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Q: What does a “typical” geodesic look like?

• visual measure/Lebesgue measure (Leb)

• random walks, hitting measure/harmonic measure ν

Often these are mutually singular, i.e. there are sets U1,U2 such
that

Leb(U1) = 1 ν(U1) = 0

Leb(U2) = 0 ν(U2) = 1



PSL(2,Z) y H2

0
1

1
0

1
1

2
1

1
2

1
3

3
1

2
3

3
2

-11

-21

-12
-13

-31

-23

-32

Leb: standard Lebesgue measure on S1

ν: hitting measure from nearest neighbour random walk on dual
tree
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x ∈ S1 ↔ geodesic γ in H2 ↔ LR-sequence ↔ continued fraction
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RR . . .R
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[Gauss] Leb: P(ai = n) ∼ 1
n2

, [Minkowski] ν : P(ai = n) ∼ 1
2n

ai ↔ length of cusp excursions in SL(2,R)↔ word length increase

word length dG grows as
∑n

i=1 ai , relative length drel grows as n

ratio ρ = lim
t→∞

dG (1, gt)

drel(1, gt)
=

1

n

n∑
i=1

ai =

{
∞ Leb
c ν



Fuchsian groups, H2/Γ finite volume, non-compact

[Gadre-M-Tiozzo] ρ = lim
t→∞

dG (1, gt)

drel(1, gt)
=

{
∞ Leb
c ν

([Guivarc’h-Le Jan] singularity)

Mapping class groups, T (S)/G

[Gadre-M-Tiozzo] ρ = lim
t 6∈Tε→∞

dG (1, gt)

drel(1, gt)
=

{
∞ Leb
c ν

([Gadre] sinuglarity)



T (S) unit (co)-tangent space Q(S) is unit area quadratic
differentials

Leb: Masur-Veech holonomy measure invariant under geodesic
flow/SL(2,R)

q ∈ Q(S)↔ flat surface, Teichmüller disc Dq = SL(2,R) · q ∼ H2

q with metric cylinders of areas bounded below ↔ horoball in Dq

[Masur] number of such flat cylinders of length ≤ T ∼ cT 2

[Rafi] excursion ∼ distance along horoball ∼ twist parameter ∼
subsurface projection distance

[Masur-Minsky] word length dG (1, gt) ∼
∑
Y⊆S
bdY (1, gt)cA



ν: [Kesten][Day] dG (1,wn) ∼ n, [M] drel(1,wn) ∼ n

random walk with finite support tracks a geodesic sublinearly,
1
nd(1, gt)→ 0 as t →∞

[Tiozzo] dn sequence of numbers with |dn − dn+1| ≤ D, dn have
asymptotic distribution, then 1

ndn → 0

Examples: dn = dG (1, gt), dn = dT (x0, gtx0)

Proof: for any ε ∈ (0, 1) there is M such that
|dn ≥ M|

n
→ ε as

n→∞

slope D

cn/2

n

cn

cn
2D


