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SOBOLEV INEQUALITIES FOR
WEIGHT SPACES AND SUPERCONTRACTIVITY
BY

JAY ROSEN(!)

ABSTRACT. For ¢ € C2(R") with ¢(x) = alx!' S for IxI > x,,

a, s > 0, define the measure duy = exp(-2¢)d"x on R”, We show that
for any k € Z+

S1rRBhgq /6t gy

k 2sk/(s+1)
o2 2 .
<c {1 a|z=o IDSF UE qauwy + WS ILy(an) el £l @y }

*
As a consequence we prove etV v, Lq(Rn, du) — Lp(Rn, du), b, q9 # 1,
o, is bounded for all ¢t > 0.

1. Introduction. The classical Sobolev inequalities state

¢) 17N, <e 2 UD%fll,, fECTRM,
lal=k
where p = (1/q — k/n)™", 1 <p < oo, ais an n-tuple, a = (a,, . . . , @,), and
D™ = 3%1/3x1 « -+ 3%n[3x5n [14].
Recently, L. Gross has proven a beautiful analogue of the Sobolev inequal-
ities for the Gaussian measure dv = (27)~"/2exp(—|x[2/2)d"x on R" [1]. This
“logarithmic™ Sobolev inequaliiy states

@ny 2 [ 1712180 fyexp(— | xI2/2) d"x

@ <[l

i=1]9%;

+ "f"Iz,z(dV) ‘ lg("fan(dv)).
Lz(dv)

Furthermore, Gross has exhibited a function f € L,(dv) with ZL_, I3 f/bxilliz(d,,)
< oo but

J17 P80 D1g Qg (1) exp(— 1x12/2) d"x = o,

showing how good his inequality (2) is. Similar, higher order inequalities for the
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Gaussian measure have been proved by G. Feissner [2].
If ¢ € C(R™) with [ exp(—2¢)d"x < o let us define the weight space
L{)(R™, ¢) to be the completion of Cg (R") in the norm ZF, _ oID*fIl, 4, where

, _JlglPexp(-2¢)d"x
lllz o = fexp(—2¢)d"x
The main aim of this paper is to develop a method for obtaining precise
Sobolev inequalities for a large class of weights ¢.
To illustrate our results assume ¢ € C2(R"), with ¢ = alx|*** for large
|x] 2 xy;a> 0,5 > 0. We will show that

1P fERICTD exp(~29)d"x
Rn

k
®3) <c { > UDYFIZ 4 + 13 pl1g0 £ 1l I/ DR,

lal=0
FELPIR, ¢).

This result is best possible in the sense that for any m € Z* we exhibit f €
L{(R™, ¢) with

m
s e

@ [ [FR1g(f DK/ D 1gt (e e 1t (1 £ 1) « =+ ) exp(— 29) d"x = oo.
Rn

L. Gross has also shown [1] how ‘logarithmic’ Sobolev inequalities can be
used to prove that e~? vtV , t > 0, is a hypercontractive semigroup. Recall that
a selfadjoint contraction semigroup e~ *F on a probability space (M, dy) is called
hypercontractive if e=*": L, —> L, is bounded for p, ¢ # 1, % and ¢ > #(p, q)
[3]. In particular E. Nelson has shown [4] that for the Gaussian measure dv =
2m)~"2exp(—~1x|?/2)d"x on R",

e 'V Vi L (R",dv) — L,(R",dv)

is bounded, p, ¢ # 1, =, only if t = 1g([(p — 1)/(q — 1)]%), in which case it is
a contraction. Using our precise Sobolev inequalities, together with Gross’s theo-
rem, we show that for a large class of weights ¢,

e-—tv‘.v: Lq(Rn, ¢) —_— Lp(Rn’ ¢)’

D, q # 1, o, is bounded for all t > 0! We call this property of the semigroup
e~ 'V *V supercontractivity.
We note that J.-P. Eckmann [5] has independently extended Gross’s methods
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to prove thate=* V"V s hypercontractive for many weights ¢. We have been
able to push his technique to prove supercontractivity, but it is not powerful
enough to prove our precise Sobolev inequalities.

In §§2 and 3 we prove our basic Sobolev inequalities. Supercontractivity
is proven in §4. In §5 we describe some weights which satisfy the general require-
ments of our theorems, and we show that in many cases our results are best pos-
sible.

We remark that our inequalities have also been used to determine the fine
fluctuations of paths in the P(¢), Markoff processes [9].

ACKNOWLEDGEMENTS. I would like to thank my thesis advisor, Professor
Barry Simon, for suggesting the sort of problems discussed in this paper, and for
streamlining my original proof of Theorem 1. Professors Edward Nelson and Abel
Klein have made helpful suggestions.

2. First order inequalities. Throughout this paper we assume ¢ € C%(R")
with [ exp(—2¢)d"x < oo,

THEOREM 1. Let r > 0 be such that
&) [6G)" <a(Vo - V¢ — Ag + b);
then
[ 172180 £DF exp(~ 20)dm

o]
ox

2

+ 112 + A2 4 - gl fll, I

n
6 <ci{X
i=1 2,0

i
FELP R, ¢).

If, in addition, r = 1, then

J1712 18017 D exp(~ 26)a™x

o SXICACARR R RV DR Fi EPRI(F 1 PP
FEQ*- V)i

2/r
+1},
2,9

FELPM®R, 9), 111l 4 = 1.

and

J12 180D exp(~ 29)a"x <c<}"; H%
i=1 i

@®)
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ProOOF. We may assume [ exp(—2¢)d"x = 1. We will first prove our
theorem for all f such that || f |I2’¢ = 1. For such an f we have

© Jexp(1g* (1 f12Dexp(~ 20)d™x <
Setting 7 = (Ig* (i f12))" = 0 we can write this as

(10) [exp@! - 2¢)anx <

Let

U={x€RAWIr-26<0}, V=U"={x€ERKI-20>0}

Since exp(+) = 0, (10) implies

(11) f exp(r!/" — 2¢)d"x <2

Since, by the definition of ¥, h}/f —~ 2¢,,, >0, (11) tells us that [h”’ - 2¢,p1
€ ﬂLP(R", d"x)and f;,1d"x < 2, hence

(12) () - 29,1 € N LR, d"x).

Now, the classical Sobolev inequality (1) implies [8] that f<dllfll,(—A + 1)
as forms on L,(R", d"x) for all f € L, (R",d"x), so that (12) implies
Bl — 2,1 < k(-4 +1).

If » > 1, the convexity and monotonicity of x” now give
hy = ()Y <) — 20, + 216,117

(13)
<TG - 21" + QoY S K=4 + 16,1 +1).

A similar argument works for 0 <7 < 1, using the monotonicity and subadditivity
of x”.
Since the definition of U requires

(14) hy < Qlogl),

we have, combining (13) and (14),

1s) At AfIB)Y =h<k(- A+ 9" +1).
Then by our hypothesis (5)

(16) gt fIR)Y <k(- A+ V- Vo — A + 1)
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as forms on L,(R", d"x), where k is independent of f, if || fll, , = 1.
Now, multiplication by exp(—¢) is a unitary equivalence from L,(R", ¢) to
L,(R", d"x), which takes V* + V into

exp(— ¢) (V" * Vexp@) =~ A+ V¢ Vo —A¢
so that (16) is equivalent to
(17) At (ISP <k(@*-v+1)

as forms on L,(R", ¢).
In particular (17) gives

[120g* (1 F P exp(—20)d"x S k(£ V* - vf) + 1)

which implies (6) for [| /1l , = 1.
Furthermore, if # > 1 we may use Loewner’s theorem [10], which tells us
that for » > 1 the rth root is a monotone operator function. (17) then implies

(18) () <lg*(IfI)<k(v*- v+ 1)

which, as before, yields (7) for || fll, , = 1.
(6) and (7) now follow for all f from the following lemma.

LEMMA 2. Let du be an arbitrary probability measure and let F be an
operator on L, (d ) with

[1721gQ DI du < UFSI3

forallfED(F), | fll, =1. Ifr=1, then forany p, q #1,%,1/p + 1/qg =1,
we have

f|flzllg(lfl)l’d# < g UFFIZ + M AUZ gAY, all f € D(F).
If0<r<1,then

flflzllg(lfl)l’dli <IFAI3 + 0715 gl fll,) V7, all f € D(F).

and if r = 1 the inequality {1f1*1g(1 f1)du < |IFfI2, fE€DF), Ifll, = 1, im-
plies

flflzlg(lfl Ydu <|IFfI3 + 1 fIZ 1gCN fIl,), all f € D(F).
ProoF. Consider first the case r > 1. Take f € D(F). By assumption

[1721g( AU f )P du < IFFIZ.
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By convexity and monotonicity of x”, for any p, g # 1,°, 1/p + 1/qg = 1, we
have

f1r2garnrdu = [1218071/171,) + 1gCll ) du
~fire lqlg(lfllllfllz) p 1g(ll f1,)|
|

Qlig(LANFIDL  1p gl A
<f|f|2(g 2y p2>du

<q [IFP1gU A1 NI £l du +p" = ILFIZ 1gCU AU
< MFAIE + P A g FI)I"

The assertion for 0 <r < 1 follows similarly using the monotonicity and sub-
additivity of x". The assertion for » = 1 is trivial.

Finally, (8) follows from (7) for f normalized by the spectral theorem and
Holder’s inequality.

3. Higher order inequalities.

THEOREM 3. Let r > 0 be such that |¢(x)|" <a(V¢ + V¢ — Ap + b); then
forallk EN

J121801 7D Fexp(—26)d"x
k

(19)
<c{ 3 DI 4 + 1 £12 411801 fll, )I7F §

la|=0
FELPR™, ¢).

PROOF. Let us prove (19) by induction on k. -The case k = 1 is our first
order inequality (6). Assume we have proven (19) fork =1,...,m. Let us
show that

2 m+1
172080 £1DF ™+ Vexp(-29)mx < 1+ 3 1D, ¢> ’
la|=0
(20)
FELYTDR™, 9).
Then, by homogeneity, and our usual use of monotonicity, convexity and sub-

additivity
J1P1g L £1)P O+ Dexp(~20)a"
r(m+1 ))

(2]) m+1
( 2 D3, + I FI2,

lal=0

m+1
1g< 2 nD“fnz,(,,)
la|=0
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Then, since (Ig(x))"*1) < bx, x > 1, for some b, (21) yields (19) for the
special case || fll, , = 1. The general case now follows by Lemma 2.
It suffices by continuity to prove (20) for f € Cy’ (R"). We have

[ 211021+ Vexp(~ 26)d"x
< J (72 +4) (5(s2 + 4+ Dexp(—29)d"x
22 <[ (2 + 49 e(s? + ™
- (I8[(f? + 4) (1g(f* + 4))™] Yexp(—2¢)d"x.
If we set g = (f2 + 4)% (Ig(f? + 4))"™/? we can write (22) as

Jr2g(rr e+ Vexp(~20)a"x < [ £ (1s(8?) exp(~ 20)d"x

i=1

(23) o

ox;

N

2
et llgll3 o11gCligl, I + llglli,q,%

where the last line follows from our first order inequality (6).
Now

og 0

FY Y 2 % rm
ax, ox (2 + 9% (1g(f2 + 9)r™1?)

b
= 3L G (U + Y™ 4 rmig(r? + i),

bg' 2 of

< —L
axi 2,0 \cfl ax,.
Now, Young’s inequality [6], [7] states that

Jiwiwiaase i + foiquorman+ f exeavimyad
so that, by our induction hypothesis (19),

ag||? af df |2\rm
—l <o J1+ [[2LPNe( |2 ~26)d"
25|20 c { f ox, Ig o, l) exp(—2¢)d"x

Therefore

? (1g(f? + 4) ™exp(—20)d"x.

2

+ f exp(lg(f? + 4))exp(—2¢)d"x}

2
4.,
2,0 2,0

29

af rm

ox

of

m+1
<c 31 + 2 D13 4 +
ax;

lal=1

i

+Hﬂ@@$

lej=0

m+1 2
<0<1+ 2 ||D°‘fll§'¢> .
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Similarly we see that
gl , = f (f2+4) (g(f* + 4™ exp(—2¢)d"x

25 - 2
(25) <c<1+ > llD“fll§,¢> :

lal=0
(23), (24) and (25) now prove (20), completing our proof of Theorem 3.
4. Supercontractivity.

;I“HEOREM 4. Let r > 1 be such that |¢(x)|" < a(V¢ + V¢ —A¢ + b); then
e~V "V is a bounded map from L (R", ¢) to L,(R", ¢) for any q, p # 1, =,
forall t > 0.

ProoF. To prove our theorem we appeal to a result due to L. Gross [1],
in a generalized form of J.-P. Eckmann [5].

“Let i be a probability measure on R” and let G be a selfadjoint operator
on L,(du). Suppose that the set Cé of twice continuously differentiable func-
tions with bounded first and second derivatives is a core for G and that [f (Gg)du
=[Vf * Vgdu,f, g €C3. If there exist constants 0 < u and v < o such that

flfl2lg(lfl)du <u(f, GF) + ol fI + I F131gCl £1,),

then [|e~*C|| tv »

<e

a,1+(q—-1)e? 4 au

Now Theorem 1 tells us that, with
du = exp(— 2¢)d"x/f exp(—2¢)d"x,

[1r12180 1) du<e(f, (@ * = v+ D)+ £IS - 1g(I£1L,).

By the spectral theorem this implies that for any € > 0 there exists a ¢ () such
that

(112180 Ddu < e(f 7% - V) + @15 + 715 - 18CU£1).

The general assertion of our theorem follows from the result quoted.
5. Applications.

THEOREM 5. If ¢ ~alx|1¥5, s> 0,a> 0, and D%¢ ~ aD*| x|+, lal =
1,2, as | x| — o, then forany k € Z*

J1712i180 £+ Dexp (- 29)dm

(26) x
<c{ X D154 + llfllg@Ilg(llf|]2,¢)|28k/(s+1)},
lal=0
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FELPRN, ¢). If s> 1, then

flflzlg(lfl)eXP(—2¢)d"x<c{Z 2Ljjeror L
(27) i=1 ill2,0
FELPR™, 6),1fll, 4 =1,
and
(28) eV VLR, 6) = LR, ¢), p.q#1,,

is bounded for all t > 0. Furthermore, for any s > 0, if
(29) D% ~aD%x|'*S,  lal=0,1,...,k,

then for any m € Z%, there are f € Lgk)(R", @) with

m

A e eI,

J1ringarolse/etDigh(e e« gt (1£1) « + + ) exp(—29)d"x = oo

ProoF. (26), (27), and (28) follow from Theorems 1, 3 and 4
once we have verified |p(x)|25/6t1) < a(Vo + V¢ — A¢ + b), but by our hy-
pothesis both |¢(x)|2*/6*1) and V¢ + Vo — Ag are ~ O(Ix|*%).

To prove the second part of our theorem, consider a function f such that

exp(¢(x)) x|~ (*=1)/2
el Q) « - - gy, g (D) g,y (D]?)*

for |x] 2> x, large, f(x) = 0 for [x| <x, — 1 and f(x) € C”(R"), where we
have used the notation 1g;(x) to mean that 1g(- -+ Ig(x) -+ +) occurs j times.
To see that f € LEF)(R™, ¢) compute for & = (¢, . - . , ), lal =k,

fx)

v T @0)/3x) Texp(p(x))lx) =~ 112
1Rl Ty (13D (18 -y (50T

+ terms smaller at o using our assumption (29), and in fact, by (29),

00 dx
D112 . < ¢, + ¢
20 =70 fxo x1g(x) =+ 1g,y () [1g, _, ()12

© d -1
=cotc — |} dx= ¢4 +c(l %0)) "} <o,
0 J‘xo dx <lgm—l(x)> X 0 (18, -1 (x0))

On the other hand, since | (x)| ~ O(Ix**1)
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J 1 P1g(rRHIEF D 1gE (£)exp(— 2007

- 12K/ g | (@@))lx|~ ¢~ Danx
= ‘o flxl>x0 iX‘ZSkIXlIg(lx|) cee g, _,(xl) [lgm-l(lxl)]2

il 1
=2c dx
0 f"o x 1g(x) * * Ig,, ()

« d
=coij3;agm(x) = .

REMARK. Let P(x) = £2P, a;x’ with a,, > 0, and consider the anharmon-
ic oscillator H in L,(R, dx)

H=—-d?/dx* + P(x).
The normalized groundstate §2(x) is strictly positive and can be written as Q(x) =
exp(—¢), for ¢ satisfying all the requirements of Theorem 5 with s =p [7],
[11], [12].

For extensions to anharmonic oscillators in L,(R", d"x) see [13].
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