. 1
(&) =0 (W) as  [§] — oo. (1.12)
Furthermore for a Lévy process X in R? in Class A with Lévy exponent asymp-
totic to A2/(log |A|)%, a > 0, as A — oo, (see (1.19) below), the n-fold renormalized
self-intersection local time process of X, with respect to a positive measure p on
R2, is continuous almost surely if (1.12) holds with 2n replaced by 2n(1 + a/2).

We do not know whether (1.9) is a necessary condition for continuity of the 2n-
th Wick power chaos associated with u! for any measure p. Based on Theorem 1.5,
[15] and the results in [19] we suspect that at least for a class of smooth measures
1 a necessary and sufficient condition for continuity of the 2n-th Wick power chaos
associated with u!(-) is the one in (1.9) but with n replaced by 1/2. We do not
know how to prove this. The methods of [19], which prove a result of this nature
for second order Wick power chaos processes do not extend to higher order Wick
power chaos processes.

The isomorphism theorems we develop can be used to obtain other path prop-
erties of renormalized self-intersection local times besides continuity. In [16] and
[15] we used Dynkin’s isomorphism theorem to obtain moduli of continuity re-
sults for continuous additive functionals of Lévy processes. We can do the same
here for {v,(uz),x € R™}. However, since there is little new involved we will
leave this to the interested reader. Instead, we demonstrate the power of the iso-
morphism theorem approach by obtaining a bound on the exponential moment of
SUPge[—1,1]m |V (1) |*/™. The following theorem is proved in Chapter 9:

THEOREM 1.2. Assume that all the hypotheses of Theorem 1.1 are satisfied.
This implies, in particular, that {y,(us), z € R™} is continuous almost surely.
Assume further that the I-potential of X, ul(z) = O(1/x™%¢), as v — oo, for
some € > 0. Then there exist constants 0 < ¢,C < oo such that

EX exp (c sup |’yn(,ux)|1/”> <C (1.13)
ze[-1,1]m
forally € R™.
The next chapter contains a brief survey of properties of Wick products. In

Chapter 3 we define the Wick power chaos processes that enter into the various
isomorphism theorems which are the heart of this paper. In Theorem 3.1 we obtain
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a critical estimate for the behavior of a Wick power chaos in the neighborhood of
its diagonal.

The main isomorphism theorem of this paper, Theorem 4.1, relates renormal-
ized self-intersection local times of Lévy processes in Class A to Wick power chaos
processes. The result we obtain, (4.3) was obtained by Dynkin in [5], for Brownian
motion in R? with u taken to be Lebesgue measure. Dynkin’s result inspired this
paper but our proofs are quite different. Since the 1-potential of planar Brownian
motion has a logarithmic singularity, all of its powers are integrable. This simplifies
considerably the proofs of many of the estimates required. On the contrary, when
dealing with processes whose 1-potential has a power type singularity, obtaining
the necessary estimates is very delicate.

In proving the isomprphism theorem, Theorem 4.1, it is natural to work with
a renormalized self-intersection local time £,,(p) that does not have the same ap-
pearance as ¥, (u). Nevertheless, in Chapter 5 we show that the two formulations
of renormalized self-intersection local time are stochastically equivalent and hence
are interchangeable in these theorems. Another difficulty we must deal with is that
in the context of the isomorphism theorem, Theorem 4.1, it is natural to define
Yn (), P{ almost surely for some measure p € G', whereas it is more desireable
to define it Py for all z € R™. We can do this but we have to add an additional
hypothesis on the measures p, namely

sup| [ (u! (e ~ )" duty)] < o (1.14)

The reader may note that the hypothesis (1.14) does not appear explicitly in Theo-
rem 1.1. This is because (1.14) is implied by the condition that {: G*"p, :, * € R™}
is locally bounded. This is not easy to see. Indeed it requires two more isomorphism
theorems, Theorems A.2 and A.3 which deal with the intersections of independent
Lévy processes. We relegate all this material to Chapter A, an Appendix to this
paper.

In a brief Chapter 6 we put all the results of Chapters 4 and 5 together and
prove Theorem 1.1 and Corollaries 1.1 and 1.2. In Chapter 7 we describe a large
class of measures which are contained in Class A. In a brief Chapter 8 we give
examples of Lévy processes and corresponding measures p for which the n-fold self-
intersection local time process, {Vn(iz), * € R™} is continuous. In Chapter 9 we
prove our bound on the exponential moment of sup,¢(_y jm Y (pz)|/™, Theorem
1.2.

* * *

We now describe the Lévy processes in Class A. Let h: R™ — R! and b € R™,
m = 1,2. Define Aph(s) = h(s +b) — h(s) and AF .h(s) = ApAch(s). We say that
a Lévy process belongs to Class A if it is radially symmetric and its 1-potential
density u!(|s|) is regularly varying at the origin with index greater than minus two,
u! is bounded away from the origin, and there exists an so > 0 such that for |s| < sg

1
|Ayul(s)] < C|b|“(8|5|) for [b] < % (1.15)
and
2 1 U1(|3|) E
|Ab,cu (S)‘ < C(|bCD |S|2 for |b|7 |C| < Z (116)



6 1. INTRODUCTION

Also if u'(]s]) is slowly varying at the origin we require that it is asymptotic to a
decreasing function at the origin. This condition is clearly satisfied when u!(|s|)
is regularly varying at the origin with index less than zero. Finally, let |s| = r
and consider (u!(r))’, the derivative of u! with respect to r. We require that for
all 7o > 0, (u*(r)) Vv (ul(r))” < Cp, for all r > rg > 0, where C,,, is a constant
depending only on rg.

Symmetric stable processes in R?, including Brownian motion in R2, are in
Class A, as are symmetric stable processes in R! with index 3 < 1, but Class A is
larger than this. Let

EerX®) — =t (A, (1.17)

We refer to i as the Lévy exponent of X. We show in Chapter 7 that “stable
mixtures” are in Class A. These are Lévy processes, which we introduced in [18],
which are defined in terms of their characteristic exponents

B
B(A) = / A des(s) (1.18)

where ¢ is a probability measure such that support(¢) = [a, 5], where 0 < a < § <
2. It is easy to see that this is a Lévy exponent since it is the limit of a linear
combination of the Lévy exponents of symmetric stable processes. The class of
function given in (1.18) is fairly general. It follows from Lemma 3, [18] that for any
function g which is regularly varying at infinity with positive exponent or which is
an increasing slowly varying function at infinity we can find a Lévy exponent of the
form of (1.18) for which

AP
Y(A]) ~ p as |A| — oc. (1.19)

(log |A])
The condition that 1 € G*, an hypothesis that is required by the approach we
take to study double points in R™, along with our interest only in those processes
for which u!'(0) = oo, restricts our consideration of stable mixtures to the cases
3/2< B <2whenm=2and 3/4 < <1whenm=1.

If the integral appearing in the definition of G2*, (1.5), is finite for any positive
measure on R™, it is finite for Lebesgue measure on [—1,1]™. This shows us that
for n > 2, G>" is empty for positive measures on R™, m > 3. Note that Lévy
processes do not intersect in R* but in R® they can have (at most) double points.
That is, one could consider intersections for Lévy processes in R? but Theorem 1.1
says nothing in this case. However, in R' and R?, we get interesting results.

For symmetric 3 stable processes in R?, 3 < 2, the requirement that u € G2"
means that 3 > 2 — (1/n). However for Brownian motion in R? and for certain
Lévy processes in R?, in the domain of attraction of Brownian motion, we can
find positive measures p € G2 for all n. A similar situation exists in R'. In this
case 1 € G?" requires that 3 > 1 — (1/2n). However for the symmetric Cauchy
process in R! and for certain Lévy processes in R' in the domain of attraction of
the symmetric Cauchy process, we can find positive measures p € G2 for all n.

It is well known, [13], [8] that

/ (ul(aj))n dr < 00 (1.20)

is necessary and sufficient for n-fold self-intersections to exist almost surely. Let v
be Lebesgue measure on [—1,1]™. It is easy to see that for 1-potentials which are
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bounded away from the origin
/ (ul(x))n dx < oo (1.21)
[_171]7n

if and only if v € G™.

The criteria for the existence of 7, (1) are much stronger. We define v, (1), P{
almost surely, as a limit in L?. Consequently we require that E|y,(u)]?> < co. We
show in Lemma 5.1 that for many Lévy processes in Class A and smooth measures
U, E|vn(1)]? < oo if and only if u € G2". Roughly speaking, the sufficient condition
for the continuity of {7, (), x € R™} given in Corollary 1.2 is only slightly stronger
than this.

We now discuss one way to interpret Theorem 1.1 which shows why it is in-
teresting to have this result for a wide class of measures. First let us note that
the 1-potential of a symmetric 3-stable process in R? is asymptotic to 1/|z|>#,
at the origin, and is also the density of a measure on R%. This shows that we can
find measures 1 on R2, absolutely continuous with respect to Lebesgue measure,
with density asymptotic to 1/|z|>~¢ at the origin for any € > 0, for which (1.12) is
satisfied for all n. Depending on the Lévy process considered, some, or all, of these
measures are admissible in Theorem 1.1. Now, ideally in Theorem 1.1, one might
want to take for the measure pu, the §—function at some point in the state space of a
Lévy process. Then one could talk about renormalized self-intersection local times
of the Lévy process at this point. But this is infinite. So, instead we ask, how strong
a weight can we put near a point and still obtain a renormalized self-intersection
local time for the process in the neighborhood of the point? We obtain some an-
swers to this question and also show that the renormalized self-intersection local
time process, which is obtained when this weight (measure) is translated through
the state space, is continuous almost surely. Of course, we need not only consider
measures which are absolutely continuous with respect to Lebesgue measure. An-
other interesting application of these results would be for measures supported on a
subspace of R? with fractional Haussdorff dimension.






CHAPTER 2

Wick products

We begin by giving the definition of Wick products and develop several useful
relations involving them. Let {G¢, t € T} denote a mean-zero Gaussian process
indexed by some set T', and let

9(s,t) = E(G5Gy)

denote its covariance. Recall the well known equation

2m m
E(H Gtz) Z H t'Pk 17t7:’k2 (21)
i=1 k=1

where the sum runs over all possible pairings P, i.e. partitions of {1,...,2m}, into
two element subsets (pairs). We let (P,1, Pk 2) denote the k—th pair of P. Note
that the expectation of a product of an odd number of the terms Gy, is zero.

The Wick product of {Gy,; i = 1,...,n} which we denote by : ]\, Gy,
defined by the equation

n [n/2] J
: HGL = Z (_l)j Z H g(tﬁk 17t73k 2) H Gy, (22)
i=1 =0 Bl k=1 ' T iepe

where, for fixed j, the second sum runs over all possible choices P of J pairs of
indices chosen from {1,...,n}, and (Py 1, Py.2) denotes the k—th pair in P. Here

|P| = j, the number of pairs in P.

Let Z,, denote the closed subspace of L? generated by all products of the form
Hznzl Gy, with 0 <m < n. Let J, =7, ©Z,_1 denote the orthogonal complement
of T,,_1 in Z,,. Let Q,, denote the orthogonal projection of L? onto J,,. We claim

that
Qn(H Gy,) =: H Gy, : . (2.3)
i=1

i=1
To verify (2.3) we must show that : [[ | Gy, : satisfies

: Hth : _HGti IS
i=1 i=1

and that : [\, G, : is orthogonal to Z,,_;. The first requirement is obvious from
the definition (2.2). To establish the second let us first note that by (2.1) we have

E(H th,i HGtz,i) (24)
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[P |P?| [P?

= > lote tp) Hgtvfltvz2 Hgfpsl

P=PlUP2UP3 k=1

where the sum runs over all pairings P of {(1,1),...,(1,5),(2,1),...,(2,m)}, and
P = PLUP?U P3. Here P! denotes the subcollection of pairs in P whose first
components are both 1, P2 denotes the subcollection of pairs in P in which the
first component of one element is 1 and that of other element is 2, and P2 denotes
the subcollection of pairs in P whose first components are both 2. By (2.2)

E(Z H th,i : H Gtz,i) (25)

[n/2

Z ZHQ AR HGtuHGtzl

|’P| ]k 1 icPpe

Now let P be the pairings of {(1,1),...,(1,5),(2,1),...,(2,m)} and define P!, P2
and P? as above. We see that the left-hand side of (2.5)

[P

[n/2] 1
= ¥ Z(_1)J‘<7; |) Hg tp1 otpr ) (2.6)

P=PluP2uP3 | j=0
|P?| [P?

H g tp2 tp2 H g tp'a tps

1
since there are precisely (IZ I) terms in the sum

J
Z Hg(tlﬁk,l’tlﬁk,z) H G

|P|=5 F=1 iepe

which give rise to the partition P = P! U P2 U P3. That is, there are precisely
1 ~

(|7>j ) ways to choose sets P with j pairs from the |P!| pairs of P'.
Since |P1| < [n/2], we have

[:i](_ly A Liol(_l)j (7' -0 o

whenever P! is not empty. Therefore we need only consider the terms in which P!
is empty. This gives us

Ll 1P

E(: Hth,t : HGtw) = Z H g tp2 ,tpz H g tp% ,tpss . (2.8)
=1 =1

P=P2UP3 k=1

If m < n and m + n is even, P! can not be empty. Thus we see that

EG:][Gn, :[[Gr.) =0 (2.9)
=1 i=1



2. WICK PRODUCTS 11

if m < n, i.e. that : []"_; Gy, : is orthogonal to Z,,_y. Furthermore (2.8) also shows

that
|P?

n n \
E(: Hth,i : HGtz,i) = Z H g(tP,il?tPg_?)' (210)
i=1 i=1 P={P2} k=1 '

This can be written more suggestively as

E(: HG” i HGSi D= Z H g(ts, sx33)), (2.11)

T k=1
where the sum goes over all permutations 7 of {1,...,n}.
The following generalization of (2.11) will be useful.
ko N/2
E(IT: 116w 0 =>_ II 9ttpu.-tp...) (2.12)
j=1 =1 P m=1
where the sum runs over all pairings P of the set {(j,i); 1 < j < k; 1 <1 < n;}
such that if P = {(Pm,1,Pm,2); 1 < m < N/2} where N = Zle n; and for any
m we have (P, Pm2) = ((4,7),(4',7)) then j # j'. In other words, we never
pair two Gy, terms from the same Wick product. The equation in (2.12) can be
proved similarly to the proof of (2.11). Consider
ni k nj
EG][Gu, : [ITIG:.) (2.13)
i=1 j=2i=1
We can use the same proof as in (2.5) and (2.6) to see that the terms in {Gy, ,};;
that are paired with themselves contribute nothing to (2.13). Next we consider

ni no k nj
E(: HGtm i HGt?vi : H H Gi.)- (2.14)
i=1 i=1

j=3i=1

and see that this is also true for the pairings of {Gy, ,};; with themselves. Pro-
ceeding recursively we get (2.12).
Using (2.12) we can now establish the expansion formula

(2.15)
k n; |P| k
H : HGt"’i’ = Z Z H g(t'Pm,ut?’m,'z) : H th,z :
j=1 =1 (A1, Ar) P=P(UF_ A;) m=1 J=1i€AS
where the first sum runs over all k-tuples of subsets (Ai,...,A;) with A; C

{(4,4); 1 < i < n;}, and the second sum runs over all pairings P of U;‘?:lAj such
that if P = {(Pm,1, Pm,2); 1 < m < |P|} and for any m we have (Pp1,Pm2) =
((4,4), (§',1")), then j # j’. In other words, we never pair two indices from the same
Aj;. To verify (2.15), it suffices to show that both sides of (2.15) have the same L?
inner product with all Wick products, and that can be done using (2.12).






CHAPTER 3

Wick power chaos processes

In this chapter we define what we mean by a Wick power chaos and a Wick
power chaos process. We also obtain a critical theorem on the behavior of a Wick
product chaos in the neighborhood of the diagonal, that is, the rate at which a Wick
product chaos approaches a Wick power chaos. On a first reading of this paper, we
recommend studying the present chapter up to the statement of Theorem 3.1, and
then going on to the following chapter.

For a given 1-potential u! and some positive integer p let u,v € GP, i.e. (1.5)
is satisfied with 2n replaced by p. Since u' is positive definite we can define the
inner product

V) ) = / / (u (& — )P du(z) dv(y). (3.1)

Denote |[ul|?,) = (1, 1) (p)- Let us also note that, trivially, ||uall(p) = [lie]lp) for all
a € R™.

LeEMMA 3.1. Let p € GP, then for all ay,...,ap € R™

/ / [T (&~ + a0) dute) duy) (3.2)

is continuous in (ai,...,ap,) and is bounded by ||,u||%p).

PrROOF. Let a = (a1, ...,ap) and denote the integral in (3.2) by V(a). Taking
Fourier transforms we see that

P P
V(a // Hewu Hem H1+¢ z:l)\j )2 d.
=

j=1

Note that p € GP is equivalent to

//H1+w ékg )I? dX < oo, (3.3)

Therefore the Lemma follows from the dominated convergence theorem. O

Let f5(y) be a continuous positive symmetric function on (y,d) € R™ x (0, 1]
with support in the ball of radius § and such that [ fs(y)dy = 1. That is, fs is
a smooth approximate identity. We assume that f5(-) < C/§™ for some constant
C. Set f.5(y) = fs(y — z). By u'(d), for § > 0, we mean the 1-potential density
evaluated at any element in R™ with absolute value equal to §. We note the
following simple estimate:

13
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LEMMA 3.2. Let u' be the I-potential of a Lévy process in Class A, and assume
that it is in LP with respect to Lebesgue measure on [—1,1]™. Then for allb € R™,
m=1,2

J @@= v)r i@ ds < ol 6). (3.4)
for 6 < g, for some &y sufficiently small.

PROOF. Since u' is radially symmetric and u!(| - |) is regularly varying at the
origin, and hence effectively decreasing in a neighborhood of the origin, it is easy
to see that

C

Jwa-nrnwae < ey (3.5)
< S wehperd < o)y,
§<6

O

We now define the 2n-th Wick power chaos. Let u! be the 1-potential of a Lévy
process in R™. Let 6, ¢ € G*, with respect to u'. We define {G,,p € G} to be the
mean zero Gaussian process with covariance

B(GaGo) = [ [ u(a.y) db() doty). (3.6)
Set ps(dx’) = fs(2')dz’ and py s5(dx’) = f.s(z')dz’. Tt is clear that p, s(dy) € G'.
Let Gy s def Gy, s and consider the mean zero Gaussian process {G s, (z,0) €

R™ x (0, 1]} with covariance
B(GasGyo) = [ [u @ s)pmslde o)

= [ [eeray e mlao@)  60)

def
= ’U/};,(;/ (‘T7 y) .
Since ps(dy) € G, uj 5(0) < oo.
It follows from (2.2) that the 2n-th Wick product formed from G, s satisfies

n

LG = ZO(—I)J' (Z?) %ﬁ' (ud 5(0) G257 (3.8)

and, by (2.11), that

E(: G5 = Gl o) = (2n)(ug 5 (2 — y))*" (3.9)
We note, for later use, that it also follows from (2.11) that
2n 2n 2n
E(: Hvaﬁ $ HGwiﬁ/ ) = Z H uj 5 (Vr, — W) (3.10)
i=1 i=1 T k=1

where the sum runs over all permutations 7 of {1,...,2n}.
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Let u € G*. Tt follows from (3.9) and Fubini’s theorem that
E </ G2 GZTL(;, : du(zx) du(y))
= (2nt) [ [ (k)" (o) ) (3.11)

= (2a) [ oo [ TLu sv09) TL prslatog)oy o (dus) due) duty)

= (20) [ oo [ TLu + vys+ wp) [] ooty o (dws) dia) avty)

:(Qn!)/..‘/ //ﬁul(m—y+vj—wj)d,u(x)du(y)
2n

1T ps(dv;)ps (duw;).

j=1
By Lemma 3.1 the double integral in parentheses immediately above is continuous
in (v —wi,...,va, — wa,) and goes to

2n
[/ 1w - v dute) v (312)
j=1

as sup; < <oy, |vj — w;| — 0. Hence for any p € G?", the 2n-th Wick power chaos
cqrny lim / L G2 dp(x) (3.13)
exists as a limit in L? and furthermore
BG G 67w ) = (20) [ [ @) duydvly) (310
for all u,v € G2*. For later use we also define
LGP = / : Gi”% s dp(z). (3.15)

We define a 2n-th Wick power chaos process to be the stochastic process {: G*"p, :
,& € R™}. This process induces a natural metric d on R™ which is given in (1.8).

Our use of the term chaos to describe : G*" : and {: G*"u, :,x € R™} is
consistent with classical usage. A good reference that describes processes of this
sort is [1], in which they are called H-chaos processes. This reference contains
many interesting results about these processes, some of which are used in this
paper. However, since our definition and the representation (2.4), [1] are not easily
seen to be the same, we show how they are related.

An alternate way to define Wick powers, : Y : of a Gaussian random variable
Y with mean zero, is by the generating function equation

oo

NEY? A"
exp<)\Y— 5 >—Zn':Y":. (3.16)

n=0
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One can check that this is the same as (3.8). When ¢ is a normal random variable
with mean zero and variance 1, (N(0,1)), (1/v/n!) : g™ : is the Hermite polynomial
of g of order n and : g™ : is the Hermite polynomial of degree n normalized so that
it has leading coefficient 1.

Let {G(z),z € S} be a real valued Gaussian process with Let {G(z),z € R™}
be a real valued Gaussian process with Karhunen-Loeve expansion

G(z) = Zgi¢i($) (3.17)

where {g;}$2, is an independent identically distributed sequence of N(0,1) random
variables. By (3.16) we see that

exp (/\G(x) - W) = 1:[exp (x\qbi(x)gi - ’%) (3.18)

=)
= I e

i n=0

which implies that

()= Y di (@) bi (@) [ Homy i) (99) (3.19)
115stm j>1
where H,, is the Hermite polynomial of degree m normalized so that it has leading
coefficient 1 and m;(i1,...,im) = Y.y I(i, = j). Using this with an obvious
change of notation we see that

/ : Gi’fé D dpy(x)
= > /%(%5)"'</>i2n($75)dﬂy($)HHmj(il ..... i) (95) (3.20)

11,0020 Jj=1

For fixed y € R™ the H-chaos random variables considered in [1] are the closure in
L? of terms such as the right-hand side of (3.20).

In current parlance chaos generally has a different meaning than to describe
processes such as (3.20). However, its usage in our context is well established. It
dates back to Wiener’s 1938 paper, The homogeneous chaos, [26], in which it is used
to describe multiple stochastic integrals with respect to Brownian motion. (The
expression on the right-hand side of (3.20) is a discrete version of such an integral).
Wiener was motivated by problems in statistical mechanics. The development of
his ideas in this direction is discussed Masani’s biography of Wiener, [20], pages
149-151. Further references as to how his ideas were developed can be found in [20]
and [1].

The next theorem is the principle result in this chapter.

THEOREM 3.1. Let X be a Lévy process in Class A and let G5 s be a Gaussian

process associated with X as defined in (3.7). Let u € G* and k < n, then for all
0>0

2k
sup | [T Guvans s dulo)=: G3ns o (3.21)
=1

|z;|<e

= o((u'(e)) =) as € — 0.
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The following lemmas are used in the proof of Theorem 3.1 although the full
strength of Lemma 3.4 is not used until the proof of Theorem 5.1.

LEMMA 3.3. Let 1 be a positive measure on R™ and f : R™ — [0,00) be such
that

/ / £z — ) dp(z) du(y) < oo (3.22)

Then for each r > 0 there exists a positive decreasing convex function g on [0,00)
such that limg | g(x) = oo, x"g(x) is increasing for x € [0,00) and

/ / o1z — y) F(@ — 1) dua) du(y) < oo. (3.23)

%noindentProof

PROOF. (This is elementary without the condition that |z|"g(z) is increasing).
Let {nk}2, be such that 2n441 < ny and

/ /| S dut) <27 (3.24)

If limg oo ng > 0 the assertion is trivial. Otherwise, define g(ng) = 28%, k = 1,2, ...
where a < logy(r+2)—1, and let g(x) be its linear extension. (Let g(z) = g(ny) for
x > nq.) Since g is piecewise differentiable to show that x"g(z) is increasing it is
enough to show that the derivative of a"g(z) is positive for > 0. This is implied
by the following inequality:

(9(nk+1) — g(nk))ng
(N — Ngg1)r

g(ng) > k=1,2... (3.25)

which follows from the definition of a. O

LEMMA 3.4. Let X be a Lévy process in Class A with 1-potential u' and let
W€ G2, Then for all ai,...,ar in R™ and 2 < g < 2n

a;

q
de
Le % sup / / 182 0t @ — g+ an)| [[ (= g+ a2) du(e) dia(y)
1=2
= o (B) D@ () YD) as Bl — 0 (3.26)
and

sup / / Atz =y + an)| [ uh(@ — y + as) dia() dia()

a; .
v =2

= o((u'(]b]))~ =DMy s [b] — 0. (3.27)
Furthermore, for 3 < q < 2n

sup / / Aprt (= g+ a) | At (2 — y + a2)| [ [0z — v+ a)dpa()du(y)

a; .
¢ =3

= o((u" ([o])) ="~ (! (|ef))~*=9/) as |ol, || — 0. (3.28)
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PROOF. We prove (3.26) and (3.27). The proof of (3.28) is similar. We begin
with (3.26). Without loss of generality we assume that |[b] < |c|. By the multiple
Holder inequality and Lemma 3.1

1/p
oo < Csw ([ [188 00 - P din @ ) Ity 29

where p = 2n/(2n — ¢+ 1).

By hypothesis © € G2*. This implies, as we remarked after Theorem 1.1, that
Lebesgue measure on [—1,1]™ is also in G". Let z € R™. Since u!(]z|) is regularly
varying at zero, we see that

|z lul ([2) @) = 2P L(|2)) (3.30)

where §; > 0 and L(|z]) is slowly varying at zero. The full range of 67 is (0,1]. 61 > 1
is not possible because we assume u!(0) = co. Let g be a function as determined in
Lemma 3.3 for which (3.23) holds with f(z —y) = (u!(Jz —y|))?" and with r = §;p.
Set ¢(|2]) = (u'(|z]))~ =@/ g(|z)~/?. Since g(|2|) is decreasing as |z| increases
and u'(]z|) is asymptotic to a decreasing function at the origin, for our purposes,
we can assume that ¢(|z|) is increasing on [0, z1] for some z; > 0.
Consider s
21/6121) = 11" /2L(=) (g(1=D)l=1"7) . (331)

Since |z|°*/2L(|z|) is regularly varying at zero with a positive index it is asymptotic
to an increasing function on [0, 23], for some z3 > 0. Therefore, we can assume that
|2|1/2L(|z|) is increasing on [0, z3]. Also g(|z|)|z|**? is increasing by Lemma 3.3.
Thus |z|/¢(]#|) is increasing in |z| for |z] < z3. Finally, we choose some zyp < (21 Az2)
so that |z0|/¢(]z0]) < 1. Clearly, to establish (3.26), we need only consider |z| close
to zero. Let sg be as given just before (1.15) and set ¢y = (sg A 20)/6. Since
|z|/¢(|z]) is increasing in |z| for |z| < &, it follows from (1.16) that

183t (9)] = ColB e’ sy ey <!

a0 < é. (3.32)

Without loss of generality we take ¢ < ¢.
Let D = {(z,y); |xr — y| > 4¢o}. By hypothesis (u!(r))’ V (u!(r))” is bounded
on {(z,y); |r — y| > 2é}. Therefore

sup [ [ 183 ! (@ = )l s @) ) < OB (3.33

It follows from (3.30) that |b||c| = o((u!(|b])) ="~/ (u!(|c|))~(*=9/2))as |b], |c|
— 0. Thus we see that (3.26) holds if the range of integration is restricted to D.
Consider (3.29) integrated over D¢. Furthermore, without loss of generality we
take |c| < é&. We decompose D¢ into A; U Ay where Ay = {(x,y); 4lc| < |z —y| <
4¢p} and Ay = {(x,y); 4|c| > |z —y|}, and obtain (3.26) separately for the integrals
over each of these two regions.
Using (3.32), with s replaced by = — y, we have that

sup//mmbc 2 — 9P djta, () dp(y)

< C97 ()6 (|e) sup D) duty) (330

< Co([o) g (Iel)
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sup / / (2 — ) (a1 — )" dte () ds(y)

— of(ut (Jbl)ut (Jef))~=9/2)
sup / / (I = ) (a1 — 91))>" dptar () dis(y).

By construction g(]z|) is convex and hence is a positive definite function on
R™. This can be shown similarly to the result in R' starting with the fact that
for a,& € R™, 1 — (|¢|/|al) is the characteristic function of a measure on R™ with
density C(1 —cos(a-z))/(|a||z|™*1), for the appropriate constant C. This is easily
seen using polar coordinates and the corresponding result in R'. (See e.g. [7],
pg.478). Furthermore, since the product of positive definite functions is positive
definite g(|z|)(u!(]z]))*" is a positive definite function on R™. It now follows from
Lemmas 3.1 and 3.3 that

/ / (I — D) (12 = y1)" dite, () dpa(y)
/ / (2 — gz — )" du(e) du(y) < co.  (3.35)

Therefore, we see from (3.34) and (3.35) that

S“"(//Al A2 . (z — ) djta (=) dpy >) v

= o((u!([B])u’ (Jef)) =792, (3.36)
We next consider the integral over A,. Since
A} cu' (= y)| < |Apul (z =y + o) + [Apu' (z — y)] (3.37)

it suffices to consider separately

a [ [ 18 () dit, () () (3.39)

and
sup / /A A (@ — )P dp, (z) dis(y). (3.39)

To bound (3.39) we write As = By U By where By = {(z,v); 4|c| > |v — y| > 4/b|}
and By = {(z,y); 4|b] > |z — y|} , (recall that |b] < |¢c|), and bound the integral
separately on each region.

To handle the integral on B; we note that since |b|/¢(|b]) is increasing for
|b] < &y and (1.15) holds on By we have, as above, that

A o = )] < Oy £ =) (3.40)

on Bji. On the other hand, since ¢(4r) is increasing on 0 < r < &), we also have
that

dle| 2 |z —y| = d(4lc]) = ol —yl) (3.41)
on B;. Combining (3.40) and (3.41) we see that

sup//B |Apu' (z —y | dita, (z) du(y) (3.42)
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< C¢P(|b)) sup//
B1

< CoP(b)d" (4]c]) sup// ¢2

Proceeding as in (3.34) we get (3.36) but with the range of integration Bj.
To handle the integral on By we first note that since

dua1 (z) du(y)

Ix—

dual (z) du(y).

Ayl (z — )| < Ju'(z =y + )| + |u' (z — y)] (3.43)
it suffices to obtain a bound less than or equal to the last line of (3.42) for both
sup [ [t =y D dpo, () dit) (3.44)
B2
and
sup [ [ fut @ = )P e ) (). (3.45)
Ba

The last integral, (3.45) is easily bounded as above using (3.41) for both |b| and
le|. To bound (3.44) we first note that

{(z,y); 4b] = |z —y + bl} C {(z,); 50 = [ —yl}. (3.46)
Consequently, translating by —b in the x variable in (3.44) we obtain

sup//B [ (& — g+ B)P dpia, () dis(y)
<sup / / )P i 00 ) (3.47)

< sup / / il (& — )P dptar () dpy)
ar J Jsjpl>la—y|

< Co?(5[b]) sup dual(x) dp(y).

where, at the last step we use (3.41) with 4|c\ replaced by 5|b].
Finally to bound (3.38) we translate by —c in the x variable and obtain

sup / /A B0y + P dit, () () (3.48)
< sup / /A2 A (@ = )P dptan 1) dp(y)

<swp [ [ Bt o = )P dit () di(v)
a {Blelzlz—yl}

(A2)e = {(x,y); 4le| =[x —y +cl} < {(z,y); 5le| = [z —yl}. (3.49)

Note that (3.48) is the same as (3.39), except that in the region of integration 4|c|

has been replaced by 5|c|. Going over the previous arguments we easily see that

the methods used to bound (3.39) also work for (3.48). This completes the proof
of (3.26).

The proof of (3.27) is similar to the proof of (3.26) except that we take ¢(|b|) =

(u*(|b]))~Gn=DAng(|b])~1/P. Note that the requirement that |b|/¢(|b|) is increasing

since
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necessitates the condition that the exponent of u!(|b|), in the definition of ¢(|b|)
not be smaller than —n. O

PRrROOF OF THEOREM 3.1. Note that the left-hand side of (3.21)

(3.50)
2k j 2% i1 2k
< Z sup || : HGoni,é H Ggps:—: H Gota;o HGM; 2] du()||2
j=1 lmil<e i=1 i=j+1 i=1 i=j
The square of each L? norm in (3.50) is of the form
2k—1
I+ TL Gt (Grvens = ) s duta)} (3.51)
i=1
2k—1
= //E <: H Gm—&-cqy,é (G$+C2k,5 - Gw,é) :
i=1
2k—1
: H Gy+c,;,6 (Gy—ﬁ-czk,é - Gy,é) :> dILL(’I) d.u(y)
i=1
where |¢;| <e€,i=1,...,2k and we use the fact that Qs is a linear operator, (see

(2.3)). In light of (3.10) the expectation of the Wick products in (3.51) is a sum of
two types of terms. One type is of the form

2k—1
[T wisle =y +a)AZ, us s — y) (3.52)
i=1

which occurs when the Gaussian process (Gyc,,,6 — Ga,6) is paired with (Gy4c,, .6 —

where A%u}w(x —y) = 2uj 5(x —y) — uj5(x —y +b) —uj 5(x —y —b). The other
type is of the form
2k—2
H u<1576(x —Y+ aj)ACQk—lut%,ﬁ(m —y+ dl)Aczku};ﬁ(‘x —y+ d2> (353)
i=1
which occurs when (Gyiec,,,6 — Ge,5) is not paired with (Gyye,,.5 — Gy5). Here
la;], i =1,...,2k — 2, |d1| and |dz| are all less than or equal to 2¢. Note that

|Afus (@ —y)| = |AF yus sz —y +b)]. (3.54)

Using (3.52) and (3.53) we can estimate the terms in (3.51). In both (3.52)
and (3.53) we replace ug 5 by the second line in (3.7) and interchange the order of
integration, integrating first with respect to du(z) du(y). We can then use Lemmas
3.1 and 3.4 along with (3.54) to obtain Theorem 3.1. (Actually we get 2¢ on the
right-hand side of (3.21) but we can replace this by € since u! is assumed to be
regularly varying at zero). O

We also need an extended version of Theorem 3.1.

THEOREM 3.2. Let X be a Lévy process in Class A and let G, 5 be a Gauss-
ian process associated with X as defined in (3.7). Let {G(j).s}721 be indepen-
dent copies of G, 5. Let {Dy(x,€),x € R™} be a stochastic process independent

Gy75)7
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of {G(j).e.stjeq for which ||Dy(z, €|z = O((u*(e)*), k > 1, and Dy = 1. Let
nzzm n; and 1 € G2 wheren > 1 and n+k < o, then for all § > 0

j=1
m  2n; m
sup || H : HG(]-)’QHII.’(; D= H : G?;)i$75 | Di(x,€)dp(x)]]2(3.55)
|z <e =1 =1 j=1
= o((u'(e)) "o (nFkD) as € — 0.

PrOOF. The left-hand side of (3.55)

m p—1 2n; m
2n;
<3 sw | [T 60w 11 60 @9
p=1lzilse S Gor oy j=p+1

2ny
2 P
(; [[Cwatens: =Gl ;) Dy (z, €) du(z)||2.
i=1

Proceeding to expand the difference term as in (3.50) we see that the square of each
L? norm in (3.56) is bounded above by the sum of terms of the form

p—12n; m
// H Hu§75($ —y+ai) H (uj 5(z —y))*™
j=1i=1 j=p+1

2np,—1 2np—

1
E: H Gotes (Gw+62np,6 - Gz,ﬁ) 8 H Gyteis (Gy+62np,5 - Gy,é) :
i=1 i=1

E(Dy(x, €)Dr(y, €)) du(x) du(y)
where |c.|] < e. Here we have already taken the expectation with respect to the
probability spaces supporting {G(j)7m75}, for j=1,...,m, excluding j = p.

Using the Schwarz inequality on the Dy term in the expression above and the
argument preceding (3.52) on the expectation of the Wick products, we see that
the left-hand side of (3.55) is bounded above by the sum of a finite number of terms
of the form

2n—1

c / / H uso(w =y +a)) A2 ujs(x—y)(u' (€)™ du(z) du(y)

or
2n—2
C// I wsle =y +a)Ac,, _ ujs(x =y + di) Ay, uj 52 — y + da)
=1
(u'(€))** dp(x) du(y)

where |c.| < €, |a.| < 2¢ and |d.| < 2e. These are precisely terms of the form we
dealt with in the proof of Theorem 3.1. The same argument used there completes
the proof of this theorem. O

In Chapter 5 we will use the following variation of Lemma 3.4:

LEMMA 3.5. Let X be a Lévy process in Class A with 1-potential u' and let
1€ G2, Assume further that

sup| [ (u! (= )" duy)] < . (3.57)
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Then for all ag,a1,...,a; in R™ and 3 < ¢ < 2n
q
~ de
foe  sw [ [ule - a8 (o~ y o) [] o~y + a0 du(e) dutw)
@i 1=3

= o((u' (Ip))~"=D (! (je) " VP)  as (bl [e] =0 (3.58)

and
sup// (x — ao)|Aput (z — +a1|Hu x—y+a;)du(z) du(y)

= o((u*(|b]))~ =Dy as |b| — 0. (3.59)
Furthermore, for 4 < q < 2n

sup// x—a0)|Abu (x—y—i—al)HAcu (x —y+a2)|

Hu%x — Y+ a;)dp(x)dp(y) (3.60)
=4
= o((u! (|p]) =" (W (|e) =" YD) as [b,[e] — 0.

PROOF. We prove (3.58). The proofs of (3.59) and (3.60) are similar. By the
multiple Holder inequality and Lemma 3.1

he < Csup ([ [0 —ae—y+a)" duto)duty >)1/n

(/] 188 P @) iz o

where p = 2n/(2n — ¢+ 1). Integrating first with respect to y we see that

[ o= ot -+ a2)" duto) duty
<sup ([ te = ) auty )) (3.62)

which is finite by hypothesis. Thus we get
. 1/p
o< Csw ([ [ 18806 - 0P duw @ ) Il G03)
ay

This is precisely the term in (3.29). Thus we get (3.58) just as we obtained (3.26).
O






CHAPTER 4

Isomorphism theorem

Let p € G! be a compactly supported probability measure. As usual we set

PPy = [ P dpo) (4.1)

Recall that A is a mean-1 exponential random variable, which is independent of X.
We define the product measure

PL() = PPPy() (4.2)

and use Ef to denote expectation with respect to this measure. Py is the probability
measure of the Lévy process X, with initial distribution given by p which is killed at
the exponential time A. We denote expectation with respect to the chaos processes
by Eq.

Let f denote a bounded, strictly positive, uniformly continuous integrable func-
tion on R and let f - dx denote the measure on R™ with density function f.

We now state an isomorphism theorem which relates the Wick power chaos
: G®y : and the renormalized intersection local time +, (u). This isomorphism
theorem is the main technical result of this paper. Its proof occupies the rest
of this chapter. Immediately after stating this theorem we will define the terms
(: G*("=F) . % £})(u.) which appear in it. They will be defined in terms of the Lévy
process X and the associated Gaussian process G defined in the previous chapter.
We eventually show that L£,,p = nly, (1), P{ a.s.

THEOREM 4.1. Let X be a Lévy process in Class A and let {p;}52, be sequence
of finite positive measures in G2". Then, for any compactly supported measure
p € G' and C measurable non-negative function F on R>®

Bol (F (Z BE=SE xz:m(u.)) f(X») (4.3

k=0

1
= EG (F <2n : Gzn,u :> Gprdz)

where C denotes the o—algebra generated by the cylinder sets of R*.

In order to define the terms (: G2("=%) . x£;)(p.) we first define the ‘chain
factors’

ch def / H ut(zp — 2p_1) er(x,) dz; (4.4)
k=2 i=1

25
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for j > 2, and set ch§ = 1. (The reason for the name ‘chain factor’ will become
clear in the course of proving Theorem 4.1). Let

!
Biu=7 > [len. (4.5)

By convention, we set Bj, = 1 and B, g = Bj,, =0, n =1,.... We note that
{B5 1.} k=0 s a lower triangular matrix with Bj; =1 for all 0 < j <n. Let

A
L = / fe(X(t) — ) dt. (4.6)
0
We recursively define £, n =0,1,2,... by

(L") = By Ly". (4.7)
k=0

It is easy to see that £;° = 1 and £¥€ is a polynomial of degree n in L™ with
leading term (L*€)". Furthermore for each ¢ > 0, £}’ is continuous almost surely.

We now define the terms (: G2("=%) . x £;)(u.) which appear in the isomorhism
theorem as

(: G2=R) ey () lim / L GEER) L L0 dp(a). (4.8)

In Lemma 4.2 below we will show that the limit in (4.8) exists in L2(f(X,) dP{ dPc)

for each K =0,1,...,n. Here we use the convention that : Gg,e := 1. In particular
def . T.e

Lop = hn%/ﬁn’ du(x) (4.9)

exists in L?(f(X,)dP{). L,p is a renormalized n-fold self-intersection local time
which we will show in the following chapter can be taken to be n!vy, (u).

Our isomorphism therem, Theorem 4.1, will be derived as a consequence of
the much simpler isomorphism theorem, Theorem 2.2, [15] which relates continu-
ous additive functionals of strongly symmetric Markov processes to second order
Gaussian chaos processes. For the precise hypotheses of this theorem we refer the
reader to [15]. It does apply to the Lévy processes X in Class A that we are con-
sidering in this paper. We use L} to denote the continuous additive functional of
X with Revuz measure p and Rev(X) to denote the class of Revuz measures of X.

Let € G2. To simplify the notation and in keeping with the notation of [15]
we will often denote the second order Wick power chaos : G2y :, defined in (3.13),
by H (). H(u) is the second order Gaussian chaos associated with L in [15]. Let
Gr denote the set of finite measures in G. It follows by Holder’s inequality, that,
G C Gp for j <k.

The following is Theorem 2.2, [15] adapted to the needs of this paper:

THEOREM 4.2. Let {11;}32, be a sequence of finite measures in GZNRev(X). Set
Lt = (LA*,LA?,...) and H(p.) = (H(p1), H(p2),...). Then, for any compactly
supported p € G' and C measurable non-negative function F on R*>

(4.10)
Boif (F (1 + 30 ) 106)) = B (F (38(0)) GG
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where C denotes the o-algebra generated by the cylinder sets of R*°.
def

Let M(H) denote the set of functions measurable with respect to H = o(H (); u €
G% N Rev(X)). We define the ring homomorphism
D : M(H) — M(H x F) (4.11)
as the measurable extension of the mapping ® such that ®(1) = 1 and
([ H(wi) =[] (H(ps) +2L5), n=1,..., (4.12)

i=1

where F is the o-algebra generated by X. With this notation Theorem 4.2 can be
reformulated as follows: Let (hq, ha,...) be a sequence of H measurable functions.
Then for any C measurable non-negative function F' on R*

EGES (F(®(h1), ®(h2),...)f(X)\)) = Eg (F(h1,ha,...)G,Gf.ag) . (4.13)

This will be explained in greater detail in the proof of Theorem 4.1.

Motivated by [5] we will obtain our isomorphism therem, Theorem 4.1, from
(4.13) by taking : G*"y; : for h; and then finding ®(: G*"p; :). This is accomplished
in a series of lemmas. As a first step, we show that : G?"p, : is H measurable, a
point that is not at all obvious. We begin by defining the ‘cycle factors’

—/ (1 —x5) Hu (g — @p— 1)Hf€(xi)dxi (4.14)
=1

for j > 2, with the convention that cy{ = 0. (The reason for the name ‘cycle factor’
should also become clear in the course of proving Theorem 4.1). We next define

A, Z: 1 3 ch% Hch (4.15)

r= 0 i1,.en, ir,jl,k:.,,jk
2771 z“+221>:1jl’7n
By convention, we set Aj, = 1 and A], o = A§,, =0, n =1,.... Note that for
each n > 0, {AE,k}?,k:o is a lower triangular matrix with A5 ; =1forall 0 <j <n

and hence is invertible. Let H(z,¢€) = (fz,e - dz’). We now inductively define

Up(z,€), k=0,1,...,n by the formula
H”L
(z,€) ZA RN (4.16)
Let {A$ ;. }] 1= be the inverse of {A5,}7,_,, then

ZA Hk (z,6) (4.17)

This shows us that ¥g(z,¢) = 1 and for each n, ¥, (z,¢) is an n—th degree poly-
nomial in H(z,¢€). In particular ¥, (z,¢) € M(H).
Define

Von= [ Wie.0)duto). (4.18)
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LEMMA 4.1. If u € G?9, then

. szu
2k

L= lim 0. o (4.19)
in L?>(dPg), for all1 <k < o.

This shows that for i € G?* we do indeed have that the 2n-th Wick power
chaos : G*" : € M(H). Furthermore, by Theorem 4.2

:G2"M:

)
(—

) = lim B(Wy cp). (4.20)

in L2. The proof of Lemma 4.1 will be given later in this chapter.
The next lemma shows that the limit in (4.8) exists in L?(f (X)) dP{ dP¢) for
each k =1,...,n and identifies ®(¥,, p).

LEMMA 4.2. If u € G**, then

(: G2, L lim / GRPM Ly dp() (4.21)
exists in L2(f(X)) dP/{' dPg) for each k =0,1,...,n, and
n - n 1 n—

The proof of Lemma 4.2 is also given later in this chapter. We will now use
these two lemmas to complete the proof of our isomorphism theorem, Theorem 4.1.

PrROOF OF THEOREM 4.1. Let x;; 2 = 1,2,... be a countable dense set in R™
and let Hy, Ha,... be an enumeration of H(x;,771); 4,5 =1,2,.... Let Ly, Lo, ...
be the associated continuous additive functionals. (Recall that H(z;,j71) is an
alternate notation for H(f,,1/;(«") - dz")). The continuous additive functional

associated with H(fy, 1/;(z") - dz') in Theorem 4.2 is denoted by Lf\"’l/j, (see
(4.6))). Let Ly, Ls,... be the continuous additive functionals associated with

Hy,Hs,.... We note that for fixed e > 0, H = {H(x,€),x € R™} can be
taken to be continuous almost surely. This is easy to see since, similarly to (3.7),
EH(z,e)H(y,e) = ulyi(m,y). We can choose a nice approximate identity fe, so
that (1.11) holds when n = 1. This is a sufficient condition for the continuity
of H. (See the proof of Theorem 1.6, [15]). Therefore H = o(Hi, Ha,...). Let
{ui, i=1,2,...} be a sequence of finite measures in G2*. By Lemma 4.1, : G*"y; :
is H measurable for each 4, hence by a theorem of Doob, [4], page 12, we can write

1
27’L
for some C measurable random variable D; where C denotes the o—algebra generated
by the cylinder sets of R*°. By our previous isomorphism theorem, Theorem 4.2, for

any compactly supported measure p € G!, and C measurable non-negative function
F on R*™

: G*; i= Di(Hy, Hy, .. .) (4.23)

EGES (F(D.(Hy + 2Ly, Hy 4 2Ls, .. .)) f(X)))
— Eq (F(D.(Hy, Hy, .. )GyG i) . (4.24)
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By the definition of ® in (4.11) we have that (4.23) implies

1
@(27 : G2nul I) = Dz(Hl + 2L1, H2 + 2L2, .. )
Thus (4.23), (4.24) and (4.22) immediately imply the isomorphism theorem, The-
orem 4.1. O

It remains to prove Lemmas 4.1 and 4.2.
Proof of Lemma 4.1:

PROOF OF LEMMA 4.1. Recall that H (1) is an alternate expression for : G*(p) :.
Therefore, consistent with (3.15)

H(e,) ™ H(f, - de) = im / LGyt foela!) da (4.25)

where the limit is taken in L?. Since f, .- dz’ € G}, and hence G%, H(x,¢€) is
one of the basic random variables that generates H. As explained above in the

proof of Theorem 4.1, for fixed € > 0, H def {H(z,€¢),x € R™} can be taken to
be continuous almost surely. The same argument shows that the integral in (4.25)
is continuous in x almost surely. Furthermore, the convergence in (4.25) is almost
sure and in LP, for all p, since Gaussian chaos processes have all moments.

In order to prove Lemma 4.1, we begin by deriving a formula for [ H™(x, €) du(x).

Clearly

n _ 1 L (X2 . ) .
H"(z,€) —%%E/.Gxi’g.fx’e(mz)dxl. (4.26)
We define
Hl'n= /H"(:r,e) dp(z). (4.27)

Since the right-hand side of (4.26) converges in L? uniformly in x as, § — 0, we see
that
e M 51_{% //11:[ Gzi,ci fa:,e(-rz) dz; dp(z) (4.28)
in L2. (In fact by Lemma 3.3, [1], it also converges almost surely and in L? for all
p=0).
Expand [, (: Gi_“(; : /2) as a sum of Wick products. Using (2.15) we can
write

n .G2 .
. i0 "
| N (4.29)
-1 2
i
R|+|S|/2
SP O DI | G REE | £
91 08Py T TP 2 #30
R,S,T pairings P k=1 ieT Jjes
of (Rx{1,2})US
Pr,17Pr,2

where the first sum runs over all partitions RUSUT = {1,2,...,n}, with |S| even,
and the second sum runs over all pairings P of the set (R x {1,2}) U S such that
ﬁk,l #* 75;@,2, where letting (P,1, Pk 2) denote the k—th pair of the pairing P, we
set ﬁkyl =i if either Py; =i x1lorix2fori € R, or Py =i for i € S, and
similarly for 731612.. Here we use the fact that for ¢ € S one of the two G, 5 terms is
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allocated to the uj ; terms and the other to the Wick product. Since there are two
ways to do this the 1/2 is cancelled. The last formula, (4.29), will be abbreviated

as
. Gl
H = > & xl,...,xn;R,S):HTHGIj’gz (4.30)
i=1 R,S, T i€T JjES
where
def 1 |R|+]S]/2
e 1
Es(x1,...,xn; R, S) = TR Z kl_[ u(;’(;(mgk‘l - xﬁ,z)' (4.31)
pairings =1
ofLRx{1£}7;us
Pr,1#Pk,2

Note that by an argument similar to the one used in (3.11) and (3.12) we see
that for all x € R™

hm /55 X1y, Tn; R, S) H fe(zr) dzy (4.32)

\Fi|+|5|/2 n

1
= ﬁ Z / Pk,1 — H wk dl‘k

pairings P =
of (Rx{1,2})us

Pk,l?'épk,2
Using this, (4.28), Fubini’s theorem and the definition of f, . we have
H’I’L
;n'u = Z hm/é}; (z1,...,2n; R, S)

R,S, T

n

/ 1T ”””Z 11 Gatey6: dul H (z1) day,.(4.33)

€T JES k=1

Let us now consider

/Eg(xl,...,xn;R, S) er(xk) dxy, (4.34)
k=

IRI-HSI/2

1 n
= W Z / ’U,(;(; Pk,l N 1:[ xk dwk

pairings P
of (Rx{1,2))US

Pk,l?“’k,z

Suppose |R| 4 |S|/2 = p. Then by the multiple Holder inequality and (3.7), (4.34)
is bounded above by

c / / ik g (|2 — oD fo) ) dardy
<c / / il (|2 — g+ (&' — )PP ful) ) da dyps(da’)ps(dy'J4.35)

It follows from this and Lemma 3.2 that (4.34) is O((u'(¢))(IFIFISI/2)) for all § > 0.
Using the last statement and Theorem 3.1 we see that for p € G27

I /&;(xl, sz RLS)
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QHI GQ\T|+\S\ n
/ H —zteed HGerm] d:u'( ) 2|T| H mk dmkHQ
i€T JjeS k=1
n
< /Eg(ml,...,xn;R,S) Hf%e(xk)dxk
G2, GQ‘T‘HS‘M.
s [ <11 o [ Guvey o) = g,

€T JjeS
S0((u1(€>)—(<7—(\T\+|s|/z>>/56(951,_“7%3“9 H (wx) da

= o((u(e)) ™)
for all § > 0. Using this, (4.32) and (4.33) we see that for u € G2°

H’ﬂ
2€n,u hm/&; Z1,...,xn; R, S)
R,S,T
G§|T|+|S|
H fe(@i) d; o M +o((u(e)) =) (4.36)
i€RUS
= Z Z hm/&; X1y s R, S)
R,S,T
2\T|—HS\ 2%
H fe(@i) dwi o |T| LG 4o((u(e) ™)
i€ RUS
n 1 |R|+|S|/2
j— 1 ~ — ~
- Z Z W Z / H u (xpk,l xpk,z)
k=0 R,S,T pairings P k=1
2|T|+|S|=2k of (Rx{1,2})us
Pk 17'573k 2
TT fetes) dggyy = G Fol(u(@) =)
i€RUS

in L?, as € — 0.

We now reorganize this in a form which is more useful. Fix some pairing P
in the sum and pick any factor u!(z; — x;) in the product corresponding to P. If
both 4,7 € S we think of i, as forming a two element chain. u!(z; — z;) is the
factor associated with this chain. If say j € R, there will be one other factor in the
product corresponding to P which contains x;, say u'(z; — z). If both i,k € S,
we think of 7, j, k as forming a three element chain. u'(z; — z;)u'(z; — xy) is the
factor associated with this chain. If either i or k or both are in R, we continue to
find the other factors containing them, and continue in this manner until we can
go no further. Two possibilities arise. Either we end up with a chain of elements
11,19, ..,1, with end points iy, i, € S and intermediate points is,...,4,_1 € R and
associated factor

H ul(zi;, — i, ) (4.37)
j=2
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(such a chain is said to be of length v ), or we have, what we call, a cycle i1, i, . .., iy
with all elements in R and associated factor
v
ut(zi, — x4,) H ul (i, — ;) (4.38)
j=2

(such a cycle is also said to be of length v).
In this way the product

[RI+]S]/2
1
u (367;}“1 - x;;m) (4.39)

k=1
in (4.36) associated with P breaks up into a product of factors associated with the
chains and cycles of P. Note that each P appearing in (4.36) will necessarily have
precisely |S|/2 chains. For simplicity let |S|/2=p.

When P decomposes into m; cycles of length I, [ = 2,... and m; chains of
length I, I = 2,..., we write P — (ma,...; Mma,...). In this notation, recalling the

definitions (4.4), (4.14) of the chain and cycle factors ch§ and cyf, we have

1 |R|+p
> 1 11
— u (s —a ;) dx; 4.40
2IR| / H ( Pr,1 Pk,2> fe( Z) v ( )
pairings P k=1 i€ERUS
of (RX{1,21)US
Pr,17#Pk,2
1 o
— e\mg €\mMy
= T E E H(Qlcyl) (chy)™.
mo,...;M2,... pairings P =2
of (RX{1,2})US
P—(ma,...;ma,...)

Note that when P — (ma,...; ma,...) and P is a pairing of (R x {1,2})US we
must have Y2, myl+ > 72, myl = |R| +1S|. We now further simplify (4.40) by ob-
serving that the number of pairings P of (Rx{1,2})US with P — (ma,...; ma,...)
is

(4.41)
R = (-1, LT
T, @ G (G LU (= 2™ oo 2,

Here, the first factor gives the number of ways to partition R into m; cycles of
length I, I = 2,... and m; mid-chains (i.e. chains with end points deleted) of length
1—2,1=2,.... To get the remainder of (4.41) we note that in each cycle of length
[ we can permute the points of the cycle in (I — 1)! distinct ways, except that we
must divide by 2 to take into account the mirror image if I > 2, (we will explain
shortly where the factor 1/2 for cycles of length [ = 2 comes from), while for each
chain of length ! we can permute the elements of the mid-chain in (I — 2)! ways,
and the |S| end points can be permuted among themselves in |S|! ways, except that
for any of the Y_,°,m, given chains we mustn’t count an interchange of the end
points of the same chain, since that has already been counted when we considered
the permutations of the mid-chain. Finally, recall that the pairings are actually
parings of (R x {1,2}) U S, not of RU S, so that for any given pairing we can get
analogous but distinct pairings by interchanging ¢ x 1 with ¢ x 2 for each ¢ € R. The
only exception is that for any cycle of length [ = 2 we get 2 rather than 4 distinct
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pairings. Altogether this gives rise to 2%l /22 distinct pairings. (This explains
where the factor 1/2 for cycles of length [ = 2 in (4.41) comes from). Therefore,
combining (4.40) and (4.41) we see that

|R|+p

1
g X[ M, o) T1 s
k=1

i€ERUS

pairings P
of (Rx{1,2})UsS

Pr,1#Pk,2
— 92, R|! )
! ZZ TS0 ) (= D))
S mul4 Y mul=| Rl +[S|
TIC Dm0 — 2y T 2t chiy™

2
1=2 1=2

—_ —ZzQﬁu |R"|S|' - c e\m, c €\ my
2 Z H?i2(ml')(ml') l=2( yl) ( hl) .

25

mo,...;m .
Yol al=|R|+|S|

Instead of writing the last expression in terms of mao,...; mo,... it will be
more convenient to write this expression in terms of ordered sequences of integers
i1y sdps J15--+,Jp such that my = [{v;v = 1,...,7iy, = {}| and my = [{v; v =

1,..., f| j» = l}|- Since there are

7! p!
[TZo(mu!) T2o ()
such sequences which can be associated with a given ma,...; mo,..., and noting

that r =Y 2o my, p=> jogmyand > oo myl+ > Soml =30 ia+ Y 0y jb We
see from (4.42) that

1 |R|+p
oz} > /H uaz  —wpy ) [ few)de  (4.43)
pairings P k=1 : ' 1€ RUS
of (Rx{1,2})us
Pr,17#Pk,2
RJ|S|! - P
— —-p | € €
=2 Z rip! Hcyichhjb.
Pyl Gy Gl ip a=1 b=1
Jbp>2, Vb

> Liaty ,_ Jb=|RI+S|

Combining this with (4.36), and noting that for each 0 < p < k there are

( n ) B ( n > B n!

|S], 71, |R| S, k—p, R |S]'(k —p)!|R]!

ways to partition {1,...,n} = SUT U R into three parts with |S| = 2p, |T| =
k —p, |R| =n —k — p we obtain

n n
Y )
on
k=0 R,S,T i, ir,d1s-sdp

2|T|+|S|=2k RS

S iatY s is=IRIHIS|
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RUSE T zchh ; M +o((u'(€)""7) (4.44)

In!
rip: e}
- 1 & n!
= > G >
k=0 r - p=0 (k p).p. Plseeeyirs 315 sdp
Jp>2, Vb

Z::l i“+Z§:1 jo=n—(k—p)
Hcylchh : Qk M Fo((u'(e))~ =)

a=1
" nl 1 k
SEDIE G ID >
k=0 r v=0 i1,eee Gy Gl Jk—w
Jp>2, Vb

Z’CI fa+ )0y ) de=n—v
I e, Hchﬁ L ol () )
a=1

in L?, as € — 0, where in the last equality we write v = k — p.
Recall that ch{ = 1 and note that

(4.45)
k—v
Y Hellon-x () X el
R RS e AN

22:1 7;“+Z::1 Jo=n 22:1 ia‘i‘Z:;lU Je=n—v

since the summation on the left hand side allows us to include v factors of ch{ =1
among the k factors of ch®, 0 < v < k. From now on all summation is over j, > 1.
Consequently, we can write

SYEYL Y Heillss

DL seentr, J1seees Ik
Za_l ia+Z:=1 Je=n
+0((u1(6))—(a—n)). (446)

Recalling the definition (4.15) of Ay, ; we can write (4.46) as

H;nu S € GQk —\o—n
on ZAn,k Tk +o((u' ()~ ™). (4.47)
k=0

Comparing (4.47) and (4.16) we see that

G2k 1/ \—(oc—n)
Z A3, — Wpen) = o (u} ()7 ) (4.48)

in L2.
It follows from the multiple Holder inequality and Lemma 3.2 that

ey = O((u'(€))") (4.49)
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and
cht = O((u!())0~1) (4.50)
which implies that
ke = O((w! ()" ™M). (4.51)
Using (4.48) and arguing inductively for k = 1,...,n we now see that
Wy = Gj:“ L o((ul(e)~ R, (4.52)
This completes the proof of Lemma 4.1. O

In preparation for the verification of (4.8) and (4.22) of Lemma 4.2, we first
prove the following purely combinatorial lemma

LEMMA 4.3.

n

B(V,(2,) = > (Z) U, (x, ) L5, (4.53)

k=0

PROOF OF LEMMA 4.3. Using the definition of ® together with (??) and (4.7)
we see that

@(Hnéfve)) _ (H(gve) +Lw,e)n
" /n\ H™(z,€) e
D) LG (peeyn—m 4.54)
m=0 (m) am ) (

[
NE

(1 )W )5 L)

m=0

using the abbreviations (AW (z, €))n = > Lo A5, 1 Pk(2, €) and (BLY), = Y000 By, 1 L1

On the other hand, by the defining relation (4.16), we have
<I> ZA £ 2(Vi(z, ). (4.55)

Comparing (4.54) and (4.55) we see that we can verify (4.53) recursively for n =
0,1,... by showing that

n

ZA Z( ) (@, 0Ly = (:L) (AU(@, ) (BLVm  (4.56)

m=0

for all n > 0.
To simplify notation, we drop the terms x and € and rewrite (4.56) as

n

ZAMZ( )qf Licj= (Z) (AT (BL) n—m.- (4.57)

m=0

In the following set of equations we use the convention that the sum over an
empty set of indices is one. We note that for any 0 < v < k by (4.15) and (4.5)

An,k
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_n! 1 —
=22 > ] e H chy, > I e
T m=0 Til‘---vir=.7‘1é---v.7‘v a=1 Juglrrdk b=v+1
Za:l i“'+zb=1 Jo=m Ef:'u+l Je=n—m
B\ ' /n
= Am vBn—m k—v-
(6 25 () Ameim
Using this we have
n k k n k n n
ZAn,kZ< >\I/v£k—v = = ZZ ( )Aman m,k U\II ‘Ck v
k=0 v=0 v k=0v=0 m=0 m
n n n n
= Z (m> Z Am,v‘l’v Z Bn—m k:—v[’k—v
m=0 v=0 k=v
" n
= > (M) anaso., (458)
m=0 m
which is (4.57). This completes the proof of Lemma 4.3. O

PRrROOF OF LEMMA 4.2. For the proof, we introduce n+1 independent copies of
the Gaussian chaos processes considered in Theorem 4.1. Let G (g 5, G(1),ps - - -, G(n),p
denote independent Gaussian processes distributed like G,, p € G'. For each of
these we define and construct all the processes that are defined and constructed
in Theorem 4.1 from G,, p € G!. These different independent processes will be
denoted by the subscript (j) j = 0,...,n. We use the notation @ to denote the
ring homeomorphism defined in (4.11) applied (only) to the processes defined and
constructed from Gg) ,, p € G'. Using this notation it follows from (4.53) that

no x,
‘I’(o H‘I’ )m (z, 6)‘I’(o) ng(ifj €)) = Z( ) H‘I’ ()m (0) ng— k(T €)£k
j=1

k=0
(4.59)
where W(;y . (x,€) is the analog of W,,(x, €) built up from G;).
We now verify that when p € G2, then for any m and no,...,n,, such that
n=3"gnjand k=0,...,n9
g [ T W60, (V00 D5 i) (4.60)
=1

exists in L2. Here the probability space is the product probability space generated
by {G(j),0)} 10, p € G and f(X) dP{. (Without loss of generality we can consider
the last measure as a probability measure). To do this we need to generalize (4.47).
We first remark that it is easy to check that

I(Z=)* 2 = O((u" (e))")- (4.61)
Also, since
k= O((u ()" ™Y) (4.62)
by (4.50), we can use induction in (4.7) to see that
1£5<ll2 = O((u! (e))™). (4.63)
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In (4.61) and (4.63) we take the norm to be that of L*(f(Xy)dPY).
Analogous to (4.33) we expand

ﬁ H(JJ) (@, ¢)

e on;
in terms of the corresponding Wick products and then integrate with respect to
L7 dp(z). We then use Theorem 3.2 and proceed to follow all the steps up to
(4.47), using also (4.63), to obtain

m [ (x€) e
/ [~ auto

= 2 H njk; /H (J)’“zﬁ””’edu(x)+o(u1(e)*<07<n+k>>)

Kp,.ens A]J1

where the A7, are given in (4.15) and we set Ly = 1. Recall that in this formula
n=73"" n;jand pu € G*? with 0 > n+k. Define ¥ ;. (x,€) in terms of H(kjj) (z,€)
analogously to (4.16), as follows:

(4.64)

/ H P e = Y HAnJ o [ TL 90 (o 02 dut).

ky,... k j=1
0<k; <nJ

We now take k = 0 and by the same arguments as those leading up to (4.19) we
get

2n] .
. ( j),T5€
251(1)/1_[\11(])71J x,€)du(x) = hm/H 2Jn1 du(x). (4.65)

By the same argument we used at (3.13) we see that the limit on the right-hand
side of (4.65) exists in L2. Hence the limit on the left-hand side of (4.65) also exists
in L2. Thus, with a slight change of notation, we obtain that when p € G*", (4.60)
converges in L? in the case k = 0 for all m as long as n = 37" ;n;. We proceed to
obtain this for all k& by induction.

Assume that (4.60) has been established for all m and no,...,n,, such that
n= Z;n 0 n], k=0,...,n9 and ng < v — 1. We now show that it also holds when
ng = v. Let Gp, pE g1 denote another independent Gaussian process distributed

like G,, p € G', and let U.(z,€) denote the analog of W.(z, ) built up from G,,, pE
G'. By (4.59), with an obvious change of notation,

/ T @6y (2, 0¥ 0).mp—o (. €) T (2, €) dpa(z)
j=1

v v m _ e
=32 () [ TT #0000 Vo 5 ditic)
k=0 j=1

where <I>(~; denotes the ring homeomorphism defined in (4.11) applied to the pro-
cesses defined and constructed from C~1'p, p € G'. By the induction hypothesis the
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integrals on the right-hand side of (4.66) for k = 0,...,v — 1 all converge in L2
The k£ = 0 integral is the argument of <I>(~;. Hence the right-hand side of (4.66) also
converges in L? since <I>5 is a L? isometry. Thus, we verify the assertion about
(4.60).

We return to (4.64). Again, by the same arguments leading up to (3.13) we
get, analogously to (4.65), that for u € G*»

QnJ . 2(n0 k)

. ct (O),m € x,€
= 2{1{1} / H W), (25 €)W 0y mo—k (2, €) L3 dpu(). (4.67)
=1

Now we know that the limit on the right-hand side of (4.67) exists in L? and
therefore so does the limit on the left-hand side. In particular, we have established

(4.8).
Using (4.20), (4.53) and (4.67) we have
C(2n g, .
(- ngﬂ )= lim @(Wy ) (4.68)

= hH(l) (Z) /\I]n_k(I7€)£iﬁe d‘u(l')
k=0

n 2(n—k) |
. n : Gy T
- ) (3) [ S

which gives us (4.22). This completes the proof of Lemma 4.2, and hence of Theorem

4.1. O
We have actually proved a more general isomorphism than Theorem 4.1 which
will be used in Chapter 5. For any m and ng,...,n,, such that n = Z;’;O n; and
k=0,...,ng define
m 2n; 2(no—k
(<TG o GR ™ o xLy) () (4.69)
T 2n; o 2(no—k) | pxe
= 25%/ H Gljyae (0),(;76 C Ly dp(x).

We have just shown that when pu € G2, the right-hand side of (4.69) converges in
L?. Therefore by (4.67) and the fact that @) is an L? isometry we have that

Do) (X Gy % G%“XM) (4.70)

= im0 2 T W0, 0010 i)
j=1

We next use (4.59), (4.67) and (4.69) to see that the left-hand side of (4.70) is equal
to

no m
. no n T,€
= lim 2 ( A )2 / I ¥y, @ ) 0) mo—r (2, ) L5 dpa(z)

=1
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S n n; "o —
=2 (kO)Qk(X;'n—l : G?j)] e :Gfé)o XL () (4.71)
k=0

Using (4.70) and (4.71) we get the following extension of Theorem 4.1:

THEOREM 4.3. Let X be a Lévy process in Class A and let {p;}52, be sequence
of finite positive measures in G**. Then for any m and ng, ..., Ny such that n =
ZT:O nj, and any compactly supported measure p € G' and C measurable non-
negative function F' on R™

o n 1 m n; no—
EgEi(F(Z (ko)w(xj_l : G?j)J DX G?é)o ") X L) (1)) f(z2))
k=0

1 m 2TLj no
= Ea(F (g, (<o : Gy = < G ) (1))G 0),pG0). 1-da) (4.72)

where C denotes the o—algebra generated by the cylinder sets of R, and G denote
the product probability space that generated by G0y p,--->Gm),ps P € gl






CHAPTER 5

Renormalized self-intersection local times

The renormalized self-intersection local times that appear in the isomorphism
theorems, Theorems 4.1 and 4.3 are defined for each n > 0 in (??) and (4.9) as the
following limits

£a(p) = limy £ () =l [ £ d(z) (5.1)
where £3€ is defined implicitly in (4.7). Let
def T,e\n
L) ™ [ dta), (5:2)
It follows from (4.7) that
Lye() = (BL(p)n = Y Biy kL) (5:3)

k=0
where By, ; is given in (4.5).
That we can not explicitly state what £, (u) is, seems to diminish the signifi-

cance of the isomorphism theorems. However, this is not a problem because we can
show that £, (1) can be taken to be nlvy, (u) where v, (1) is given in (1.2).

THEOREM 5.1. Let X be a Lévy process in Class A and let i € G*™. Let (1)
be as defined in (1.3) and L, (@) be the n-fold renormalized self-intersection local
time of X as defined in (5.1). Then for any p € G!

def ..
Yo (i) = lim v, (1) (5.4)

ezists in L*(f(X,)dPf) and
Ln(p) = nlyn () (5.5)
in L2((X,)dP{).
PROOF. We show that u € G2 implies that

@mmn@%/vwmww—wWHvammmmw<m (5.6)

and that

ES({Ln (1) = nlyn,e ()} F(X2)) = o(Le). (5.7)
The limit in (5.7) is a consequence of the following three assertions:
EX({La(n)} F(X2) = ()L, f) (5-8)
B (Ln (). () f(Xx)) = nlln(p, p, f) + o(1c) (5.9)
E{({rm ()} F(X2) = Lulp,p. f) + o). (5.10)

41
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We now prove (5.8). We first show by induction on k = 0,1,...,n that for any
m=0,1,...and n; >0,i=1,...,m with >\ n;, =n—k

B EG({ (<t G2 xLo)()} 1060)) = [[ @l La(pep. /) (5.10)

i=1
from which (5.8) follows when m = 0. To begin the induction first observe that
when Z?lo n; = n, that is, when k = 0, we have

BB (< : G2 ()} £(X2))
= Ba({(xa: G2 )00} BL (X)) (512)
= Ba({(x220: G2 9} ) [ ul e = ) dola)fw) dy

= Bo({ (<0 : G2 ) } ) EG(CyCr.an)

Using Theorem 4.3, one of the isomorphism theorems, with F(z) = 22, for z € R!,
and observing that Wick powers of different orders are orthogonal, we see that when

ZZ’;O n;=mn

(5.13)

2
1 " n; n
EG({Q,LO(XZ'Q LG X Gl 1)(#)} G(0),0G(0), f-dz)

no n 2 1 - N . 9
— Z <k0> EfEG({W(Xi—l : G?i)l i~ :G?é) k) xﬁk)(,u)} F(X0)).
k=0

In evaluating the expectation on the left-hand side, note that either G g, is paired
with G (g), .4z, Or necessarily G(g) , is paired with one of the Wick powers and
G (0),f.dx is paired with the other Wick power. Therefore, it follows from (2.12)
that

1 e 2
EG<{2M<X?10 yer :)(u)} Gy Gty g n) (5.14)

2
= Bo({ g (<120 + G2 900 | )E(CGrse)

m

1
+52m0 11 2ni)!2n0)* (200 — D)2, p, £)-
i=1
Note that taking m = 0 shows that I, (u, p, f) < 0.

The first term on the right-hand side of (5.14) is, by (5.12), precisely the k = 0
term of the right-hand side of (5.13). Thus we see that

(5.15)

(2n4)!(2n0)'2n0 Ly (11, p, f)

(Y}
¥l
_zs
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Taking ng = 1 we obtain (5.11) when k = 1.
Assume now that for some ng < n we have proved (5.11) for all £ < ng. Then
(5.15) can be written as

1 m
52, [ @n)2n0L, (. p, f) (5.16)
1=0
no— 1

_ Z (”0> 2200 k) H (2n0)!(2(no — k) (KN L (k. p, f)

+E§EG<{<X:11 G2 x £n0><u>}2 F(X0).

Thus, to establish (5.11) for k = ng we need only show that

22%0 H(Qni)!Zno = Z (Tllg()) m 1;[1(27%')!(2(”0 - k))!(k!)Q (5.17)

=0 k=1

or equivalently, that

221% (2n0)12n0 = > <’;°> m@(no — B)!(kD)2. (5.18)

Writing

no 2 2 (no!)?
(k) K™= o — 2

we see that (5.18) is equivalent to

1 2n9\ =~ 1 2(ng — k)
520 2n0<n ) = Z 92(no—k) ( no — k (5.19)

0 k=1

no—1 .
1 2no\ Q 1 /25

This, in turn, is equivalent to the combinatorial identity

which we rewrite as

no

221” (2n0 + 1) (2:O> = jz::o 2% (2‘7) (5.21)

0 J

This identity is well known, see e.g. [21], page 131. This completes the proof of
(5.8).
We next prove (5.10). Note that

Ef(am € /14, anQ e(/ffv A)f(XA))

n1
- E //0<<1< ‘Ssnq <A} fe xl sl) H fe(XsJ' - ij_l) (522)
{ =2

0<t1 <o tny <A}

fewz th er th th,l)

Jj=2
dsy -+ dsp, dty -+ - din, dpu(zr) dp(z2) f(X2)).
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Considering the different ways in which we can arrange the ni +no terms s1, ..., s,
and t1,...,t,, in increasing order and taking the expectation we see that the above
equation
ni+ns
- Z / U P Zv(l) H U Zv(p - Zv(pfl))Ulf(Zv(nlJrnz))
veV
H fewi(2i1) H fe(zij = zij-1) dzij dp(ws) (5.23)
i=1 j=2

where V is the set of bijections
vi{l.m e} o {(L4)i= 1,2 1<) <ng)

such that when v(p) = (4,) and v(p) = (¢,7) then p < p if and only if j < j. We
make the change of variables y; 1 = 2;1 —x; and ¥ ; = 255 — 255-1, 1= 1,2, > 2
which leads to

B 1) (X)) = 32 [ Uy + )
sES
ni+nz c(p) c(p—1)
I v @)+ D vsws — #so-1) = Z Ys(p-1).5) (5.24)
p=2 Jj=1
c(ni+n2)
U f( Ls(ny+nz) + Z Ys(ni+nz),j HHfE Yij dyl]d.u’(xl)
Jj=1 i=17=1

where S is the set of mappings
s:{1,...,n1 +na} — {1,2}

such that |s71(i)| = ny, i = 1,2 and ¢(p) = [{m < p|s(m) = s(p)}|, 1 < p < ny+na.

For a fixed s € § we say that p is ‘good’ if s(p) # s(p — 1), while p is ‘bad’ if
s(p) = s(p — 1). Here p > 2, and s(1) is always ‘good’. Note that when p is bad,
the corresponding u' term in (5.24) is

ul (ys(p),c(p)) (525)

and when p is ‘good’ x4y # Tsp—1). For each s € & we set By, = {p|s(p) =
s(p— 1)}, the set of ‘bad’ points p.

Let us analyze the changes which occur in (5.24) when we replace one of the
factors au,, () by (”kjl) (u(0))¥i v, — g, (p). We claim that

€

(5.26)
77,1—].
B ) 0O i Nt V)
ni+nz
- 3 [rseasnen Moo I
DyC{2,..., n1} SESD, leD, p=2
Dk (5(p)c(p)&(1,D1)
c(p) c(p—1)
@)+ D Ysp)g — Tape1) — > Ys(p—1).5)

Jj=1 j=1
(s(p),5)¢(1,D1) (s(p—1),5)¢(1,D1)
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c(ni1+n2) 2 n;
Ulf(xs(n1+n2) + Z ys(n1+n2)»j) H H fe(yiaj) dyi,j d,LL(I,)
j= i=1j=1
(s(p)NE(1,D1) ’

where Sp, is the subset of S such that {p|(s(p),c(p)) € (1,D;1)} € Bs.
Here is how we obtain (5.26). The analogue of (5.24) with ny replaced by

ny — ki will be a sum over the set of mappings 5 : {1,. — k1 +n2} — {1,2}
such that [571(1)| = n; — k; and [$71(2)| = ny. For each of the (nll ") subsets
Dy C {2,...,n1} with |Dy]| = ky there is a unique way to ‘extend’ § to a map

s:{l,...,n1 +na} — {1,2} with |[s71(1)| = ny and |s71(2)| = ng, in such a way
that s € Sp,. (Think of § as defining a coloring of ny — k1 +nsg balls lined up in a row.
We color the p’th ball red if 5(p) = 1, and color it white otherwise. Now label the
red balls successively with the numbers in D§ = (j1,...,jn,—k, ). Then, succesively
place a new red ball with label i € Dy = (41, ...,4x, ) immediately after the red ball
with label ¢ — 1. We obtain n; red and ny white balls lined up in a row. Finally,
set s(p) = 1 if the p’th ball is red, and s(p) = 2 if the p’th ball is white). The u!
terms corresponding to the set of phantom ‘bad’ points {p| (s(p),c(p)) € (1, D1)}
are [[,cp, v (y1,1). Note that the integral in (5.26) with respect to these bad points
gives

I [ et ) dons = (k) (5.27)
leD;
Thus we get (5.26).
There may be other ‘bad’ points in the various s € Sp, in (5.26) besides the
phantom ‘bad’ points. Including these ‘bad’ points in with the phantom ‘bad’ points
we can write (5.26) as

(5.28)
ny — 1
E§(< kl )(ui(o))klanlk1,e(M7)‘)anz,e(ﬂv)‘)f(X)\))
= Z Z / Ts(1) +ys H ’LL ys (p), c(p)
Dy1C{2,....,n1} SESD, pEB;
|Dy|=k1
c(p) c(p—1)
1
I '@m+ D> s —Tso-n ~ > Ys(p-1).5)
€Bg j=1 j=1
e (s(p),j)¢(1,D1) (s(p—1),5)¢(1,D1)
c(ni+nz)

2 ng
Ulf($5(n1+n2) + Z yS(n1+nz),j) H H Je(Wig) dyi j du(x;).

j=1 i=17=1
(s(p):5)¢(1,D1)
Generalizing (5.28) we can we can write out
(5.29)
ny—1\ (ng—1
B ) () O i Nt V)

for which (5.28) is modified by summing also over the sets Dy C {2,...,n2} of
cardinality ko and s € Sp, p, where Sp, p, is the subset of S such that (1, D7) U
(2,D32) C{(s(p),c(p)) : p € Bs}. We also introduce an additional ks phantom ‘bad’
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points and now, after the symbol [[ . p., sum only over j such that (s(p),j) ¢
(1,D1) U (2, D3).

Recall the definition of 7, ¢(¢) in (1.3). Let h(z) be a function of the variable
x. We use the notation

D.h = h(z) — h(0).
We claim that

Ep('Yn E(N)%z-e(U)f(X/\))
:Z/U p(sy +ys) 1] v @swrew) 11 Py (5:30)
€S

pEB; pEB,
c(p) c(p-1)
H ul(xs(p) + Zyé'(p)a' — Ts(p—1) — Z Ys(p—1),5)
pe(B.U{1})e =1 =1

(2n) 2 n
Ulf(xs(Qn) + Z ys(2n),j) H H fe(yi,j) dyi,j d/-’/(xz)
j=1

i=1j=1
Here is how we obtain (5.30). Abbreviate y, = ysp),c(p) and set

F(y17~--ayn1+n2) =

c(p) c(p—1)
[T v+ vsws =T = D Ysw-1)5) ((5:31)
PE(B,U{1})° =1 =1
c(2n)
Ulf(Is(Qn) + Z ys(?n),j)'
j=1

Write the difference operator D, = I, — R, where D, h = 0 if the function h
does not contain the variable y, and otherwise, that is if A contains the variable y,,,
I, h leaves h unchanged and R, h sets the variable y, to 0. Thus

H Dy,ty.em = Z H I, H (5.32)

pEB, DCB; peB;—D peED

It follows that

H DyS(P)vC(P)F(yh s 7yn1+ng)
PEB;

= > DPIF@, - Ynytno)lyy=0 it peD- (5.33)
DCBg

Let D = Dy U Dy such that s|p, = 1 and s|p, = 2 and let ky = |D;| and
ko = |Ds|. Assume, initially, that ko = 0. Fix s € Sp,

/Ulﬂ(fﬂsu) +yaa) ] ' Wser)
pEBs
2 ng
F(1, s Ynitna)lyy=0 it peny [ T Fe(wis) dyiy du(a:) — (5.34)
i=1j=1
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is precisely the term in (5.28) corresponding to this s € Sp,. Considering the
expansion of (5.29) the same argument gives the corresponding term when |D1| = k1
and |Dy| = ky. Thus, substituting (5.33) into (5.30) we verify (5.30).

We now show that except in the case B; = () the terms in (5.30) are all
o(le). If |Bs| = j, 5 > 2, we use two of the difference operators in (5.30) and
replace all the other differences by sums. This gives us an upper bound for the
left-hand side of (5.30) since the u! terms are all positive. By (3.26) and (3.28) the
Io¢n. Wsp),cp) d(21) dp(z2) integral is bounded by

/ H ut ys ),c(p) fe(ys(p )dyS(P)’C(P)’

pEB;
while
[ L 0000 ) i < CG DY (539)
pEB;

by Lemma 3.2. Thus the terms in (5.30) for which |Bs| > 2 are o(1.). We get the
same conclusion when |B;| = 1 if we use (3.27). Therefore, up to an error which is
o(1.), we can restrict the sum in (5.30) to s € Sy where

So={se€S|B; =0} ={seS|s(p) #s(p—1), Vp}. (5.36)

Using (3.27) once again we now see that

Ei('}/n,e(,uf)’}/n,e( ) Z /U P 9(1) Hu _‘rs(p—l))

s€So
Ut f((Es(Qn))d/,L(.’El)dM(l'Q) +o(1e). (5.37)

There are only two members in Sy, s1 and sa, where s1(25) =1, s1(25 + 1) = 2 for
all j and s2(25) = 2, s2(2j + 1) =1 for all j. Consequently, (5.37) implies (5.10).
Lastly, we turn to the proof of (5.9). Note that

Ln.c(p) =n! / H few(Xy,)dty -+ dty, dp(a). (5.38)
{0<t <<t} G
As in the transition from (5.22) to (5.23) we see that

E{(Lny e (1) Qg e (1 /\)f(XA))
= nI!Ei(/{O§31< <snq} er x1 aJ fe T2 th H fe th thiﬁ)gg)
{0<t: < <tn2} j=1 =2
dsy -+ dsp, dty -+ dty, du(xr) du(z) f(X)))

ni+na

—m'Z/U p(2u(1)) H ut (Zo(p) — (p,l))Ulf(zv(nlJrnz))
veV
2 ny
erml 21,5 ferg 22,1 er 22,5 T 22,5—-1 HH dZL]d,u,({EZ)
J=1 i=1j=1

where, as above, V is the set of bljeCthHS

vi{L 4o} e {(0); = 1,2 1< j <)
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such that when v(p) = (4,) and v(p) = (i,j) then p < p if and only if j < 7.
We make the change of variables y21 = 201 — @2, ¥2,; = 22,5 — 22,j—1, § = 2 and
Y1,j = 21,5 — T1, § = 1. This leads to

Ei(th ( )anz, ( ) X/\ _nl'Z/U /) Ts(1) +ys(1) )
seS

ni+nsa

I w'@aw + D vswri = Tse-n = D sto-1) (5.40)
p=2

J€Dyp Jj€Dp—1
2

Ulf(xs(nl—o—ng) + Z Ys(ni4+nz),j H H fe Yij dyz,j dﬂ(mz)

j€Dn1+n2 i=1j=1
where S is the set of mappings
s:{1,...,n1 +na} — {1,2}

such that [s71(i)] = ny, i = 1,2. Furthermore, D, = {c(p)} if s(p
Dy ={1,...,c(p)} if 5(p) = 2. As above, ¢(p) = {m < plsm) = s(p)} -
Arguing as above, we see that for n > n;

B9 (L e (1) ¥ (1) £ (X)) —m'Z/Ul (@o(t) + ¥s1).1)

) = 1 and

seS
1 1
[T “' @swrer = vso-eo-1) T @' Wstry,em) (5.41)
pEBs 1 pEB; 2
1
H Dy, cm H U (Ts(p) + Z Ys(p).j — Ts(p—1) — Z Ys(p—1),5)
pPEBs,2 pEBS JED, JEDp_1
2 n;
Ulf(xS(n1+n) + Z Ys(n1+n),j) H H fe(yig) dyij du(z:)
JEDmy 1n i=1j=1

where B; ; def By N s~L(i).

When | B, 5| > 2 the term in (5.41) corresponding to s is o((u(e))~™~™1)). This
is obtained using Lemma 3.4, keeping in mind that x4 € G*". Note that |B 1| <
n1—1so when |Bs 2| =1, | By 1|+|Bs,2| < ny. Thus it follows from (3.27) that when
|B,2| = 1 the term in (5.41) corresponding to s is also o((u(e))~(»~")). Hence in
(5.41), up to an error which is o((u(e))~(~"1)), we can restrict the summation to

2 = {s € §| Bs 2 = 0}. Arguing as in (5.37), using (3.27), we see that

Ef(Lm,( )Vn,e () f (X)) = n4! Z/U pxs 1)

SESs

H ul(ys(p),c(p) - ys(p—l),c(p—l) H ul(xs(p) — l's(p_l)) (542)
PEBs1 pEBS

ny 2
U f(@amysm) [] ferg) dyog [T dptas) + o((u(e))=m).
j=1 i=1
Note that Sy = ) when n; < n — 2. Therefore
E{ (L, (1) (1) £(X2)) = o((u(e))"""™))  ny <n—2. (5.43)
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When ny = n—1, note that S consists of the single element § such that §(2j—1) = 2,
52j)=1,j=4,...,n—1,and §(2n — 1) = 2. In this case we get
B (Ln-1,e(1) e (1) f(X2)) = (n = D, p, f) + 0o(ul€)) ™) (5.44)

where

Tulps py £) 2 / U () (ul(y — )220 f(y) du(z) du(y). (5.45)

When ny = n, S = Sy U Sy, where Sy is defined in (5.36) and S; contains the
n — 1 elements with |Bs 1| = 1. The right-hand side of (5.42), with n; = n and the
sum restricted to Sp, is equal to nll,(u, p, f) + o(1.), similarly to the calculation in
(5.37). The right-hand side of (5.42), with n; = n and the sum restricted to Sy, is
equal to (n — 1)nlehsJ, (1, p, f) + o(1.), (ch§ is defined in (4.4)). Consequently we
have

(5.46)
EX (L e (1) Vn,e (1) f(XN)) = 0l (1, p, f) + (n = L)nlchs Ju (p, p, f) + o(1e).
It follows from (5.3) and (4.62), that

n—2
Lne(1) = Lp,e(p) = By o1 Ln—1,(1) + Z ak L, (1) (5.47)
k=1

where
ar, = O((u'(e))m=R), (5.48)
Using (5.43), (5.44), and (5.46) and the fact that By, ,,_; = n(n—1)chs, (see (4.5)),
we now see that
EL(Ln e (1) m.e (1) f(X2)) = nlIn (1, p, f) + 0(Le). (5.49)
By (5.1) this gives (5.9) which completes the proof of this theorem. O

Using (5.7) and the triangle inequality we see that

Tim B (e (1) — o (1)) F(X2)) = 0. (5.50)
and, by techniques used in Chapter 9, that
. lei,rgo ES (Yne(1) = Yn,e (1)* =0. (5.51)

Thus we can find a limit for {7, }, P{ almost surely and consequently Py almost
surely for q.e. « € R™. However, we need more than this, specifically we want
the limit to exist Py almost surely for all z € R™. We can do this if we impose
an additional condition on the measures p € G", namely that (3.57) holds. This
condition does not restrict the scope of Theorem 1.1. We show in the Appendix
that if {: G*"u, :,# € R™} is locally bounded then (3.57) is satisfied.

THEOREM 5.2. Let X be a Lévy process in Class A and let p € G*™ also satisfy
(3.57). Let yn.(1t) be as defined in (1.3). Then for all x € R™

def ..
Tn(p) = lg}%')’n,e(ﬂ) (5.52)
exists in L*(Q x R, P{). Furthermore

lim, 5 (i (1) — (1)) = 0 (5.53)
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uniformly iny € R™ and
T, B (1) = n1y))* = 0 (5.54)
for all x € R™.

Note that we can’t simply prove Theorem 5.1 with p replaced by ., the delta
function at x, and f - dy replaced by dy, Lebesgue measure on R™. In the proof
of (5.8) we use the isomorphism theorem, Theorem 4.1. This requires that both
measures p and f-dy are in G'. Neither §,, nor dy are in G'. However, in the proof
of (5.10), we do not use Theorem 4.1. The proof of (5.10) can be adapted to prove
Theorem 5.2.

PROOF OF THEOREM 5.2. We show that the proof of (5.10) goes through with
p replaced by 0, and f(X)) replaced by one. The proof of (5.10) begins with (5.22).
In place of (5.22) and (5.23) we now get

ni+na
Ef(an175(u’ /\)anz,e(ﬂa /\)) = Z /ul(zv(l) - 3:) H ul(ZU(P) - Z’U(P—l))
veV p=2
2 g
I fewi i) T £ezig — 20-1) deij dp(a). (5.55)

i=1 j=2

We continue to trace the proof of Theorem 5.1, step by step, and in place of (5.30)
we get

EX (9n,e (1) vm.c (1))
- Z/“l(fﬁs(l) + Ys)1 — %) H U (Ys(p).e(p)) H Dy, y.eiry (5:56)
sES PpEB,S veB.
c(p) c(p—1)
H ul (1.5(17) + Zys(p)J — Ts(p—1) — Z ys(p—l),j)
pE(BsU{1})° j=1 =
2 n
H H Je(i ;) dyij dp(x;).
i=1j=1

In the proof of Theorem 5.1 we applied Lemma 3.4 to (5.30) to get (5.10). In
a similar fashion we use Lemma 3.5 to obtain

(5.57)

B e () = 2 [ (= )t w0 = ) () () + (1)

where € > ¢’. (Actually, in the proof of Theorem 5.1 we took € = ¢'. It follows from
Lemma 3.1 that we can also prove this more general result). Using the multiple
Holder inequality and (3.62) we see that

/ ut (@) (@ — )" dp() diu(y)

< ( [ [ @ut@ =) du du<y>) s s
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2/n
<su ([ =) aut) sy
x
Since this is finite by hypothesis we see that
lim B (yne(i) = Yoo (1)) = 0 (5.59)

which establishes (5.53) and also (5.52).

The above analysis is clearly true with p replaced by p,. Thus to obtain (5.54)
all we need to show is that the o(1.) term can be taken to be independent of y.
This error term is estimated in (3.34) and (3.35) . It is clear that (3.35) remains
the same when p is replaced by p,.

Using the facts that the o(1.) term can be taken to be independent of y and
that 7, (-) is linear we see from (5.57) and (5.58) that

2/n
B (Y (pty) — nlpy))? < C'sup (/(ul(x —y)" du(y)) ity = pryr 1752

It is easy to see from the Fourier transform of ||i, — fty| %gn) that limy .,/ ||y —
ty || (2ny = 0. Thus we obtain (5.54). O

It follows from (5.57) that when the hypotheses of Theorem 5.2 are satisfied
(5.60)

By () = 2 / ut(w — 2)(ut (w — 9)* Vdp(w) duly) Vo€ R™.

Thus we see that the finiteness of this integral is a necessary condition for
Yn (@) to exist P¥ almost surely and to have a second moment. (It is not clear
that one may be able to define a renormalized self-intersection local time without
a second moment, under weaker conditions, or that one would want to). The next
Lemma gives a smoothness condition on the Lévy exponent and measure p that
makes the condition 4 € G2 and the finiteness of the integral in (5.60) equivalent.
This smoothness condition might seem rather strong and even arbitrary but it is
satisfied by all the examples in Chapter 8. In general it is satisfied when the relevant
functions are regularly varying at infinity.

LEMMA 5.1. Let i > 0. Assume that

[71/2
o (7) ~ ezn,l(T)/O #i(é) s || — o0 (5.61)
and
A(€) d I71/2 d
/71 +“1§)§()ng) %,:L(ﬂ/o 1+i(5) as 7] — oc. (5.62)
Then p € G?™ if and only if

/ () (2 — )™ dpr) dpa(y) < . (5.63)

(We write f(x) = g(x), as |z| — o0, to indicate that there exists constants 0 < C <
C’ < 00 such that Cf(x) < g(x) < C'f(z) for all |z| sufficiently large).
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ProOF. (Note that ul(€) = (1 + (€)™ and O(r) = ((1 + (€)1 ®),
the k-fold convolution of (1 +1(£))~!). The proof is immediate since the Fourier
transform of the integral in (5.63) is

£i(§) X
O — dép(—7)d 5.64
/2 1( /1+¢(T—f) §(—T)dr ( )
whereas the Fourier transform of (1.5), the defining condition that p € G*", i
/ezn Ya(r) | dr. (5.65)
O

In light of the above Lemma, we may say that @ € G2 is a necessary condition
for v, (1) to exist P* almost surely. (As we have seen it is a sufficient condition to
define 7, (1), PP almost surely).

It is interesting to note that the proof of (5.10) alone gives (5.4), without having
to consider £, (1) or the isomorphism theorem, as long as we can show (5.6). The
statement in (5.4) is an interesting result in its own right. The next lemma gives a
simple proof of (5.6) and hence, together with the proof of (5.10), a simpler proof
of (5.4).

LEMMA 5.2. Let p € Gt and p € G*". Let U'p(x) - du(x) denote the measure
which has Radon Nykodym derivative U'p(z) with respect to u(x). Then

U 6(@) - du(a) e < ol o (5.66)
where || - ||(.y is defined right after (3.1).
Note that by the Schwarz inequality
L, p, f) (U p(x) - du(), U f(y) - dpa(y)) 201
|0 p() - dp) e I £ () - dp) | gy (5.67)

Since both p and f - dx are assumed to be in G!, Lemma 5.2 states that wE G2
implies that I, (u, p, f) < 0.

IN

PROOF OF LEMMA 5.2. Let 65(7) denote the Fourier transform of (u'(z)).
Taking the Fourier transform we see that

e P )
U p(x) - dpp(x) || {zn—1) /02”‘1( )1+w(§) 1+ (n)

(T — §p(—7 — n)dédndr
(5.68)

where w1 (€) = (1 +%(€))~! and a1 () = (1 + ¥(€))~1)*@=D the 2n — 1-fold
convolution of (1 + t(£))~!. By the Schwarz inequality

A&l — e [ laE=9PR N\’
/ 1+w<f> d€ < el ( L0 df) (5.69)

Using (5.69), the Schwarz inequality and the fact that ¢ is symmetric we see that

10 p(0) - )y < ol [ 2RI aear 10)

02— 1(€)?
lolly [ 22O g or

IN
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= el [ O ©lite) de
which is the right-hand side of (5.66).
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CHAPTER 6

Continuity

In this chapter we prove Theorem 1.1 and Corollaries 1.1 and 1.2.

Proor oF THEOREM 1.1. It will be convenient to work with an explicit ver-
sion of {7, (us); © € R™}. Recall that, in our usage, a random variable Y is called
a version of v, (p) if Y = lime_.o V(1) in L2(Q2 x Ry, PY) for all y € R™. Here
is the disjoint union

o= 9

y€R7YL
where €, denotes the set of cadlag paths w : Ry — R™ with w(0) = y. The
measure P} is concentrated on Q, x Ry and we have

/h(w,s) dPy**(w, s) :/h(z+w,s) dP{(w,s) (6.1)

for all measurable functions h on Q4. x R4.

To begin, for each x € R™ and w € Qg we choose ¥, () (w) to be some version
of lime 0 Vn.e(tz) in L?(Q x Ry, P)'f), which we know exists by Theorem 5.2. We
then set

Y (p2) (W) = T (Hz4y) (Y + W), w € Ly (6.2)
which defines 7, () for paths w € €. Note that since
’Yn,e(,um)(w) = ’Yn,e(ﬂm+y)(*y + W)a w e Qy (6~3)

we see from (6.1) that

in L?(Q x Ry, PY) for all y € R™ so that {¥,(us); * € R™} is indeed a version of
{Yn(iz); * € R™}. We also observe by (6.2) that for any x,y,z € R™ we have

(6.5)

%z(/iw)(w) = ﬁn(/ﬁxﬁ%)(_z +w) = in(ﬂzrfy+2)(y - z+w), w e Q,.

By Theorem 5.2 convergence in (6.4) in L?(2 x Ry, PY) is uniform in € R™,
and hence from the definition (6.2) we see that for fixed x the convergence in (6.4)
in L?(Q x Ry, PY) is uniform in y € R™. Therefore we have that (6.4) holds also
in L?(Q x R4, PY{) for any probability measure p, in particular for any probability
measure p € G'. Theorem 5.1 now shows that ¥, (yz) = L, () as random variables
in L2(2 x Ry, P{) for any probability measure p € G'. Hence the isomorphism
theorem, Theorem 4.1 holds with {L£,,(uz); € R™} replaced by {7, (us); € R™}.

Let K C R™ be compact and let {z;}$2; be a countable dense subset of K.
Consider Theorem 4.1, with {7, (u.); © € R™} replaced by {L,,(p:); € R™}, and
take F' to be a norm on C'(K), the space of continuous functions on K. Note that
by the convexity of F' and the fact that the Wick power chaos processes of order
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2k, k =1,...,n, all have mean zero and are independent of the {Fxu.}}_,, (and
that 59 =: G® : = 1 by definition) we have that

F (Fnp.) < Eq (F (Z (Z) 2%(: C x%k)(m)) : (6.6)

k=0
Therefore, by (4.3), and the Schwarz inequality

EYF(Fup) f(X5) < (EgF(: G 2)*) 2 (BeGh EgG.40) " (6.7)

By hypothesis, {: G*"u, :,x € R™} is continuous almost surely. Since, in
general, a Banach space valued Gaussian chaos has all moments, it follows that
Esupgcg | G*™uy o | < co. Therefore, by the dominated convergence theorem

lE%E sup |: Gy i —:G*"py | = 0. (6.8)

z,y<e
r,yeK

Taking F to be this ‘uniform modulus’ norm and f > 0, it follows from (6.7) and
(6.8) that {Vnpe,;, {x;} € K} is continuous almost surely with respect to P?.

Let D C R™ be a countable dense set. We have shown that {7, (u.); € D} is
P{ almost surely locally uniformly continuous in « € D for any probability measure
p € G'. This implies that {7, (us); z € D} is PY° almost surely locally uniformly
continuous in z € D for some yo € R™. Let {T'y(uz); € R™} denote the P{°
almost surely continuous extension of {7, (u.); € D}. Thus

Ly () (), w € €y,
is continuous in x € R™ for Py° almost every w. Define {I',(p1z); * € R™} for
paths w € Q. by
Lo(pie) (@) = T (pa—yo+2) (Yo — 2 + w), w € €. (6.9)

With this definition we see that {I',(ps); * € R™} is continuous P§ almost surely
for all z € R™. Tt remains to show that {T',(us); z € R™} is a version of

{vn(pa); = € R™}.
Note that from (6.5) and (6.9) we see that I',, (i) is a P§ almost surely con-

tinuous extension of {V,(ug); * € D +yo — z}. If © € R™ is arbitrary, choose a
sequence x; € D + yg — z such that x; — z. By the last remark we have

Lo(pe) = ]hlgo V(b ) (6.10)

P$ almost surely. On the other hand, by Theorem 5.2 we see that

Y (K :jli{goan(lfij) (6.11)
in L2(P§). These two facts complete the proof. O

PROOF OF COROLLARY 1.1. It follows from Lemmas 3.2 and 3.3, [1] and the
remarks between them that there exists a A > 0 such that

. (2n .. (2n . 1/n
Eexp<)\<'G ’“‘””d'(x ?)G “y'|> ><1. (6.12)

(The fact that the Wick power chaos and the formulation in [1] are the same
in pointed out in Chapter 3). The proof is an immediate consequence of (6.12),
Theorem 11.6 [14], and the last paragraph on page 300 of [14]. O
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PROOF OF COROLLARY 1.2. Corollary 1.2 holds because (1.11) implies (1.9).
The proof of this fact is completely analogous to the proof of Theorem 1.6, [15]
where this is proved in the case n = 1. O






CHAPTER 7

Stable mixtures

In this chapter we show that stable mixtures which are of interest to us in this
paper are Lévy processes in Class A. (See Chapter 1, in particular the comments
after (1.19).) We first note that the characteristic exponents of stable mixtures are
quite regular.

LEMMA 7.1. Let |A| = p in (1.18). Then 1(p) is reqularly varying at infinity
with index B and is reqularly varying at zero with index a. Furthermore, for 1 <
p<2

p¥'(p) ~ Bi(p) (7.1)
PPV (p) ~ BB —1)u(p)
as p — 00, and for0 < <1
p¥'(p) ~ B(p) (7.2)
2" (o)) < (1/4)9(p)
as p — 00. In general, for all k > 1

[p™® (p)| < dejp(,f) as p — oo (7.3)

for some constant Cy, depending on k.

PROOF. Let a < 3’ < (. Since ¢(s) is supported on [a, 5] it puts positive mass
on [b, f] where b = (8+ 3')/2. Thus

B
v~ [ pr st asp—ce. (7.4)

Taking (3’ arbitrarily close to 3 shows that ¥(2p) ~ 2°4(p) as p — oo, which, by
definition, means that ¢(p) is regularly varying at infinity with index 8. By similar
reasoning we see that

B
o0 0)~ [ a0 do(s) ~ Bi(p) as p— . (7.5)

The rest of this lemma is proved similarly. O

In order to show that stable mixtures belong to Class A we first need estimates
for the 1-potential of these processes near the origin.

THEOREM T7.1. Let X be a stable mizture in R? with 1-potential density u'(|z|).
When 3/2 < 3 < 2

u! (|2 =/Md2p

T+ o)) as |z| — 0 (7.6)

1
~ C —_—e
PlaPo([1/2])
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where
o 4eT(L = (3/2)
ST TER)
Let X be a stable mizture in R' with 1-potential density u'(|z|). When 3/4 <
Bg<1

(7.7)

1 B cos(px) v 1 us ol —
D= [T Sy el )
where
Cl =T(1 - f)cos (W) . (7.9)

The next lemma is used in the proof of Theorem 7.1.

LEMMA 7.2. Let h : RT — RT be of the form h(y) = L(y)/y® where L is a
quasi-monotone slowly varying function at infinity and 1 < 8 < 2. Then

/Cos(p -x)h(|p|) d*p ~ ng as |z| — 0. (7.10)

ProoOF. Changing to polar coordinates and performing one integral, we can
write the left hand side of (7.10) as

2 [ Jo(s)
/0 L(s/)z]) ds (7.11)

|x\2_5 gh—1

where Jy is the zero-th order Bessel function. We now use Theorem 4.1.5, [3] to
get (7.10). (Note that (7.4.1) of [24] implies that the two integrals at the bottom
of page 200, [3] exist. This shows that the hypotheses of Theorem 4.1.5, [3] are
satisfied). O

PROOF OF THEOREM 7.1. The asymptotic relationship in (7.6) follows imme-
diately from Lemma 7.2 once we show that

L(ph = — 2 (712)
PV T 0(eD '

is non-decreasing, as |p| — oo, since this is a sufficient condition for L to be quasi-
monotone. (See [3] page 105). This is easy to see. Setting |p| = p and treating
L(|p|) and ¥ (|p|) as functions of the positive real value p we have by (1.18) that

B8
pi/(p) = [ 50 du(s) < Bulp) (7.13)

which shows that L(p) is strictly increasing.

The asymptotic relationship in (7.8) follows similarly, and more simply, from
Theorem 4.1.5, [3], than the one in (7.6). It is also stated explicitly in (4.3.7),
[3]. O

Estimates of the 1-potential in the borderline cases of 3 =2 in R? and 3 =1
in R' are more complicated, as we see from the next theorem.

THEOREM 7.2. Let X be a stable mizture in R? with 1-potential density u'(|z|).
When (3 = 2 there exist constants 0 < Cy < Cy < 00 such that for all |x| sufficiently
small

Vel Vel 4
C - dPp<ait < C — _d®p. 7.14
/ T ot rsw e s / o) 4P (7-14)
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Let X be a stable mizture in R' with 1-potential density u'(|z|). When B =1
there exist constants 0 < Cy; < Cy < 00 such that for all |x| sufficiently small

1/|z] 1 1/]x| 1
——d 1 — dp. .
01/0 s <|x|>s02/0 e (7.15)

Proor. Changing to polar coordinates and using the fact that 1 is radially
symmetric, we can write

u'(lz]) = /m/ cosup|m|)$(p)dpdu

/ / sin(uplel) d  p
V1 —u2 ulz| dpl+z/J(p)
Note that f:/3 % dv > — fﬂ % dv. This inequality is easy to verify. ;Consider
the intervals (w/3,7/2), (w/2,37/4), and the remaining intervals of length /4.
Bound sinv above and below as required and integrate 1/v. Use a calculator to
verify the inequality. Also, it is straightforward, using (7.1) with 8 = 2, to check
that (—p%%) is decreasing for p sufficiently large. Considering these observa-

dp du. (7.16)

tions and the fact that 1/v is decreasing on [0, 00), we see that for all |x| sufficiently
small and 0 < u <1

* sin(up|z|) ( d p )
smwplrl) (L, 4P\ gp>o. 7.17)
/7r/(3u:r|) ulz|p dp 1+ ¢(p) (

= sin(uplel) (_d : )
L Crar ) v

w/(3ul]) i
c —p——F ) dp. 7.18
/0 ( pdplﬂb(p)) g (7.18)

Using (7.1) to estimate the derivative in (7.18) and the fact that 0 < v < 1, we
obtain the left-hand side of (7.14).

To obtain the upper bound in (7.14) we write (z - p) = z1p1 + xop2. Without
loss of generality we can assume that |z1] > |2o|. Integrating by parts with respect
to p1, we have

Consequently

1 d 1
wH(lal) = ‘E/Sm(x'p)dToI <1+¢<|p|>> &

c )

— — 7.19
< T s P (7.19)

(|p\) d2
|z| W (RS
1/]z| 2¢

C

= /0 (1+¢ |$|//z| 1+1/J

Using the regular variation of (p) at mﬁmty and (7.1) we see that for all |z|
sufficiently small

. 1/]z| p C
D=0 [ G wraE (7.20)
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Since 1(p) is effectively increasing for p sufficiently large we also see that

1 Vel
bﬁMUMDSCA o) ¥

for all |z| sufficiently small. (Actually, in general, the left-hand side of (7.21) is
little “0” of the right-hand side). This completes the proof of (7.14).

The proof of (7.15) is similar to the proof of (7.14) and simpler. We will not
repeat the arguments but only note for future use that in this case, parallel to

(7.21), we have
1 1/]z| 1
(1)) C/O (RO (7.22)

for all |z| sufficiently small. O

(7.21)

We can now show that the stable mixtures are in Class A.

THEOREM 7.3. A stable mizture in R%, which is reqularly varying at infin-
ity with index 3/2 < [ < 2, belongs to Class A. In particular, symmetric stable
processes in R% with index 3/2 < 3 < 2 are in Class A.

PrOOF. To avoid confusing notation in this proof we set u! = u. Let r > 0 and
consider u(r) as a function on R!. Let r = |z| and note that |[Vu(|z|)| = |u'(r)|.
In polar coordinates, for radially symmetric functions, A = 92/9p? + (1/p)9/0p.

Since A(1/(149(|p|))) € L'(R?) we can write
1
wel) =~z [eostp-ma

1 2

o0 ¢ 7 (7.23)

/ / cos upr 1 dud
= pdudp
V1—u? 1+1/)(|P\)
where, in the last line, we consider A(1/(1 + ¢(|p|))) as a function of p = |p|. By

(7.3) we see that p?A(1/(1+(|p|))) € L*(R'). Thus we can differentiate u(r) with
respect to r and obtain

1
u'(r) = / / usinfupr) p2A du dp. 7.24
() vi—a ST
Therefore,
C’|u / / usin(upr) 2 1 ’
! < A dudp| . 7.25
[ (r)] +3 e P AT e e (7.25)

The last term in (7.25)

< 7’2/ / \/7 (pr A1)p? \A (| |)|dudp (7.26)
C Yr 3 1 * 2 1
% At g A dp | .
<r2<A 7 r+wm>'”+[ﬁp' 1+wmm'”>
Since
‘ ! ’ < ¢ (7.27)

AT | = 2T 00)
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and the latter function is regularly varying at infinity, we see that for r < rq, for
some g > 0

/ Clu(r)| C
W'l = r +r3(1+w(1/r)
Clu(r)| (7.28)

where, at the last step we use (7.6) when 3/2 < 8 < 2 and (7.14) along with (7.21)
when 8 = 2. This shows that Ayu satisfies condition (1.15). Also, by (7.23), (7.25),
(7.26) and (7.27), |u/(r)| is bounded for r > ro > 0 for all ro > 0.

When r = ||

0?
0,07 ; J

' (r)]

r

ij=1,2. (7.29)

<M ()] +

Therefore, by (7.28), to show that A} .u satisfies (1.16) we need only consider
|u”(r)|. We first integrate (7.24) by parts and then differentiate with respect to r
and use (7.28) to get

W < S0l
u sin upr d o L "
7AS/ / m (p A1+¢(|p|)))d dp| . (7.30)

This is possible since both %(pzAm) and pdp (p? AH—dJ(IpI)) are in L'(R%Y).

Since
d, 4 1 C

(02 A < 7.31

Cap " ST o)) = T ) (730

we can proceed as in (7.26) and what follows to see that for r < rq, for some rq > 0
C Clu(r)]

"] < < . .32

) < S < (7.32)

This shows that A2 -u satisfies condition (1.15). Similarly, we can show that |u” ()]
is bounded for r > ro > 0 for all ry > 0. L]

THEOREM 7.4. A stable mizture in R' which is reqularly varying with index
3/4 < B < 1 belongs to Class A. In particular, symmetric stable processes in R
with index 3/4 < B <1 are in Class A.

PROOF. To avoid confusing notation we set u'(p) = u(p). The 1-potential of
these processes is given by

B ° cosxp
u(z) = 2/0 TTo0) dp (7.33)

Without loss of generality we can assume x > 0. Writing (7.33) as the limit, as
N — oo, of the integral, we can integrate by parts and then pass to the limit to
obtain

I
u(z) = x/o p( ) dp. (7.34)
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Splitting the range of integration in (7.34) into two parts and then integrating the
integral over [7/(2x),00) by parts we obtain

(7.35)

o /e ¢'(p) 2 [~ d__¥(p)
u(x) = E/o 51nxpw dp — 2 7/ (2x) o8 xpdpm

It follows from (7.3) that the last integral is absolutely integrable as well as all the
integrals that follow in this proof. Differentiating (7.35) we get

ey — W2 d )
wle) = == 3//@@ S Tt o) P

/) Py’ (p)
/ cosxp T+ 00 dp (7.36)

V' (p)
7d
7/ (2x) (sinap)p dp (1 +(p))? P

‘% ( I +ﬂ/2§x >>2>

Using Theorem 7.1 we see that

dp.

H\l\:

m\w

2 [ d  9Y'(p) c [~ ¥(p)
- -2 g - — g
‘ IS [r/(gx)cosxpdpaww))? Pl= 3 e PO+ 7
C
< e (7.37)

Similarly

IN

9 7/ (22) ’
2 / cosap PP 4,
0 (1

C [ p(p)
v () E/ T+ o@)2 ?

C 7/(2z 1
o

2 (7 Guappl ) c
w2/ﬂ/<2x>( PP G | S #em (7.39)
and
s Y (m/(22)) c
@’ <<1 +w<w/(2x)>>2) = 29(1/z) (7.40)

for  sufficiently small. When 8 < 1 the last line in (7.38) is O(1/(z%¥(1/z))).
Therefore, it follows from (7.8), (7.15) and (7.22) that |u/(z)| < Clu(z)/x| for x
sufficiently small and also that «/(z) is bounded away from the origin.

Proceeding we first integrate the last integral in (7.36) by parts and then dif-
ferentiate the resulting expression for u’(z). There are many terms but they are
all easy to estimate using the techniques of the proceeding paragraph. Doing this
we see that |u”(z)| < Clu(z)/x?| for = sufficiently small and also that u”(x) is
bounded away from the origin. O



CHAPTER 8

Examples

Using Corollary 1.2 we give some examples of Lévy processes in Class A and
measures p € G2", described by their Fourier transforms, for which {7, (uz),z €
R™}, m = 1,2 is continuous almost surely. We use a*(|¢]) = 1/(1 + 9(|¢]), the
Fourier transform of u!(x), to estimate 7(£). Thus for Lévy processes in Class A
in R?, when
kP

as €] — oo (8.1)

where a > 0, we have

1 *2n (10g|§‘)2n(1+a)—1
w6 = () —OCEET) wldew G2)
Substituting this in (1.11) gives (1.12), (¢ = 0 for Brownian motion), and the
assertions in the paragraph following (1.12). Recall that in (1.19) we pointed out
that stable mixtures include Lévy processes for which (8.1) is satisfied. The same
is true for all the other Lévy exponents mentioned in this chapter.

Continuing to consider Lévy processes in R?, let 2 —1/n < 3 < 2. If

€17
(log [¢])*

P(I€]) ~ as |¢] — o0 (8.3)

for a > 0, then
1 *2n 1 2na
() = (1+z/)(|£|)) —0 <|§T22§|—§2|<)2”—1>) as |€] = oc. (8.4)

Substituting this in (1.11) shows that for Lévy process with characteristic exponent
given by (8.3), {yn(iz), z € R?} is continuous almost surely if

N 1
(8] = O <€|n(2ﬁ)(10g |€|)n(a+1)+1/2+6) as [§] — o0 (8.5)

for some € > 0.
For Lévy processes in Class A in R!, when

H
VUED ~ o telye

as [¢] — oo (8.6)

where a > 0, we have
1 2n(l+a)—1
(log |£1 ) as [€] — oc. (8.7)

(el =0( -

Substituting this in (1.11) shows that for Lévy process in Class A, with charac-
teristic exponent 1 given by (8.1), {v,(iz),z € R'} is continuous almost surely
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when
1

=0 <(10g |¢[)2n(+a/2)+e

(e)) ) as [¢] — oo

for some € > 0.

(8.8)

Continuing to consider Lévy processes in R!, let 1 —1/(2n) < 8 < 1. When

ke

P(l€D) (log [€])°

as ¢ — oo

for a > 0, then

1 2na
) =0 () aslel .

Consequently, {v,(pz), z € R?} is continuous almost surely if

N 1
) = (g e~

for some € > 0.

(8.9)

(8.10)

(8.11)



CHAPTER 9

Large Deviations

We first prove Theorem 1.2. This theorem applies to Lévy processes in Class
A with an additional condition on their 1-potential at infinity. We next show that
stable mixtures satisfy this additional condition.

PROOF OF THEOREM 1.2. Tt follows from Corollary 4.4 [1] that whenever {:
G?" i, 1, x € R™} is continuous almost surely, there exists a constant d > 0 such
that

= Eexp|d sup |:G*uy:|"" | < . (9.1
we[—2,2]™

We now show how to use (9.1) and an isomorphism theorem, Theorem 4.1 to obtain

(1.13).

By the hypothesis, when X takes values in R™, there exists a § > m such
that u'(x) = O(1/2%). Let ¢ > 1 be such that §/¢ > m. Set ¢ = d/(2p), where
1/p+1/q = 1. Tt is easy to see that there is a convex function ® on [0, oo] such
that exp(c(x)'/") < ®(x) < Cexp(c(x)/™) for some constant C' depending on c.

Let || - || denote sup,c(_g om | - |. By the Hélder inequality

E{D(| Lopr. ) F(Xn) < (BSOP (| Lopr ) FX))P (B F(X))7. (9.2)
By (6.7), which only depends on the convexity of F', we see that

BLO (| Lupe ) f(Xn) < (BO™ (|| : G2+ [)Y2(9BGE BG4, )4, (9.3)

Let fi(u) def I(—1<u<k]- In this case, for all —oo < k < o0

EGhu = [[w@-ni@)fi)dedy (94)
1,1
= / / ut(z — y) dz dy “rr
0Jo
Thus we get
EROP([|Lopa ) f1(Xn) < (9- T11 - EGH)H(11)V/2, (9.5)

Using (9.2) we see that

o

ERR(|Lapn ) = D ER®([Lap|)fr(X2)
k=—oc0
< S (BROP(Lap NS X) PPV~ 1< Xy S K) (9:6)
k=—oc0
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oo
< (9-IIT- EGH)YUP(In)/ e N pla(k — 1 < X\ < k).

k=—oc0

We now note that the sum in the last line of (9.6) is finite. Since the probability
density of X is u'(z) this comes down to showing that

>R (R) < o0 (9.7)
k=N

where u'(k) = u'(|z|) for |z| = k, which is true by hypothesis. Thus we see that

Efexp (el ()| < o0. (9.8)

Furthermore, we can actually give an upper bound for (9.8), in terms of u, p and

ul.

Let y € R™ and let p, be Lebesgue measure on A, & y+[—1/2,1/2]™. Then,
since EGiy is independent of y, we can write

B exp (el /7)< € (9.9)

for some constant C, which depends on p, u' and py but is independent of y.
Recalling the definition of E* in (4.1), we see that it follows from (9.9) that there
exists a z € Ay such that

B3 exp (el (1)) < C. (9.10)

To complete the proof we simply note that

[—1,1]™ [—1,1]m

B exp (C sup %(m)l”") = Elexp (0 sup |7n(ﬂw+z—y)|1/n>

E5 exp (c sup |7n(uI)|1/"> (9.11)
[~11]m 42—y

which is bounded by (9.10). Thus we obtain (1.13). O

The next lemma shows that the 1-potential of stable mixtures satisfy the hy-
potheses of Theorem 1.2.

LEMMA 9.1. Let u'(|z|) be the 1-potential of a stable mizture in R?* with a > 1.
Then for |x| > |xol, for some |xg| sufficiently large

u(|z]) < |;UC|;) (9.12)

Let @' (|x|) be the 1-potential of a stable mizture in R* with 0 < a < 3 < 1. Then
for |x| > |xo|, for some |xg| sufficiently large

~1 1
@ (|z]) < 017|x|1+6 (9.13)

for some € > 0.
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PROOF. Set x = (x1,22) and p = (p1,p2) in the first line of (7.23). Without
loss of generality we may assume that |z1| > |x2|. Integrate by parts with respect
to pp in (7.23) to obtain

1 / . d < 1 )
1 2
u(|lz)) = ———— [ sin(p-z)— | A——— | d°p. 9.14
= oty S 20 o \ S50 1
(Recall that in (7.23), u(z) is an abbreviation for u'(z)). Using (7.3) one can check
that ;L <Am L'(R?). Since 2|z1| > |z| we get (9.12).
To get (9.13) we use (7.34). It suffices to take z > 0. We note that since
' (p)/(1 +1(p))? is decreasing and regularly varying at zero with index a > 0, we

have
(2m)/x
w0 < o
< o[ vmap~clud (9.15)

as ¥ — 0o. Thus we obtain (9.13). O






APPENDIX A

Necessary conditions

In this Appendix we prove the following theorem which enables us to exclude
the important condition (3.57) in the statement of Theorem 1.1.

THEOREM A.l. Let pu € G2
(i) If {: G*uy :, x € R™} is locally bounded almost surely then

/ (u(y — 2))" du(x) (A1)

s bounded on R™
(i) If {: G*pu, 1, x € R™} is continuous almost surely then (A.1) is continu-
ous on R™.

This theorem is actually a corollary of a line of work which uses yet another
version of Dynkin’s isomorphism theorem. This version relates an intersection local
time for n independent identically distributed Lévy processes to a 2n-th order
Gaussian chaos process on the space of measures G2, This process is not the same
as the one we have been studying. However, an applicaiton and generalization of a
decoupling theorem of Arcones and Gine [1] shows that the two are closely related.
In a future paper we plan to study intersections of independent Lévy processes in
detail. Here we will concentrate on proving Theorem A.1.

For p € G' let G(1),p)--+»G(n),p denote n independent copies of G, as defined
on page 14. Set H;(z,e) = ij)’p” - EG%]‘)),)“7 j=1,...,n. For e > 0 and
i € G* define

(e = [ T] B0 duo) (A2

Because of the independence it is easy to see that

By G (G H) (€ 1) (< Gy Hj) (€', 1))

= // _H(Ul(vjv w;))? H Pae(dv) py,e (dwj) du(z) dv(y) — (A.3)

=" // H(ul (x+vj,y+ wj))z H pe(dvj)pe (dw;) du(z) dv(y).
i=1 ol
Here Eg,),....G(,, denotes expectation with respect to the product probability space

generated by x}l:l{G(j)yp,p € G'} and we use p. to denote pg ., etc. Since u,v €
G?", a slight generalization of Lemma 3.1 implies that

(v, Wi, U, Wy) i (u'(z + vj,y + w;))? dp(z) dv(y) (A4)
//Jl:[l y n y
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is continuous. By an argument similar to the one in the paragraph containing (3.11)
we see that

<5y Hy) () < lim(x5y Hy ) (e, 1) (A.5)

exists as a limit in L? and satisfies
EG ... (Xj=1 Hj) (1) = 0 (A.6)
(A7)

B oo (G H) @S H)0) =2 [ [ )" (o) o)
for all u,v € G2*, and

(EG(1) ,,,,, G(n)((xgblej)(/J') - (X;'llej)(V))2)

= (Qn //(ul(:r,y))2n (d(p(z) —v(x))) (d(u(y) — V(y)))> i (A.8)

for all u,v € G2,

We now show how Theorem 4.2 can be extended to give an isomorphism the-
orem for the intersections of independent Lévy processes. Recall that in Theorem
4.2, given a Lévy process (2, F(t), X (t), P*,\) and a measure u € G2, we consider
the additive functional L. Let (Q1, F1(t), X1(t), PF, M), ...,

(Q, Fn(t), X, (t), PZ, \p) denote n independent copies of (2, F(t), X(t), P*,\),
and LY, ..., L))" denote the corresponding additive functionals. It follows from
the definition of L% that

)\.
x,€ def T, e /
T :/0 fo(X;(t) — ) dt. (A.9)

For p1,...,pn € G! we use Pt to denote the product measure PpY - x
x PP . Let ® be as given in (4.11) and let ®; denote the copy of ® as-
soc1ated Wlth H; and X;. As noted in Chapter 4, we can take continuous ver-

sions of Hi(z, e) ,Hp (x €). From this it is easy to see that when pu € G*7,
(X1 Hj) (e, 1) € M(@?—l H;) and

((xT_y Hj) (e, 1)) Z/HH ,€) [ 225 du(x) (A.10)
i€A° jEA

where the sum runs over all subsets A C {1,...,n} and ® is the natural extension
of xJ_;®; to M(Qj_, H;). Let

de T,€
(XicacH; Xjca 2L;)(e, 1) f/HH x,€ HZL du(x).

i€ A° jEA
It follows from Theorem 4.2 that

3

1000 Pn
EGy....oomES TR F<§ :( icacH; X jea 2Lj) >
A

=Ecq),...Gm) F(( j= 1Hj)( HG(J ;G G).fdo (A.11)
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where f is as given in Theorem 4.2. Note that

(XicacH; Xjea Lj)(e, )

/Her / /er i) =) [] dt; | du(@-12)

1€A° JjEA JjEA

In particular

(xFo1Lj)(ep) = /x?:le’edu(x)
//OAl,../OAnjljlfe(xj< lj \ du(aias)

The same reasoning that leads to (A.10) shows that, more generally, for any
BC{1,...,n}

By B | F [ D (icacHi xjea 2Ly) (e, ) | [] £(X
ACB j€B
=BGy, | F (OG0 H)( H G5).0; G ) foda (A.14)
JEB
where A€ is the complement of Ain {1,...,n} and P{ > denotes the product measure
XJ‘GBP;?;J"
This allows us to show inductively, using (A.5), that
def ..
(xieacH; % jea 2L;)(n) = lim (Xieac Hi X jea 2L;) (e, p) (A.15)
3 4 L 15-+5Pn 1s:-9Pn de 7
exists asahmlt in L*(dPa,,.....c., @ f-dP{I ") where f-dP{ 0" 2] [T, £F(X5(

dP{l 8. In particular

(<G=1L;) (1)
A1 n n
= lim / / H du(z) (A.16)

is a (total) intersection local time for the independent processes X7, ..., X,,.
We can now state an isomorphism theorem for n independent processes.

THEOREM A.2. Let {u;}2, be finite measures in G**. Then, for any com-
pactly supported measures py,...,pn € G, C measurable non-negative function F
on R, and for any B C {1,...,n} we have

By B8 | F D (icacHi xjea 2L) () | T £(X;
ACB jEB
= Ecy,60 | F (5] N 1 Gy Giiy,paa | - (A17)

jeEB

Aj))-
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where A€ is the complement of A in {1,...,n} and C denotes the o—algebra gener-
ated by the cylinder sets of R™.

Clearly Theorem A.2 is easier to prove than Theorem 4.1. It does not require
that the Lévy processes are in Class A. In fact this theorem is valid for strongly
symetric Markov processes, as defined in [17].

Theorem A.2 refers to n independent Markov processes starting at arbitrary
points. We will need version of this theorem in which the independent processes all
start from the same point. To accomplish this we return to (A.11) which we write
as

Y1y--Yn
/EG(U"“’G(”)E)\ly“-v)\n

F(Z( ieacHi X jea 2L;) >H i(A5) H (4B )8)

A
= La .G F(( j= 1H;)( HG(J)pJ ), frdx

Let p; = pzs5, j = 1,...,n and integrate the resulting equation with respect to a
measure v € G". This gives us

(A.19)
//EG(l)ﬁ"'aG(n)Eé{i:’.::i?)/\:,

F (Z(XieAcHz’ XjeA 2Lj)(€,u~)> T G000 TT prs(dy;) dv(z)

A j=1 j=1

n

=BG )Gy | F (<=1 Hj)( /HG(J) pes W(@) | [ Giyosoda

Let
(X1 G i) /HG(J (A.20)
for 6 > 0 and v € G™. Similarly to (A.3) and (A.4) we see that
EG ) oeiGny (XG=1G ) (6, ) (X1 G () (0, )

://Hul(vj,wj Hpra dv;)py.s (dwy) du(e) dv(y)  (A.21)

://Hul(x+vj,y+wj H (dvj)ps (dw;) dp(z) dv(y)

and

(U1, W1,y v ey Uy W) - ul(z +vj,y +w;) du(z) dv(y) (A.22)
//Jl:[l y i y
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is continuous. Consequently
n def .. n
(Xj=1G))(v) = m(xG_1G(;)(6,v) (A.23)

exists as a limit in L2

Let p1,...,un € G? and let F be a bounded continuous function on RM.
Recall (A.12) and the fact that the functions f. and f are bounded and uniformly
continuous. We see that

ELe | F (Z(XieAcHi Xjea 2Lj)(e7u.)> [T x50 (A.24)
A j=1
is a bounded uniformly continuous function of (yq,...,4,). Also note that the

following set of measures on R", indexed by
/Hpm,a(dyj)dlf(z) (A.25)
j=1

converge weakly as § — 0, to a measure which we denote by A,v, defined by the
equations

/ Byt gn) Dy g) = / Wy,...y)dvy)  (A26)

for all bounded uniformly continuous functions h on R".
Thus we can take the limit of (A.19) as § — 0 and obtain

(A.27)

A

/EGm,...,GmEi’;';,’,’fxn F (Z(XieAcHz‘ Xjea 2Lj)(67u~)> [T rX00)) dv(y)
j=1

= EG(1)7"'7G(71,) F ((X}Z:lHj)(ea/L)) (><§L=1G(j))(V) H G(j)7f-dz
j=1

It is straight forward to take limits in (A.27) as € — 0 and to extend the re-
sulting equation so that it holds for a countable collection of measures pq,... €
G?", all C measurable non-negative function F' on R>, and arbitrary subsets
B C {1,...,n}. Doing this gives the next theorem. (When the Lévy processes
Xi,..., X, all have the same initial point y € S, we abbreviate Py {" by
Pfl,m7/\n, and use analogous notation when considering arbitrary B C {1,...,n}.)

THEOREM A.3. Let {1;}3°, be finite measures in G*™. Then for any compactly
supported v € G", C measurable non-negative function F on R>,and for any B C
{1,...,n} we have

[ Booon By | F | X (xicact xiea2iy)) | TLIC500) | avty)

ACB jeB

= EG(l),...,G(n) F ((X_;Lle])(u)) (X?ZIG(j))(V) H G(j),f-d:v (A28)
JjEB
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where A€ is the complement of A in {1,...,n} and C denotes the o—algebra gener-
ated by the cylinder sets of R™.

We now need a simple extension of Lemma 3.1. Let

L1, .enr2 //Hu (@ =y + 2;) du(e) dv(y) (A.29)

Jup (V1,050 /Hu (x +v)d(p*v)(x) (A.30)
and
Kyvp(Viyeo s Uns 215005 2n)
// H o+ ) [ e =yt ) e )le) do). (A1)
LEmMMA A.1. (i) When p,v € G*, 1,,(21,...,21) is bounded and uni-
formly continuous.
(ii) When p,v € G¥, J,,(v1,...,vx) is bounded and uniformly continuous.

(iii) When p,v € G*, and p is a finite measure, K, , ,(v1, ..., Vn,21,. .., 2n)

is bounded and uniformly continuous.
ProoF. That I, ,(21,...,2x) is bounded and uniform continuous follows from

the proof of Lemma 3.1. For (ii) note that

k
Jup(vi,...,08) = u'(x +y +v;) du(x) dv(y)
1 k //Jl:[1 Y H Y

= Ig,(vi,...,v%) (A.32)

where ji(A) = p(—A). Since u € GF implies i € G*, (ii) follows from (i).
Finally, by (A.30)

Kpvp(UiseosVn, 21505 2n)
- /(J;,L,V(’Ula sy Uny 21 —Y,ee ey 2n — y)) dp(y) (A33)
Consequently we obtain (iil) because J,, ,(v1,...,Vn, 21 — ¥, ..., 2n —¥) is bounded
and uniform continuous and p is a finite measure. O

We now use Theorem A.3 to obtain the results of Theorem A.1 but for the
Gaussian chaos {(x}_, H;)(piz), = € R™}.

THEOREM A.4. Let u € G2
(1) If {(x_1H;j)(pa) x € R™} s locally bounded almost surely then
=0y duta) (A.34)

is bounded on R™.
(ii) If {(xj=1H;)(pz), * € R™} is continuous almost surely then (A.34) is
contmuous on R™.
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PROOF. For simplicity we prove this with R™ replaced by the torus 7™. The
easy modifications necessary to adapt the proof to R™ are carefully explained in
[15]. Note that by Working on the torus we can set f = 1 in Theorem A.3. We
ﬁrst assume only that {( ' Hj)(p ) x 6 T™} is bounded almost surely. Let

= fr * u, that is, du” (z) = ([ fr(z — y) du(y)) d™z. Note that by (A.8)

By G (G2t Hy) (1) = (<G Hy) (1) (A.35)
=2 [ [ W@ = )P @) = @) )~ 1),

Therefore, by Lemma A.1 we have that {(x7_;H;)(uz), z € T™} is continuous in
L?. This enables us to take a measureable and separable version of {(x7_; Hj)(z), © €
T™}. We see that the two processes

{1 H;) (nyy), y € T (A.36)
and
([ 20 = )G )y Az, € T7) (A37)
are stochastically equivalent. This implies that
[ yséqum(X?:lHj)(My)llz < yseulgn F=1Hj) (k)2 (A.38)

We claim that the convergence (x7_; L;)(n") = lime—o(X}_; L;)(€, #7) in (A.16)
holds in L2 (P§,...»,) for each 2 € T™, and in fact is uniform in z € T™. To see
this we compute

E,\l, J 1L )( )( j= 1L )( y ))

/Ay ST, J—
:2n// (//“1(”—ZW(w—v>fe(v—x>fa(w—y)dvdw)n
dp” ()

W () dpT (y) (4.39)
2" // (//ul(x +o—2)ut(y—x+w— v)fﬁ(v)fef(w)dvdw>
du” (x) du” (y)

:2"// //ﬁul(x—i—vj —2)ut(y — x4+ wj —v;) du” () du’ (y)
ﬁ (v5) fer (wy) dvj dw;.

Since u™ = fr * u € G*" and is also a finite measure, our assretion follows from
Lemma A.1.

Convergence in L*(P§ ) implies convergence in L'(P§ ). Therefore

..........

B o (O L) (7)) = i B, (<0, L) e 7))
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A1 Ap T n
~tim B ([ [ 7060 ) TT s | ays0

= lim /H u'(vj — 2) fe(vj — o) dvj | du’(2)

e—0

e—0

= lim / H ut(vj +x — 2) fe(vy) dvj | du™(2)
j=1

:P—{% /Hu (vj+x—z)du"( ervj dv;

~ (W= d(@)

for all z € T™. The last line follows from Lemma A.1 since u™ = f, * u € G2".
Furthermore, calculations similar to those in (A.39) show that

By ({0 L) (D) = (<5, L) (p)}?) = 2" / / (2 —2)

(u! (y — 2))"d(p, () — p (2))d(p, (y) — (A.41)
By Lemma A.1 this shows that {(x7_, L;)(yy ), y € T™} is continuous in L*(P§ ;)

for each z € T™. Therefore we can choose a separable version {(x};lij)(u;), Yy €

T} of {(xF_1Lj)(ny), y €T™} in L*(P§,...,) foreach z € T™. When D C T™
is a countable dense set we then have
sup (x7_,L;)(uf) = sup (x7_, L;)(ul,) (A.42)
yeTm weD

P{ almost surely, for each z € T™.
The fact that the convergence of

(XPoa L) (™) = i (X L) (e, ") (A43)

in L*(P§ ), is uniform in z € 7™ shows that the convergence also holds in
LQ(P)‘\)I"_”)\”) for any probability measure p. This implies that in Theorem A.3 we
can replace {(x7_;L;)(uy), y € T™} by {(x}_1L;)(ky), y € T™}. Using Theorem
A.3, and an argument snnllar to the one used in (6.6), and (A.38) we see that for
any probability measure v € G" and any y,z € R™ we have

[ Coam ) ) < [ B (s ()0 do(2)

weD
< O su%(szlHj)(uw)lli (A.44)
< O seup( F—1H) (p) |13

where C is a constant independent of z and 7. In particular this holds when v is
normalized Lebesgue measure on 7. Using (A.40) we see that for any z € T™

/ (u}y — )" du" () = / (u (= — )" duT_ (x)
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= BX o (O L) (ely)) (A.45)
< B (sup (e L) (i)

Integrating (A.45) with respect to normalized Lebesgue measure, which we denote
by d™z, and using (A.44) we see that

Je oy dr@<cl sw GuE)w)E (A0

where C' is a constant independent of z and 7. Since x € T and both p and
d™z are contained in G2, (and recalling (3.1)) we see that (u')" x u € L'(d™z).
Consequently

[ dur @) = e fo(2) — [ - )" duta)
as 7 — 0 for almost all z € T™. Hence for almost all z € T™ we have
/(ul(z —x))"du(z) < C| S;l%)m(x?:lHj)(ﬂw)llg (A.47)

where C' is a constant independent of z. Finally, since u!(z — ) is continuous in x
except when z = z, and each p € G is non-atomic, (i) follows by Fatou’s lemma.
The result on continuity is treated similarly. O

In order to prove Theorem A.1 we prove a lemma which is both an application
and a generalization of Theorem 2.2, [1]. Consider the Gaussian process G, s the
building block of the Wick power chaos. This has a Karhunen-Loeve expansion,
as in (3.17). To simplify the interchange of limits we truncate the expansion and
define

Ggo.N = Z 9i0i(z,9). (A.48)

[i|[<N
Next, similarly to (3.20), we define the Wick power Gaussian chaos

G (0, N) == / (G Nt dp(T)

= Z /@1 x,0) -y, (x,0) du(z HHm] ,,,,, im) (95)- (A.49)

1y im SN j>1

When p € G™, : G™u(8, N) : converges in L% as § — 0 and N — oo, to
: G™p :, the basic m-th Wick power chaos. We associate with : G™u(d, N) : the
decoupled chaos

G (6, N) = / b1 (2.6) -~ 6, (2, 6) dp(@)g” - g™ (A.50)
cyim SN

where, in general, {gi 0, k> 1, are independent copies of {g;}$2,. This is just

/ (H G;fé,N> dn(a) (A51)

p=1
where

Gl =" 9" (x,0). (A.52)
ip <N
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In order to use Theorem 2.2, [1] we note that the real valued coefficients in the
series representation of : G™u(d, N) : in (A.49) are symmetric in i1,...,4y.

Let NV be a finite set of finite measures and let || - || be a norm on . Theorem
2.2, [1] states that for all u > 0

270 2P (| GMu(8,N) ¢ [l 2 w) < P (|| - Gecn(8,N) ¢ [la 2 w)
<27 'P (M| s G (S, N) 1 [ > ). (A.53)

were ¢, = (m!/m™)Y/2.

We need a version of (A.53) for the integral of products of independent Wick
powers. Consider the product of r independent Wick powers

T

H :GZ?;’&N: (A.54)

a=1

T 3 . (ma) |
where {m,}’_, are integers and each term :G, s'x ¢ Is generated, as above, by a
Gaussian process

Ga,a:,ts,N = Z ga,i¢a,i(xa5) (A55)

lil<N

where the sequences {{gq}}h_; are independent sequences of independent identi-

cally distributed N(0,1) random variables. The sequences of functions {{¢q(z,d)}}5_;

are not necessarily the same for different values of a.

Let
Qns(n) < / H st du(). (A.56)
Similarly
QN dec(p /H (H Gz(ng)c 5 N) () (A.57)
where
ngzSN Z ga zp¢a zp(x ) (A.58)
lip| <N

and {{g((ﬁ?p}};":‘ll are independent copies of {{g.:}}, @ = 1,...,7. In the next
Lemma, by decoupling each Wick power separately, while holding the other terms
fixed on the appropriate probability product space, we see that (A.53) holds for the
more general processes Qn s(¢) and Qn s qec(1t) except that the constants are now
products of the constants in (A.53) over mq,...,m,.

LEMMA A.2. Let b, = 272 ¢ = (m!/m™Y2, d, = 2™ ' b; =
[I._; bm. and similarly for ¢z and dy,. Then for Qns(p) and Qn.sdec(p) as
defined in (A.56) and (A.57) and for all u > 0

bin P (el @ns ()l =2 u) < P(IQNs.dec()llr = u) (A.59)
< dpP (e 1Qns ()l 2 u) -

PrOOF. The proof is straight forward. We indicate how it goes by obtaining

the left-hand side inequality in (A.59) in the case a = 2. Let €, be the prod-

(p) }}ma

uct probability space of {{g 1 and w, € Qg, a = 1,2. To emphasize the
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dependence on the probability space we write

Qs (11, onswn) = / G (w1) 2G5 () dia(a) (A.60)

and

QN5 dec(p; w1, w2) /H Gl z,0,n (@1 H Gza; 5,v (w2) dp(z) (A.61)

where w, = (wl(ll), . w((lm“)) a=1,2. By (A.53), with wy fixed

bmlpwl (Cm1||QN,5( : 7w17w2)‘|/\f Z ’LL) S Pwl (HIN,dec( : ,W1,C<J2)H_/\[ 2 u)
(A.62)

where

IN dec(pt; w1, w2) - = /HGlréN (wi) : G373 5 v (w2): du(x)

[z anton: T GPhonen dnte). (A63)

p=1
Taking the expectation of each side of (A.62) over 2y we get
by Omy P (CnyCony QN6 ()l = w) < by P (g 1IN dec ()l > u)

= by, B, P, (Cm2||IN7d€C( : ,w17w2)||/\/ > U) . (A-64)

Using the representation of Iy ge. given in the last line of (A.63) and using (A.53)
again we see that

bm2PLU2 (C’mz ||IN,dec( . 7‘*)17‘*}2)”/\/ > U/)

< Po, (1QN5,dec( - swi,w2) |l > u) . (A.65)

Taking the expectation of (A.65) over €23 and combinning the result with (A.64)

we obtain the left-hand side inequality in (A.59) in the case a = 2. The right-hand

side inequality in this case follows similarly as does the general case stated in the
theorem. 0

ProOOF OF THEOREM A.l. Theorem A.1 (i) follows from Theorem A .4 (i), be-
cause there exist constants 0 < C1, Cy < 0o, depending only on n such that

E ( sup | C Gy > C1E ( sup (X?=1Hj)(ux)>
ze[—1,1]™ ze[-1,1]™

CyFE ( sup | G*py |> (A.66)
fAS ]

[—1,1]m

IN

IN

and the fact that a Gaussian chaos process has all moments. We now show that the
relationship in (A.66) follows from Lemma A.2. We note that the bounds in Lemma
A.2 are independent of N and § and hence they continue to hold for limits in L? of
the processes Qn (1) and Qn 5,dec(pt). When p € G2, : G*" i : and (X1 Hj) (1)
are limits of

[ G duta /H Gt dp(a) (A67)
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respectively. These are two different realizations of Qu s(p). However, the cor-
responding Qn s.dec(ft) is the same for both of them. Therefore the moments of
both of these processes are comparable. Since (A.59) is also independent of the
cardinality of NV it can be extended to a countable set of measures {u, }, where x is
dense in [—1,1]™. The extension to all z € [—1,1]™ follows from the separability of
the processes. This completes the proof of Theorem A.1 (i). The proof of Theorem
A1 (ii) is the same except that the sup-norm is replaced by a norm which measures
the modulus of continuity. O
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