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546 E. CSAKI, P. REVESZ AND J. S. ROSEN

RESUME. — Nous démontrons des lois fonctionnelles du logarithme itéré
pour L, le nombre de retours a I’origine avant ’instant » d’une marche
aléatoire récurrente sur Z2 avec une fonction de Green 2 variation lente.
Nous obtenons deux lois fonctionnelles différentes selon le changement
d’échelle utilisé. Dans le cas particulier des marches aléatoires & variance
finie, nous obtenons un ensemble limite pour L. /(lognlogsn); 0 <z <
1, et un ensemble limite différent pour L?, /(lognlogzn); 0 < z < 1.
Dans les deux cas les ensembles limites sont des classes de fonctions de
distribution, avec convergence pour la topologie faible. © Elsevier, Paris

1. INTRODUCTION

Let X,, be a symmetric adapted recurrent random walk on Z2. We use
pn(z) to denote the transition density of X,,, and let

(1.1) g(n) =Y _ pi(0)

denote the partial Green’s function. We can extend g(t) to be a
continuous monotone increasing function of ¢ > 0. Recurrence means
that lim;—, . g(t) = co. It is known, see e.g. Proposition 2.14 of [7], that

(12) pa(0) < £

n
so that g(n) is sub-logarithmic, i.e. g(n) < C'logn. Throughout this paper
we make the assumption that g(n) is slowly varying at co. This will be
satisfied in particular if X, is in the domain of attraction of a non-degenerate
R2-valued normal random variable.

As usual, L will denote the local time of X at z, i.e. the number of
times k£ < n such that X; = z. We extend L} to non-integer ¢ by linear
interpolation. The following law of the iterated logarithm for the local time
L? was proven in [7]:

LO

n

1.3 limsup ————— =1, a.s.
(:5) PP () logz o(n)

where log; denotes the j’th iterated logarithm. For the simple random walk
in Z2, (1.3) was proven by Erd6s and Taylor [4]. See also Bertoin and
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FUNCTIONAL LIL’S FOR LOCAL TIMES OF RANDOM WALKS 547

Caballero [1] for an alternate proof and generalization of (1.3). The object

of this paper is to prove functional laws of the iterated logarithm for the
local time L2.

Let M be the set of functions m(z), 0 < z < 1, which are non-
decreasing, right-continuous on [0,1) and left-continuous at z = 1. Let
M* C M be the set of functions m(x) in M such that m(0) = 0 and

x

(1.4) /o 1 dm(z) < 1.

We will always consider M with the weak topology, which is induced
by the Lévy metric

d(m,m) =1inf{e > 0|m(z —€) —e < m(z) < m(z +¢€)+e€,Vz},

where m(z) = m(0) for z < 0 and m(z) = m(1) for z > 1.
Let {t(n,z2); 0 <z <1}, forn =1,2,..., be any sequence of functions
in M such that

(1.5) lim glt(n, z)) =z

n—oo  g(n)

for each 0 < z < 1. Thus, for example, if g(n) ~ ¢ logn, we can take
t(n,z) = n®. If g(n) ~ cylogn, we can take t(n,z) = n® , while if
g(n) ~ c log, n, we can take t(n,z) = e1°8™", Our main theorem is

THEOREM 1. — If
L)
(1.6) fald) = ——2——; 0<z<1,
()= S log, g(m)

then a.s. the set of limit points of {f,.(xz); n =1,2,...} C M is M*.
The meaning of this statement is that there exists an event 2o C € of
probability zero with the following two properties:

Property 1. — For any w ¢ € and any sequence of integers
1 < v(1) < v(2) < ... there exist a random subsequence v(k;) and
function m € M* such that

d(fu(k;), m) =0 (§ = o0).

Property 2. — For any m € M* and w ¢ ) there exists a sequence of
integers v(k) = v(k,w,m) such that

d(fomy, m) >0 (k — o0).

Vol. 34, n° 4-1998.



548 E. CSAKI, P. REVESZ AND J. S. ROSEN

We will prove Theorem 1 by showing that each of the above two
properties holds. This is done in sections 2-3.

The special case of finite variance random walks on Z? deserves explicit
mention:

COROLLARY 1. — Let X,, be a symmetric random walk on Z* with finite
variance and let |Q| denote the determinant of the covariance matrix Q

Of Xl- If

LO
1.7 ()= —2 . 0<z<l,
(1.7) Ju(@) lognlogsn =TS

then a.s. the set of limit points of {f.(z);n = 1,2,...} C M is
(2|Q[/? /m) M.

We want to contrast Theorem 1 with the functional law of the iterated
logarithm for the local times L2 of a symmetric random walk on Z in
the domain of attraction of a stable random variable of index 1 < 3 < 2.
Theorem 1.4 of [8], see also Theorem 1.4 of [7], says that a.s. the set

of limit points of

Lin
~ (B)g(n/log, g(n)) log, g(n)
in the uniform topology is M#, where ¢(f3) is a universal constant and

M?P C M is the set of functions f € M which are absolutely continuous
with respect to Lebesgue measure, with

0<z<1

(1.8) fa(z)

[ir@ra <
0

Thus, M? is the set of monotone functions in the usual Strassen class.
We note that for the random walks considered in Theorem 1 we have

(1.9) g(n/log, g(n)) ~ g(n),

see the proof of Theorem 1.1 in [7]. In comparing (1.6) with (1.8) we see
that the scaling of LY in n, the topology and the limit sets are all quite
different. If we use the scaling L2, in the case of recurrent random walks
on Z2 we obtain another limit set which we now describe.

Let

n

my if 0<z<T,

(1.10) (ma,ma, 75 2) {m2 it r<z<l.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



FUNCTIONAL LIL'S FOR LOCAL TIMES OF RANDOM WALKS 549
Define the set of functions M2 C M as follows:

{m(z), 0 <z <1} e M?

if and only if
m(z) = h(my, me, T;x)

for a triple 0 < m; <me <1, 0 <7< 1.
We have the following result.

THEOREM 2. — Let

- L0
fn(x):g LI ; 0<z<1.

(n) log, g(n)

Then the set of limit points of the sequence {fn(x), n=12..}CM
is M~

The proof of Theorem 2 is given in sections 4-6.

We note that similar functional laws of the iterated logarithm hold for the
local times of 1-dimensional symmetric random walks and Lévy processses
in the domain of attraction of a Cauchy random variable. In these cases
g(n) need not satisfy (1.9). Rather than state a general theorem we only
mention that under the conditions of Theorem 1.3 of [7] the proofs of this
paper can be used to show that if

L(tJ(n,w)

= 9(n/log, g(n))logy g(n)

(1.11) fn(z)

0<z<1

then a.s. the set of limit points of {f,(z); n =1,2,...} C M is M*.

2. THEOREM 1: PROOF OF PROPERTY 1

We begin by recalling certain results from [7]. In the following, § will
denote an arbitrarily small positive number, whose value may change from
line to line. By Lemma 2.5 of [7], for any 6 > 0 and z > z(6) sufficiently
large we have

(2.1) P{L—? > q;} < e (9=
g(t) = )~ ’

Vol. 34, n°® 4-1998.



550 E. CSAKI, P. REVESZ AND J. S. ROSEN

* while by Lemma 2.7 of [7], for z > zo(6) sufficiently large (but much
smaller than ¢, see the exact statement in [7] for the details, which won’t
present a problem here)

(2.2) P{—Li > x} > e~ (F0),
9@ — )~

Combining these we see that for any b > 0 and y > z > 0

(2.3)
{1 < by(n)logs 9(n) < L, }
= P{ L8 > by(n)logy 9(n) } = P{ Ll 2 ba(n) log; a(n) }

= P{-—— > (b/y) 10329(”)} - P{——(—)* > (b/z)log, g(n)}

yg(n) zg(n
(e~(1+6><b/y) log, 9(n) _ o—(1-8)(b/2) logs g(n))

vV

vV

e-(1+6)(b/y) log, g(n) (1 _ e‘b((1—5)/x—(1+6)/y) log, g(n))
> (1/2)6_(1+5)(b/y) log, g(n)
for n sufficiently large, depending on b, z, y and 6 > 0. Furthermore, Lemma

2.7 of [7] also provides the following lower bound for walks starting from z

0

(24) Pz{i > .’L‘} > ((J,(Z,Qt/(?)m)) _ 6_5m)+6—(1+5)z,

9(t)
where n
a(z,n) = k=0 P(2)
g9(n)
and 2zt = max(z,0). We extend a(z,t) to non-integer ¢t by linear
interpolation.

Our proof of Theorem 1 will be based on the following:

LemMma 1.

G) For0<z; <z9< ...<z2, <1, 0< v v <... L0, we
have for n large enough

P{Lf‘,)(n,:cl) > 'Uig(n) IOgZ g(n)7 1= 17 CIC 77'}
(25) <exp { (_21_ I el Ur = U1 5) 10g2g(n)},

z T2 Ty

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques
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(i) For0<z; <z2<...<z, <L 0<v <u <v2<up<...<
V1 < Up_1 < U < Uy, we have for n large enough
(2.6)  P*{vig(n)log, g(n) < L _s)(ner)
< L?(n,mi) < wuig(n)logyg(n), i=1,...,7}
51 +
>27" (a(z,xln/(Zvl log, g(n))) — e 7% g(")vl/xl)

exp{(——v—l— u — . — vL:_,UT—_l_ _6> logzg(n)}
Iy T2 Zr

Proof of Lemma 1. — Let go = 0, ¢; = [v; g(n) log, gn)], i=1,...,r7,
where [z] denotes the integer part of z, and let pp =0 < p1 <p2 <... be
the times of returns to the origin of our random walk. Then
(2.7)

P{Lg(n,mi) > v; g(n) 1Og2 g(n)’ 1= 1a v 7T}

< P{py <t(n,z;), i=1,...,7}

< P{pfh — Pqis < t(TL,.’Ei), 1=1,... ,’I"‘}

= P{pg < t(n, 1)} P{pgz—q < t(n,x2)} -+ P{pg,—g,-n < t(n,z.)}

= P{L(t)(n,ml) 2 ql}P{L?(n,ZQ) >@-q} “P{L?(n,xr) > ¢ — gr1}-
Now (2.5) follows by applying (2.1).

To show (2.6), set to = up = 0 and let s; = [v; g(n)log; gn)+1, t; =
[u; g(n)logy g(n)], @ = 1,...,7. Then tp = 0 < 51 < t1 < 852 <tz <
. < 8y < tr_1 < 8y < t, for large enough n. Using 21 = 2 and z; =0

for all j # 1, and the conventions t(n,zo) = 0, Zr41 = t(n,Trq1) =
t(n,(1 — 8§)z,41) = oo we have

(2.8)  P*{v;g(n)logy g(n) < L?l—&)t(n,zi)
< L(g(n,mi) < wu;g(n)logyg(n), i=1,...,7}
> P*{s; < L?l_é)t(n’zi) < Lipey Sty =1, T}
> P*{ps, < (1 —8)t(n,z1) <t(n,z1) < pty < Psy < -
< (1= 8)t(n,zr—1) <N, Tr—1) < Pty < Ps,
< (1= 8)t(n,z,) < t(n,z,) < pr, }

> Pz{psz — Ptiy < (1/2 - 6)t(n7xi)a
t(n, ;) — t(n, Ti-1) < Pt — Ps,

< E(_TLL';Z_+1_) _(]_—5)12(?1,1‘1‘), 1= ]_,...,’I"}

Vol. 34, n° 4-1998.



552 E. CSAK], P. REVESZ AND J. S. ROSEN

T

= szi{psz'—h_l < (1/2 = &)t(n,z:)}

< prie < ﬂ”—;ﬂ ~(1- 6)t(n,mi)}

> ]_—IPzi{psi_tP1 < t(n,(1—8)z:)}
=1

X P{t(n7xl) < Pti—s; < t(”? (1 - 5)xi+1)}
> TT P { Lenasyen > 5 ti—l}
=1

X P{Lg(n,zl) < tz — 8 S L?(n,(1—5)$i+1)}

+
>27" (a(Z, z1n/(2v1 logy g(n))) — e 0108, H(n)v1/ac1)

r

H e~ (148) logz g(n) (vi—ui-1)/x: o~ (148) logy g(n)(ui—vi) /@it
=1
51 +
>27" (a(z, z1n/(2v; log, g(n))) —e™° % 5’(")”1/‘”1)

% e—(1+6) log, g(n)vy/x1

H e~ (1+8) logz g(n)(vi—ui—1)/xi g —(1+6) log, g(n)(ui—1—vi—1)/x;
=2
81 +
>927" (a(z, z1n/(2v1 log, g(n))) — e~ ogzg(n)vl/wl>

% e~ (1+6) logy g(n)vi/z1

He—(1+5) log, g(n)(vi—vi—1)/z;
=2
where we have applied (2.2), (2.3) and (2.4). This completes the proof
of Lemma 1.
Now we prove Property 1.
Let0 <21 < Z2 < ...<z, <1, 0< 21 <29 <...< 2 such that
(2.9) bzwz_l.+u+...+z_T___ztl>1.
Ea T2 Ty

Define ny by g(ni) = d* with 1 < d < b and

(210) A = {L?(nu,l,zi) > zig(nk) 10g2 g(nk)a i=1,... ,T‘}-

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques
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It follows from (2.5) that

(2.11) P{A,}
1 - r— Zp—
SGXP{E(—%—% ———— Z_%i+5) logzg(nk)}-
< ek~ =94,

Since b/d > 1 this shows that P{A; i.0.} = 0. By interpolating for
nE < n < Ny, this implies

(2.12) P{f.(z;) >z, i=1,...,71.o.} =0.

By choosing x;, z; rational, one can see that there is a universal set {2; of
probability 1 such that for all w € Q; and all rational z;, z; we have that

(2.13) {falzi) > zi, i=1,...,7}

occur only finitely often.

Since {f.,} is a sequence of a.s. bounded functions in M, by the
Helly-Bray theorem every subsequence has a further subsequence which
is convergent in the Lévy metric. Its limit 7 is in M. Suppose that for
an w € Q, m ¢ M*, ie. fol L dim(z) > 1. Then one can find rational
%, %, ¢+ = 1,...,7 such that z; < m(z;), 4 = 1,...,r and at least for
some %, z; < "(x;) and moreover,

z 29 — 2 Zp — Zp_
(2.14) RE L L T
T I X,

In view of (2.12) and since 7 is supposed to be a limit point of {f,}, we
conclude that w ¢ ;. This proves Property 1.

3. THEOREM 1: PROOF OF PROPERTY 2

Now we turn to the proof of Property 2.

Let m* € M* such that fol L dm*(x) < 1. Given small £ > 0, we can
find0O<z; <...<z,<land 0 < 2z < ... < 2, such that

(3.1) zite<zipi—e t=1,...,r—1
and
z1  Zp—Z Zr — Zp
(3.2) R |
I X2 Ty

Vol. 34, n® 4-1998.



554 E. CSAKI, P. REVESZ AND J. S. ROSEN
and for any f € M*
(33) {zi—e<f(zi)<z+e i=1,...,r} C{d(f,m") < 3e}.
LeEMMA 2. — Define the events A}, by
(3.4) A ={zi—e< fulzi)) <zi+e,i=1,...,71}
wheree >0, 0 < 21,< ... <z, <1, 2;, x; satisfy (3.1) and (3.2). Then
(3.5) P{A} i.0.} = 1.
Proof of Lemma 2. — We follow the proof of Theorem 1.1 of [7], to which
the reader can refer for further details. Define n, by g(ny) = 6% with 1 < 4.

As usual, we let F,, denote the o-algebra generated by X1, ..., X,. By the
extended Borel-Cantelli Lemma (see Corollary 5.29 in [2])

(3.6) {45, 60} = {Z P45, | Far\} = oo},

so that to prove our Lemma it suffices to show that for sufficiently large 6

(3.7) P{i P{A% | Fo_ } = oo} >1-3/8
k=1 .

and using (1.3) we see that it suffices to show that

(3.8) P{iP{Aik ]Fnk_l}:oo} >1-3/6
k=1

for all @ sufficiently large, where

LO _ LO
3.9 AEL =<{z;—e< Mg i) Tkt <zite 1=1,...,7r).
(39) ¢ { g(ni)logy g(ni) =~

Using the Markov property it suffices to show that the event

(3.10)

o ) LO
ZPA"':—I zi—a<M—<zi+s,i:1,...,r = 00
= g(ny) log, g(ni)

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
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has probability > 1 — 3/0. We note that limg_, oo t(ng, 1) /nr_1 = 00, as
follows from the proof of Proposition 2.9 in [7]. Hence

(1 — 5)t(nk,wi) < t(nk,xi) —Np—1 < t(nk,mi).

Thus the left hand side of (3.10) is no less than

Z PXri—s {(zi —€) g(nx) log, g(n) < L?l«é)t(nk,:ci) < L?(nk,xi)
k=1

< (2 +€) g(ng) logy g(n), i = 1,---,7'}.

By (2.6) this can be bounded from below by

- 1\"1
(3.11) Ckz::l (a(Xnkﬂl,arlnk/(Zvl logk)) — F) =

where

(3.12) o le_E+Z2;Z1+...+u“;1+5<1
1 2 .

Ly

and &' > 0. It is easily checked using (1.9) that

E(a(Xn,_,, z1ne/(20; log £)))
_ 91 + 71nk/ (201 log k) — g(ns—1) >1-2/6
g(z1nk/(2v1 logk))
for k and § large, so that the expectation of (3.11) diverges. Since clearly
a(Xn,_,,z1nk/(2v1 logk)) < 1 we can use the Paley-Zygmund inequality
(see e.g. Inequality II, page 8 of [5]) to show that (3.10) has probability
> 1 —3/6. This concludes the proof of Lemma (2).

It follows from Lemma (2) and (3.3) that for m* € M* we have
d(fn,m*) < € i.0. with probability 1, but the exceptional set of probability
0 may depend on m*. To show that this is not the case we note that
one can choose a countable set of functions m* with fol Ldm*(z) < 1,
dense in M™* (with respect to the Lévy metric). The countable union of the
exceptional sets of probability O is also of probability 0, and obviously this
exceptional set is universal for all m* € M*. By choosing € = ¢, = 1/k,
for all w not in this exceptional set one can find a sequence {vy} such that
d(f,.,m*) < 1/k,ie. f,, = m" as k — oo in the Lévy metric, so m* is a
limit point and we have Property 2. This completes the proof of Theorem 1.

Vol. 34, n°® 4-1998.
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4, ESTIMATES ON NON-RETURN

The next two sections develop material needed for the proof of
Theorem 2.

The following Lemma and its proof are simple translations of {4] to our
context. Let p denote the length of the first excursion from the origin.

LEmMA 3.
(4.1) P{p>n} =1/g(n) + O(1/¢°(n)).
Proof of Lemma 3. — Let
A(n) = P{p > n}.

Considering the last return to the origin we have

(42 S v(n = Bpu(0) = 1
k=0
so that
(4.3) ¥(n) > pe(0) < 1
k=0
which shows that
(4.4) v(n) < 1/g(n).
On the other hand, (4.2) also shows that
(4.5)
n/2 n—n/g(n) n
¥(1/2) Y pe0) +(nfg(n)) D pO)+ Y pk(0) > 1.
k=0 k=n/2 k=n—n/g(n)
Now
(4.6)
Y o m<c Y yk<c/n Y 1=C/g(n)
k=n—n/g(n) k=n—n/g(n) k=n—n/g(n)

and using the fact that

@ 0Sg) -/ <C Y L <Cloggn)
k=n/g(n)

Annales de lnstitur Henri Poincaré - Probabilités et Statistiques
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so that
g(n) < Cg(n/g(n))
we have
n—n/g(n)
(4.8) v(n/gn)) > pi(0)
k=n/2
<~(n/g(n)) Y pi(0)
k=n/2
< Clg(nfg(n) > 1/k
k=n/2
< C/g(n).
Hence
(4.9) v(n/2)g(n/2) 21— C/g(n).

Our lemma then follows from the slow variation of g.

5. LARGE EXCURSIONS
Introduce the following notation:

Po :Oa
p1=min{n: n >0, X, =(0,0)},
p2 = min{n: n> p;, X, =(0,0)},

r(k) = pr — pr—1 (k=1,2,...).

Let
MO > M® > > Mt

be the order statistics of the sequence

r(1),7(2),... ,r(L2),n — pLo.

Vol. 34, n® 4-1998.
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Now we have

LEmMmMmA 4.
i M+ M2
n—oo n ’

Proof. — Define n; by g(n;) = j. Using the fact that as in (4.7)
: : . 1 ,
0<j—g(n;/5*) = 9(n;) = 9(n;/*) <C 3 + < Clogj
k:nj/jz
together with Lemma 3 we have
-\ def -2
$(j) = P{n;(9(n;))™" < pr < njpa}
s
= P{J—;‘ <p1 < nj+1}

=P{P1 > 7;—;} — P{p1 > njn}
<(g(ni/i*) =G+ 1)+ 077
< C(logj)j~*
if 7 is big enough. Let
N(n) = [g(n)log g(n)],
k(n) = #{i: i < N(n), n(g(n))"? < r(i) < n},
k*(ng) = #{i: i < N(njpa), ni(9(n;)) > < r(d) < njpa}.
Then, since N(n;) = jlogj, we have
P{r"(n;) > 1} =1 = (1= ¢(5))" ") = N(nj)(1 — ¢(5))N i+ =1 5)

. N(i)dG) _ ,(log)*
2 =7

Thus x*(n;) < 1 as. for all but finitely many j. Now take n; <n < njyg.
Since
N(n) < N(nj1)

and -
ni(9(n;)) 7% <n(g(n)) 2 <n < njy
we obtain that

&(n) < K*(n;) < 1.
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Since L2 < N(n) (cf. (1.3)) there are no more than NN (n) excursions before
time n. Thus the sum of those elements of the sequence

(5.1) r(1),7(2),...,7(L%),n — pro

which are no larger than n(g(n))~2 is bounded by

N(n)n(g(n))~* = (nlog g(n))/g(n) = o(n).

Hence the fact that x(n) < 1 implies the Lemma.
This Lemma and its proof are essentially the same as the corresponding
Lemma and proof in Révész and Willekens [9].

When n = p,,, for some m, the last element in (5.1) vanishes and the
above proof immediately implies the following corollary.

COROLLARY 2.

(1)
lim My, =1

m—=0o P

COROLLARY 3. — For any € > 0 let A(n,€) resp. u(n,e) be the last resp.
first return of the random walk X. to the origin before resp. after (1+€)pn.
Then for any K > 0O there exists an ng = no(K,w) such that

/J,(’I‘L,E) - )\(TL,E) > Kpn

if n > ny.

Proof of Corollary 3. — Assume on the contrary that we can find an
infinite sequence n; such that p(n;,e) — A(n;,€) < Kp,, for some K. By
Corollary 2 we can find an excursion in (0, pn,) with length My ~ pn;.
Similarly, since p(nj,¢) is itself of the form p, for some n, we can find
an excursion in (pn;, #(n;,€)) of length M,} ~ u(n;,e) — pn,. Since our
assumption says that (14 €)p,,; < p(nj,e) < (1+ ¢+ K)py,, so that

w(nj,e) ~ 1+e+ K’ p(nje) ~ 1+e+ K’

the existence of the two (distinct) excursions of length Mn‘J ,M,}Lj would
contradict Corollary 2 applied to p, = p(n;,e).
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6. PROOF OF THEOREM 2

We will prove Theorem 2 by showing that there exists an event §2o C €2
of probability zero with the following two properties:

Property 1'. — For any w ¢ €y and any sequence of integers
1 < v(1) < v(2) < ... there exist a random subsequence v(k;) and
function m € M? such that

d(fur;y, m) =0 (j — o0).

Property 2'. — For any m € M* and w ¢ (), there exists a sequence
of integers v(k) = v(k,w,m) such that

d(fury, m) =0 (k= o0).

By the Helly-Bray theorem, for any subsequence of the sequence { f,,(z)}
there exists a further subsequence which is convergent in the Lévy metric.
Lemma 4 clearly implies that the limit is in M?% with probability 1. This
proves Property 1’.

To show Property 2’ we prove that any

m(z) = h(my, ma, 7;1) € M>

is a limit point of the sequence {ﬁl(x)} with probability 1.

LEMMA 5. — For almost all w, and any 0 < ms < 1 and € > 0 there
exists a sequence of integers ny = ni(w, ma, €) < ny = na(w, ma,e) < ...
such that

0

<
9(ni)logy g(n:)
X, = (0,00 (i=1,2,...).
Proof of Lemma 5. — Let € > 0 be so small that ¢ < my — ¢ and
my + € < 1 —e. Clearly, there exist sequences {nl(-l) = ngl)(w,mg,a)} and
{(n® = n®(w, my,e)} such that

Mo — € < mo+e¢€ a.s.,

LD
. <€
g(n{V)log, g(niM)
and 0
an
1l—-e< d <1+e.
2 2
g(n) log, g(n”)
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We may assume that the two sequences are alternating, i.e. nz(.l) < nf-z) <
ngl,i =1,2,.... Itis intuitively clear that we can find a subsequence with

the desired property by interpolating between these two sequences. This
argument can be made precise as follows. Define n; by

n; = min{n : n > ngl), L% > (my —€)g(n)log, g(n)}.

Then obviously n; < n§2) and LY = L% _, +1. Hence X,,, = (0,0), since
LY increases at return points only. Moreover,

Ly =L _;+1< (mga—e)g(n; —1)logyg(n; — 1) + 1 <

< mag(ni) logy g(ni),

i.e. we have the Lemma.

Next we prove
LEMMA 6. — Forany 0 < 7 < 1,0 < m; < mg < 1and e > 0 we have
P{d(f.,h) <e io0.}=1,
where d is the Lévy metric and h = h(my, my, T;x) is defined by (1.10).

Proof of Lemma 6. — Let

K(N) =min{k: k> 1, pr — pr—1 = 11;11],323\,(1’3‘ - pi-1)},

i.e. the (random) index of the longest of the first NV excursions and define
the events

6.1 Ay =<mg —e < < mg+ 5},

(61) N { ? g(pw)logy glon)
o K(N)  my

(62) BN—{m—g 6<———N < m2+5},

(6.3) On ={Lpy+ay = Loy < eN},

where oy is defined by g(an) = 2N.
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We use the following

LemMMA 7. — Let {AN}S_, and {BN}3%_, be two sequences of events
such that P{Ani.0.} > 0 and liminfy_ ., P{Bn} > 0. Assume further
that either one of the following two conditions hold:

(i) By is independent of {An,ANy1,---}, N =1,2,...

(ii) By is independent of {A1, Aa,..., Axn}, N = 1,2,...
Then P{ANnBNIO} > 0.

This Lemma under the condition (i) is proved in Klass [6], while for the
proof under (ii) we refer to Lemma 3.1 and its proof in [3].

To show Lemma 6, observe that By defined by (6.2) is independent of
{AN, AN+1,...} defined by (6.1). By Lemma 5 we have P{Ayi.0.} =1
and it is easy to see that liminfy_., P{By} > 0. Hence applying
Lemma 7(i) we get P{Ay()Bni.0.} > 0. Now let Ay, = Ay () By.
Then Cx defined by (6.3) is independent of A}, A3,..., A% and
liminfy_ oo P{Cn} > 0. (This can easily be seen by using our Lemma 3
together with the argument used for (3.7)-(3.8) of [4]). Hence by Lemma
7(3i1), P{AN ﬂ By m Cy 10} > 0.

It is easy to see that Ay () Bn () Cy implies

K(N)

< my + 3¢,
g(pn)log, g(pN) '

m; — 3e <

mo — e < <mg+e

g(pn)logy g(pn)

and
LPN +an

9(pn)1ogy 9(pn)
Moreover, for large enough N, Ay implies

< (1+¢)(mg +e).

mo —e <

(I1+¢e)N

< 2N = ,
mgy — €)logy g(pn) glan)

9(2pn) < (1 +€)g(pn) < (

hence 2py < an. Now let n = pyn/7. Since g(pn)log, g(pn) ~
g(n)log, g(n) we can see using Corollary 2 and 3, that Ay () By [\ Cx
implies

m1—€1<f;($)<m1+81, g1 <2< T—¢g

and
mg — €1 < fu(x) < Mo + €1, T<z<l1
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for some &; > 0, which in turn implies d(fn, h) < 1. Since € and hence
g1 is arbitrary, we can complete the proof of our Lemma by using the
0-1 law for X,,.

Now we are ready to show Property 2'.

By choosing € > 0, 7,m;, mo rational, and using that such functions
are dense in M* with respect to the Lévy metric, one can see that there
is a universal set of probability one for which d(f,,h) < ¢ for infinitely
many n, therefore we can find a sequence {n;} such that d(f,,,h) < 1/k
implying that f,, — h in the Lévy metric, i.e. h is a limit point. This
shows Property 2/, and completes the proof of Theorem 2.
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